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Preface 



These four special issues, which constitute the proceedings of the symposium 3rd 
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and United States of America) have participated. Good relations to research institutes of these 
countries might be of great importance for science and applications in different fields of 
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On behalf of the Organizing Committee we would like to express our thanks to the Scientific 
Committee, the Program Committee and to all who have contributed to this conference for 
their support and advice. We are also grateful to the invited lecturers Prof. Henry D.I. 
Abarbanel, Prof. David S. Byrne, Prof. George Anastassiou, Prof. Zidong Wang, Prof. Turgut 
Ozis and Prof. Markus J. Aschwanden. 

Special thanks are due to Rector Prof. Dursun Kocer and Vice Rector Prof. Cetin Bolcal for 
their close support, advice and incentive encouraging. 

Our thanks are also due to the Istanbul Kultur University, which was hosting this symposium 
and provided all of its facilities. 

Finally, we are grateful to the Editor-in-Chief, Prof. George Anastassiou for accepting this 
volume for publication. 
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CONTROL OF CHAOS IN ROTATIONAL MOTION OF A SATELLITE IN AN 
ELLIPTIC ORBIT UNDER THE INFLUENCE OF THIRD BODY TORQUE 



AYUB KHAN 

Department of Mathematics, Zakir Husain College, University of Delhi, New Delhi- 1 10002, India. 

MOHAMMAD SHAHZAD 

Department of Information Technology, Higher College of Technology, Muscat, Oman. 
E-mail: dmsinfinite@gmail.com 



ABSTRACT: We have investigated the robust control term to the order of e 1 for the 
Hamiltonian of rotational motion of a satellite in an elliptic orbit about the central body 
(earth) under the influence of third body torque, which is due to the influence of the third 
body (moon). By adding the small and simple control term to the perturbed Hamiltonian, 
the system of rotational motion of a satellite becomes more regular than the previous one. 
This control of chaos has been shown computationally through Poincare surface of 
sections. Practically, we have achieved this by measuring in advance in such a way that 
our estimated value of the control term if) is smaller than the perturbation due to the 
moon experienced by the satellite. 

Key words: celestial mechanics; Astronomical methods and techniques: analytical; 
numerical. 



1. INTRODUCTION 

The mathematical description of chaos has achieved a mature state during the last 
decade. By using the tools such as classical phase space, time series analysis, Poincare 
sections, Lyapunov exponents, etc. Much attention has been paid to control the chaos as 
it can be harmful in several contexts. Since last decade, inhibition of chaos has become a 
key challenge in the chaos existing branches of nonlinear sciences. Most of the methods 
for controlling chaos in the chaotic systems are used by tilting targeted trajectories. For 
many body experiments (e.g. the magnetic confinement of plasma, satellite's dynamics 
and the control of turbulent flows, etc.), successful attempts have been made by Pyragas 
(1992), Ott et al. (1990) and Tsui & Jones (2000) in dealing a high number of trajectories 
simultaneously. 

In the present studies, we focus on the strategy to control transport properties 
without significantly altering neither the original structure of the system under 
investigation nor its overall chaotic structure which is based on building barriers by 
adding a small perturbation localized in phase space therefore, confining all the 
trajectories. The main motivations behind a localized control are: the control of a physical 
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system can only be performed in some specific regions of phase space. Often, it is 
sometimes desirable to stabilize only a given region of phase space without modifying 
the major part of phase space in order to preserve some specific features of the system. 
This method can be used to bound the motion of particles without changing the 
perturbation inside (and outside) the barrier. Also, using a localised control means to 
inject much fewer energy than a global control in order to create isolated barriers of 
transport. In this direction to control chaos attempts have been made by Ciraolo et al. 
(2004a, 2004b, 2004c) and Khan & Shahzad (2008). 

Here the meaning of control is reduce or suppress chaos by inducing a relevant 
change in the transport properties by means of a small perturbation so that the original 
structure of the system under investigation is substantially kept unaltered. It has been 
shown by Ciraolo et al. (2004a, 2004b, 2004c) and Khan & Shahzad (2008) that a very 
small and suitably chosen perturbation can indeed be an efficient control for perturbed 
Hamiltonian systems. Khan & Shahzad (2008) have studied the Hamiltonian system of 
Mimas-Tethys system (The natural satellites of Saturn) by keeping the original structure 
of the system unaltered. During their study, they have found that the chaos in the Mimas- 
Tethys system is suppressed drastically. 

Keeping in view the above discussions, we tend to study the chaos control in 
rotational motion of a satellite in an elliptic orbit under the influence of third body torque. 
The class of Hamiltonian system of the rotational motion of a satellite can be written in 
the form of H = H +eV which can be read as a sum of an integrable Hamiltonian 

H (with an action-angle variable) and a small perturbation eV . The naive choice for a 
control term would be f(p,q,v) = -eV but this would be useless since it is of the same 
magnitude of the source of chaotic transport and thus would require a maj or modification 
of the physical condition of the system of interest. So for the small perturbation, we have 
obtained a term to control the chaotic diffusion in the dynamics of the system under 
consideration. The main advantage of the control term if) is that it is explicit in nature. 
Due to its explicit nature, we have an opportunity to study simultaneously the dynamics 
of the system with and without control term (i.e. H = H + eV + f and H = H +eV). 

For the perturbed Hamiltonian H = H + eV , a control term has been estimated 

Vittot (2004) up to 0(e 2 ). The inclusion of this term in the above tested Hamiltonian 
gives us the more regular dynamics or less diffusion than the uncontrolled Hamiltonian. 



2. FORMULATION OF THE PROBLEM 

Let us consider a rigid satellite moving in an elliptic orbit (semi-major axis a, 
eccentricity e) about the earth of mass M under the influence of the central body and its 
moon of mass m whose orbit is assumed to be circular and coplanar with the elliptic orbit 
of the satellite. The satellite is assumed to be a triaxial ellipsoid with moments of inertia 
A<B <C , C is the moment of inertia about the spin axis which is perpendicular to the 
orbital plane. The influence of the moon is obtained by resolving potential of the torque 
with respect to the r I R ratio, where r is the radius of the satellite under investigation and 
R is the radius of the moon's orbit. 
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For V[ the true anomaly, and orientation of the satellite's long axis 6, — v, = ■§ 

measures the orientation of the satellite's long axis related to the satellite's radius vector. 
Equation of motion of the planar oscillation of a satellite in an elliptic orbit with third 
body perturbation is (Bhatnagar & Bhardwaj 1994): 



1 + ecos 






d q 2eQ, . 
-sin 



dv 2 



Q 






dq _ 4<?Q 2 n . 
dv Q 2 



sm 



Q 



Q 



1 v \ + n 2 sinq 



-n 2 £sin(v-q) = 0, 
where v = Q.t, Q = 2(Qj-Q 2 ). 



(2.1) 



£\t, 



v 2 =Q, 2 t , 



2 t 

n = 5 





2 


'B-A\ 

v C J 



^^ 



v Q y 



m 
M 



Q; and Q 2 are the angular orbital velocities of the satellite and moon 



respectively, (q, p) is the generalized coordinate of Euclidian space and s is the 
parameter due to third body effect and it has been taken to the order of e in (2.2) ( i.e. 
£ = es l ). 
Using Hamilton's canonical equations, the Hamiltonian of the (2.1), can be written as 



H = 



2Q 



1 p-n 2 cosq -e 



p cos 



V 






+ n cos q cos 






2 Q 

+n 2 £ 1 cos(q-v)\, (2.2) 

In order to apply the control theory, we put Hamiltonian (2.2) in an autonomous 
form. Taking v as an additional angle whose conjugate action is E, the autonomous 
Hamiltonian is given by 



H{p,q,E,v) = 2a p-n 2 cosq + E-e\ p 2 cos av + n 2 cosgcosarv 



+n e l cos 



(q-v)]. 



(2.3) 



n, 



Where a = — - , the actions are A = (p,E) and the angles are O = (q, v) . The unperturbed 
Hamiltonian H which is used to construct the operators T , 9? and N is 



P 2 

H (p,E) = 2ap-n cosq + E, 

The action of {H } , T , 9? and N (Ciraolo et al. 2004b) on the function 
V(p,q,E,v)= X r M >,£y (A ' ?+ ^Fe Misgiven by 



(2.4) 



k, ,k ? eZ 



(k l q+k 2 v) 



{H }V= X Kk lP + k 2 )V kuk2 (p,Ey 



YV= ^ z&E+k^y - {p , E y^ 

k£Lz i(Kp + k 2 ) 
*V= X % (k l P + k 2 =0)V kik2 (p,E)e i ^\ 

k, ,k 7 eZ 
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N^= X x(k lP + k 2 ^0)V k ^(p,E)e l 



(hl+ k 2 v ) 



where z(Kp + k 2 ) = if the 



proposition is wrong and equal to 1 when the proposition is true. 

When V(q,v) = -e\p 2 cosav + n 2 cos q cos av + n 2 ^ cos(q-v)] is acted upon by the 

above operators, we obtain 

{H }V = e \ap 2 sin a v + \ n 2 {p - a) sin(g + a v) + \ n 2 {p - 3a) sin(g - a v) 

+n 2 s l (p-2a- 1) sin(<7 - v)l , 

p 2 sinav n 2 sin(q + av) n 2 sin(q-av) « 2 ^ 1 sin(^-v) 



YV = 


-e 


VIV = 


-o, 


NK = 


-e 



- + 



a 



2(p-a) 



• + 



+ ■ 



2(p-3a) (p-2a-Y) 



p cosav + — cos(g + av) + — cos(^-av) + « ^cos^-v) 

for p j± a,3a,l + 2a . 

CO 

Since $IV = Q, the control term is given by f{V)-\f s , where f s is of the order of 

e s and given by f s =-$TV,f s _ x }, where f { =V and the terms in the series are computed 
s 

by recursion. In particular, the control term (/), is given by 



1 



f{p,q,v) = 



where {.,.} is the Poisson bracket. 
2ps\r\av n 2 sm(q + av) n 2 sir\(q-av) n 2 s x sir\(q-v) 1 



f(p,q,v) = f 2 (p,q,v) = --{rV,V}, 



a 



2(p-af 

2 



2(p-3a) 2 (p-2a-lf 



x <! — sin(g + av) + — sin(^ -av) + n s x sm(q -v)\ + 2p cos av 
\n 2 cos(q + av) n 2 cos(q-av) n 2 s l cos(q-v) 

X s ~r H~ 

I 2(p-a) 2(p-3a) (p-2a-l) 

The main purpose of the control is to have a control term which is as simple as 
possible in order to be implemented in the experiment. A possible simplification is to 
consider the region in between the primary resonances located around p = a, 3a, 1 + 2a . 
Developing the approximate control term around p = 2a We have 



/ = ■ 



e 2 n 4 



[sin q cos av + as x sin(g - v)] 



2 e 2 n 4 



( 



\ 



i-I 

a j 



sin q cos a v sin(q - v) 



2a 2 L ' ' w ' J 2 

+e 2 n 2 s l [(1 - a) cos(q -v-av)-(l + a) cos(q -v + av)]. 
Furthermore, for small values of n, e, a and^ , the effect of first and second term 
in /will be negligible. Hence, more practically / may be defined as 
/ = e 2 n 2 e l [(1 - a) cos(q - v - av) - (1 + a) cos(q -v + av)]. 
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In order to make the control term more effective, we change the amplitude of the control 
term by introducing /? . Thus, the more effective and the finally approximated control 
term may be written as: 

f(p, q, v) = e 2 n 2 J3e l [(1 - a) cos(g -v-av)-(l + a) cos(q -v + av)]. 
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Fig 1 : Poincare Surface without control term 



-a -z -i o J_ 2 s 

Fig 2: Poincare Surface with control term 



For w = 0.9;e = 0.2;Q 1 =0.01;Q = 0.02;^ 1 = 0.5;/? = 4;^(0) = 0;^(0) = 0, figures 1 and 2 

depict the dynamics of the system under consideration through the computational tools (Poincare surface of 
sections) without and with the estimated control term respectively. In figure 2, it is clear that the dynamics 
of the satellite under investigation becomes more regular including the control term (/). The Poincare 
surface in figure 1 depicts the broken KAM tori whereas the Poincare surface in figure 2 depicts the 
formation of lots of KAM tori in the vicinity of p — 2a , which is the clear indication of chaos control. 



3. CONCLUSION 

We have provided an effective strategy to control the chaotic diffusion in 
Hamiltonian dynamics using small perturbations. Due to the explicit formula of the 
control term, we have compared the dynamics without and with the control term. A 
Hamiltonian H + eV is controlled by adding a control term (/). The naive choice for a 
control term would be f(p,q,v) = -eV but this would be useless since it is of the same 
magnitude of the source of chaotic transport and thus would require a maj or modification 
of the physical condition of the system of interest. The idea of the control is pictorially 
represented in figure 1 , where we have plotted the Poincare surface of section without the 
control term whereas the Poincare surface of section in figure 2 are with control term. It 
is clear from the figures that the control term is effective for the system under 
consideration. Further, our computational studies reveal that although the estimated 
control term is smaller as compared to the perturbation, yet this control is robust which is 
clear from the figures displayed. Interestingly our analytical and computational studies 
are in an excellent agreement. 



15 



KHAN-SHAHZAD: CONTROL OF CHAOS IN ROTATIONAL MOTION... 



REFERENCES 



1. K. B. Bhatnagar & R. Bhardwaj, Rotational motion of a satellite in an elliptical 
orbit under the influence of third body torque (I), Astron. Soc. of India Bui, 22, 
359-367 (1994). 

2. G. Ciraolo, C. Chandre, R. Lima, M. Pettini, M. Vittot, C. Figarella & P. 
Ghendrih, Controlling chaotic transport in a Hamiltonian model of interest to 
magnetized plasmas, J. Phys. A: Math. Gen., 37, 3589-3597 (2004a). 

3. G. Ciraolo, C. Chandre, R. Lima, M. Vittot & M. Pettini, Control of chaos in 
Hamiltonian systems, Cel. Meek & Dyn. Astr., 90, 3-12 (2004b). 

4. G. Ciraolo, F. Briolle, C. Chandre, E. Floriani, R. Lima, M. Vittot, M. Pettini, C. 
Figarella & P. Ghendrih, Control of Hamiltonian chaos as a possible tool to 
control anomalous transport in fusion plasmas, Phys. Rev. E, 69(4), 056213- 
056221 (2004). 

5. A. Khan & M. Shahzad, Control of chaos in the Hamiltonian system of Mimas- 
Tethys, Astronomical J., 136, 2201-2203(2008). 

6. E. Ott, C. Grebogi & J. A. Yorke, Controlling chaos, Phys. Rev. Lett., 64, 1196- 
1199(1990). 

7. K. Pyragas, Continuous Control of Chaos by Self-Controlling Feedback, Phys. 
Lett. A, 170, 421-427 (1992). 

8. A. P. M. Tsui & A. J. Jones, The control of higher dimensional chaos: 
comparative results for the chaotic satellite attitude control problem, Physica D, 
135,41-62(2000). 

9. M. Vittot, Perturbation Theory and Control in Classical or Quantum Mechanics by 
an Inversion Formula, J. Phys. A: Math. Gen., 37 ', 6337-6357 (2004). 



16 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.6, NO.1, 17-25, COPYRIGHT 2011 EUDOXUS PRESS, LLC 

Error Estimates of Spectral Collocation Method for the Coupled 

Korteweg-de Vries Equations 

Abdur Rashid*and Ahmad Izani Bin Md. Ismail^ 

Abstract 

In this paper, a coupled Korteweg-de Vries (KdV) equation with periodic boundary conditions is 
considered. Semi discrete and fully discrete spectral collocation schemes are given. In fully discrete 
case, a three-level spectral collocation scheme is considered. An energy estimation method is used to 
obtain error estimates for the approximate solutions. Numerical results are presented. 

Keywords: Coupled Korteweg-de Vries equations, spectral collocation method, energy estimation 
method 

1 Introduction 

We consider the periodic initial-boundary values problem of the coupled KdV equations: 

Ut — dUxxx ~ 6auu x — 2bvv x = 0, x € K, t > 0, 

v t + v xxx - 3uv x = 0, xeR,t>0, 

u(x + 2,i) = u(x,t),v(x + 2,t) = v(x,t), i?l,t>0, 

u(x, 0) = uq(x), v(x, 0) = vq(x), x e M, 

where a and b are constants. The Coupled system (1.1) describes interaction of two long waves with 
different dispersion relations. 

The KdV equation is the simple example of a model equation, which describe the physical phenomena. 
In 1895 Korteweg and de- Vries [1] published a paper on long wave in a rectangular canal. At that time 
various dynamical systems governed by the nonlinear partial differential equations have been developed. 
A few of these equations are found to be a pair of coupled equations. 

The KdV type of equations have different application in the field of physical science and engineering. 
In geophysical fluid dynamics, they describe a long wave in shallow seas and deep oceans [8, 9]. The KdV 
equations gives rise to the ion acoustic solution in the field of Plasma physics [3, 5, 7] 

There has been extensive literature on the coupled KdV equations. For example, In [11] Tarn et al. 
used Hirota method to solve the coupled KdV equation. Kaya and Inan [12] used Adomian decomposition 
method to find some analytical and numerical travelling solutions. Fan [13] used tanh method to find 
some travelling solutions of the coupled KdV equations. Assas [15] solved this system using variational 
iteration method. Abbasbandy [17] used homotopy analysis method to solve the generalized coupled 
KdV equations. 

Spectral methods have become increasingly popular in applied mathematics and scientific comput- 
ing for the solution of partial differential equations. The main advantage of these methods lies in their 
accuracy for a given number of unknowns. For problems whose solutions arc sufficiently smooth, they 
exhibit exponential rate of convergence/spectral accuracy. There are three most commonly used spectral 
versions, namely Galerkin, tau and collocation methods. Among them, the spectral collocation/ pseu- 
dospcctral method is particularly attractive owing to its economy. Comprehensive discussions on spectral 
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methods can be found in review articles and monographs, see for example (Peyret [6] , Boyd [14], Gottlieb 

W). 

When time-dependent partial differential equations arc solved numerically by spectral methods, spec- 
tral differentiation is used in space, while finite difference method is used in the time direction. In 
principle, we have to sacrifice spectral accuracy in time, but in practice a small time step with a finite 
difference formula of order one or higher, often results in satisfactory global accuracy. Small time steps 
are much more affordable than small space steps, i.e., they affect the computation time, but not the 
storage. The details are given in (Canuto and Hussaini [18], Trefethen [16], Fornbcrg [2]). 

In this paper we consider the periodic initial boundary- value problem of (1.1). We investigate the 
second order finite difference approximation in time, combined with spectral collocation in space for 
solving (1.1). The fully discrete schemes are analyzed and error estimates for both are found. The rate 
of convergence of the resulting scheme are 0(t 2 + N~ s ) where N is the number of spatial Fourier modes, 
r is the discrete mesh spacing of the time variable t and where S is depending only on the smoothness 
of the exact solution. 

2 Notations and Lemmas 

Let £1 = [0,2] and L 2 (Q) denote the set of all square intcgrable functions with the inner product 

f 2 
(u,v) = / u(x)v(x)dx and the norm ||u|| 2 = (u,u). Let L°°(J7) denote the Lebesgue space with norm 

Jo 

/ s „ f 2\ !. 2 

;sup |u(x)| and H^{Q) denote the periodic Sobolev space with the norm ||u||s = / 

\£=o 



ess i 



d e u 



dx e 



wc define 



L 2 (0,T;iI p s (fi)) = I «(-,*) e HS(Q) : J ||«(-,C)ll|dC < oo \, 
L™ (0,T;H^(Q)) = J «(-,*) € H*(n) : _sup_||«(-,C)l|s < oo 



0<C<T 



Let Sm — span iipk — —j=e lkx : \k\ < N >. Suppose h = 2 n+i IS ^ ne mesn s t e P of variable x. The nodes 
are then xg = xq + (,h, xo = 0, £ = 0, 1, . . . , 27V. The discrete inner product and norm in the interval £1 
are defined by 



2N 

a/2 

In 

1=0 



(u,v) N = hj~]u(xi)v(xt), \\u\\ N = (u,v)j 

Let Pn ■ L 2 (Vt) — > Sn be the orthogonal projection operator i.e. 

(Pnu, v) = (u, v) , Vu e Sn- 

and P c : C(ii) — ► Sn be the interpolation operator, i.e. such that for all u £ C(tt) 

P c u(x e ) = u(xt), 0<£<2N. 

For the discretization in the time variable t, let t be the mesh spacing of t and i? T = {i = fcT:0<fc< [— ] } 
and u k = u(x, kr). We define the following difference quotients 

uH^u"- 1 -**- 1 ) 

u k = ^{u k+l +u k - 1 ). 

Now, we state without proof a set of lemmas which will be useful for the next section. 



RASHID-ISMAILERROR ESTIMATES OF SPECTRAL COLLOCATION... 

Lemma 1. [18] Assume that u £ H^(fl) , for any < /i < S, there exists a constant C independent of 

u and N 

\\u-P N u\\^<CN^- s \\u\\s. 

Lemma 2. [18] Assume that u £ -Hr (CI) , for any < [i < S , there exists a constant C independent of 
u and N 

Wu-PcU^KCN^^luWs 

Lemma 3. [4] Ifu,v £ C(Q), there exists a constant C independent of u,v and N , such that 



(P c u, P c v) N = (P c u, P c v) = (u, v) 



N- 



Lemma 4. [6] If S > 1, and u,v £ H s (Ct), there exists a constant C independent ofu,v and N, such 
that 

\\uv\\ s <C\\u\\ s \\v\\ s . 

3 Error Estimates of Semi Discrete Scheme 

The semi discrete spectral collocation approximation of equation (1.1) consists in finding un,vn £ 
Sn, satisfying 

u Nt - au Nxxx - 6aP c (u N u Nx ) - 2bP c (v N v Nx ) = 0, i£l,(>0, 
VNt + VNxxx - 3P c (u N v Nx ) = 0, x £ M, t > 0, (3.1) 

_uat(x,0) = PnUo(x), vn(x,0) — Pnv (x), x £ M, 

Suppose that (u, v) is the solution of (1.1) and (un, Vn) is the solution of (3.1). Setting 

ei = u -u N = (u- P N u) + (P N u - u N ) = £i + 771, 

e 2 = v - v N = {v - Pnv) + {Pnv - v N ) = & + m- 

Note that (t;£,w) —0,£— l,2,Vw £ Sn- Subtracting (3.1) from (1.1), then rji and 772 satisfy the system 

(e u , w) + a(e lxxi w x ) - 6a(uu x - P c (u N u Nx ), w) 

-2b(vv x -P c {v N VN X ),w)=0, x£R,t>0, (3.2) 

. (e 2 t, w) + {e 2xxi w x ) + 3{uv x - P c {u N v Nx ),w) = 0, i£l,t>0, 

Setting w — r\\ in the first equation of (3.2), we have 

2 77F " 7?1 " 2 +a H 7?1:r l| 2 ~ 6a(uu x - P c (u N UNx),m) - 2b( vv x - Pc{vnvnx),Vi) = 0, ( 3 -3) 

Now we are going to estimate third and fourth term of (3.3) 

\6a(uu x - P c {unU N x),'0i)\ < C(\\uu x - P c (u N u Nx )\\ 2 + \\m\\ 2 ), (3-4) 

where 

\\uu x - P c (u N u Nx )\\ < (||(7- P c )(uu x )\\ + HuxlloollPc^- Ujv))|| + ||ujv||oo||-Pc(w x - UNx)\\) 



By Lemma 1 and Lemma 4 we have 

||(/-Pc)(««x)|| <CN- S \\u\\ s \\u x \\ s , 
||P c («-«jv)|| <CN- S \\u\\ s + \\ m \\, 
\\P c (u x - u Nx )\\ < CN- S \\u\\ s + \\r] lx \\. 
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From the above estimates, we obtain 

\\uu x - P c {u N u Nx )\\ < C(N- 2S + Umll 2 + Il77i.ll 2 ), (3-5) 

Similarly 

| - 2b(vv x - P c (v N VNx),m)\ < C(N- 2S + \\ m \\ 2 + \\ m \\ 2 + \\ mx \\ 2 + \\ mx \\ 2 ) (3.6) 

Putting the above estimate into (3.3), we get 

^hill 2 + a\\m x f < C(N- 2S + \\ m \\ 2 + \\ m \\ 2 + \\n lx \\ 2 + \\ mx \\ 2 ) (3.7) 

Setting w = r/2 in the second equation of (3.2), we have 

2 jlll^ll 2 + ll^zll 2 + 3(wu E - P c (uNV N x),m) = 0, (3-8) 

Now we are going to estimate third term of (3.8) 

\3(uv x - P c {u N VNx),m)\ < C(\\uv x - P c (unvnx)\\ 2 + IMI 2 ), 
where 

\\UV X - Pc(u N V N x)\\ 2 < {\\{I ~ Pc){uV x )\\ + ||Vx||oo||-Pc(w- Ujv))|| + \\u N || oo|| P c (v x - VNx)\\) 

<C(N- 2S + \\ m \\ 2 + \\ m \\ 2 + \\ mx \\ 2 ). 
Putting the above estimate into (3.8), we get 

~\\V2\\ 2 + \\V2xf < C(N- 2S + \\ m \\ 2 + \\m\\ 2 + \\ mx f). (3.9) 

Combining (3.7) and (3.9), we get 

lj t hi\\ 2 + lj t \M\" + «!I^H 2 + H^!l 2 < c(n- 2S + \\ m \\ 2 + \\ Vlx \\ 2 + \\ m \\ 2 + \\ mx \\ 2 ). (3.io) 

By applying Gronwall's inequality, we obtain 

\\vi(t)\\ 2 + \\vi(t)\\ 2 + hix(t)\\ 2 + h2x(t)\\ 2 

< hi(o)ll 2 + h 2 (o)|| 2 + cn- 2s + c f (hiMII 2 + IM0II 2 ) • 

Jo 



Wt)\\ 2 = \Ht)\\ 2 + \\d x u(t)\\ 2 . 
?7i(0)=7? 2 (0) = 0. 

£(*) = IM*)II 2 + IM*)|| 2 . 



T-2s 



In fact 

The initial conditions read as 

Let 

Then we have 

E(t)<CN-' 2s +C I E(tp)dip. 
Jo 

Theorem 1. Suppose u and v are solutions of equation (1.1) and assume u, v € 

L°° (0,T; Hf) , Then for u^ and u/v the solution for the spectral collocation scheme (3.1), there exits 

positive constants C independent of N ' , the following error estimates holds 

\\u(t) - u N (t)\\l + \\v(t) - v N (t)\\l < CN~ 2s . 
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4 Error Estimates of Fully Discrete Sen 



COLLOCATION... 

erne 



We consider the fully discrete spectral collocation scheme which consists in finding u 
such that for k = 1, ... , [-^] , the equations 



N> U N 



e S 



N, 



u , r ~ — au K 



6aP c (u k N u k Nx ) - 2bP c (v k N v k Nx ) = 0, i£l,(>0, 



7VY "" ^Nxxx 
V Mt + V k Nxxx ~ ZPc{u k N V k Nx ) = 0, 

u°(x) = P N u (x) 7 v°(x) = P N V (x) 
u 1 (x) = Patm 1 (x),i; :l (x) = PjvUi(x) 



iei,t>o, 



(4.1) 



are satisfied at x 



x e ,£ = 0,...,2N. Let 

- k - •■* »' fe - (u fe - Pv« fe ) + (PjvU fe 



'AT 



^AT 



4) - ef 4 

(« fc - Pjvt;*) + (Pv« fc - 4) = £ 2 fe + 






Note that (£ k ,w) =0,£= l,2,Vw € 5 at, subtracting (4.1) from (1.1), then r) k and 7/1 satisfy the system 



' (e k v w) - a{rfi Nxxx , w) - 6a(P c ( 



u k u k 



L N U N 



x)' W ) 



-2b(P c (v k v k - v%v k Nx ), w) = (rf, w), x e R, t > 0, 

u °(x) = PjvWo(aO,v (z) = PnV (x), 
- w 1 (a;) = PArWi(x),v 1 (a;) = P N vi(x), 

where r-f and r^ are truncation errors. By applying Taylor's theorem and Lemma 3, we get 



[e\ v w) + {rj k Nxxx ,w) - 3{P c (u k v k - u k N v k Nx ),w) = {r k ,w), xel,(>0, 

x e R, 

ie R, 



, = i! ^ 



12 V dt 3 

d 3 



(*i) 



a 3 



^ 



"XXX / ,& 



^ («»(*$)) + a, M*$)) 



<9t 2 

26t 2 t/ 
4 



(4) 



tr- 



ot 2 



l (ti: 



6ar 2 u k 



ft 3 ft 3 

W ,{v x {t k )) + W3 (v x (t k )) 



+ 6a(I - P c ){u*ul) + 2b(I - PcWvl) 



(4.2) 



d 3 v 
I 2 V ^t 3 " 

a 3 



«> + £<A>K (%*(*> 



+ 



a 2 « 



xxa: / ,\z 



dt 2 



(*f 2 ) - 



3tV 



2„,fc 



C^ 3 



^M^ + ^M^)) 



3t 2 tj 



2,,fr 



33 a3 

^K(*f B )) + ^3^(4)) 



+ 3(I-P c )(u k v k ), 
where t k ~ 1 <t k < t k+1 , £=1,2, ..., 16. Setting ip = rj k in the first equation of (4.2) 

1 



4r 



(K 



fc+l||2 



i^r 1 !! 2 ) 



|Wc 1 1 2 

\Vl x \\ 



itf + i^fa*,^). 



where 



P^e^Pc^^-n^j,^). 

P 2 fc = 2&(P c (^-^L),57i)- 
Now differentiate first equation of (4.2) with respect to x, setting ip = d x rj k , we obtain 



^(hL +1 ll 2 



,fc-l||2\ 



m x '\\) + m xx \ 



F k 



F k 



\ T l x yVlx)i 



where 



F k = 6a(P c (u k u k - u k N u k Nx ) x ,rjt)- 
F k = 2b(P c (v k v k -v k N v k Nx ) x ,fj k x ). 



(4.3) 



(4.4) 
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Now setting w = r\\ in the second equation of (4.2), we get 

^(ii% fc+i n 2 - n^ 1 !! 2 ) + iicii 2 + n = (^), (4.5) 

where 

F* = -3(P c (u k v k x -u k N v k Nx ),r%). 
Combining (4.3), (4.4) and (4.5), we get 

^(H fe+1 ll 2 - IK" 1 !! 2 ) + ^(lK* +1 ll 2 - ll^- 1 !! 2 ) + ^(ll% fe+1 ll 2 - U^ll 2 ) 

5 (4.6) 

+ ||5?i,|| 2 + ||^,|| 2 + ll^ll 2 + J2 F " = (^'^i) + (^O + {r k ,rfc) 

e=i 

Hereafter we shall use C to denote a general positive constant independent of r and N. It can be different 
in different cases. Now we are going to estimate F k , l— 1, . . . , 5 and right hand side of the equation (4.6). 
By applying Lemma 1, Lemma 2, Lemma 3, Lemma 4, Cauchy- Schwartz inequality and the algebraic 
inequality, we get 

|i?| <C(\\(P c (u k u k - u k N u k Nx )\\ 2 + \\rj k \\ 2 ), 

<C(||« fc |UCW- 2S ||« fc || s + IICII 2 ) + WnUUCN-^'Wu^s + \\rf k \\ 2 )). 

Consequently 

|^ fc |<c(iv- 2S + ||Cll 2 + hill 2 + ll^ll 2 )), 

Similarly 

|F 2 fc | < C(N- 2S 
\F k \ < C(N- 2S 
\F k \ < C(N- 2S 
\F k \ < C(N~ 2S 

The right hand terms of (4.6) can be estimated as 

1(^,^)1 <C(7V- 2S +r 4 + ||^|| 2 + ||^|| 2 ), 

1(^,01 < C(N- 2S + r 4 + ||Cl| 2 + IICII 2 ), 
|(r 2 fe ,^)|<C(7V- 2S +r 4 + !|^!| 2 + ||^|| 2 ). 

Substituting the above estimate into (4.6), we get 

^(h k+1 \\ 2 hni 2 ) + ^(K fe+1 ll 2 Wvt'Wl) + ^(ll% fe+1 ll 2 - WvtT) 

- IICII 2 + ll^ll 2 + IICJI 2 + ll^ll 2 + IICII 2 < C(r 4 + N- 2S + ll^ll 2 (4-7) 

+ ll^ll 2 + Wvl II 2 + ll^ll 2 + IICII 2 + IICII 2 + WvU\ 2 + WvU\ 2 )- 



rft II 


2 + \\V k 2\\ 2 


+ 


lKl| 2 ) : 




Vlxx 


\\ 2 + \\vL 


II 2 


+ llCl 


2 


V2xx 


f + \\vL 


II 2 


+ ||»7lJ 


|2 


tA 2 


+ II^H 2 


+ 


IICII 2 ). 





In fact 



Let 



K*)lll = ||«(*)|| 2 + \\dxu(t)\\ 2 and ||« fe || 2 < 1 (|| U fe+1 || 2 + H?/- 1 !! 2 ) 



F k - Ilr7 fe+1 ll 2 -I- lln fe ll 2 -I- lln fe+1 ll 2 -I- lln fc ll 2 
& —\V\\ 111 + II 7 ?! Ill + 11% 111 + ll^lllJ 
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By summing up (4.7) for k = 1, • • • , n, we get 



E n < C{E° + t 4 



TV' 



-2S\ 



n-\ 

Cr^E k . 
fe=i 



Note that 



hi!li = ll%°!li=0, and ||»?i||? = ||^||?<C(r 4 + JV- 2S ). 
By applying Gronwall's Lemma, we get 

C(r 4 + N- 2S ) < Me' CT . 

E n < C{t a + N- 2S )e c{n+ ^\ V(n + l)r < T, 
where M is the positive constant. Thus we have proved 

Theorem 2. Assume r is sufficiently small, the solutions u{x,t), v(x,t) of (1.1) satisfy 

Fin Fin Fi H Fi H Fi a 

^ € L°°(0,T;H°(n)), °— e L~>(0,T;H 2 (n)), ^ e L°°(0,T; H°(Cl)), ^j,^ e ^°°(0, T; iJ 2 (fi)), 

are ifte solutions of (4-1) ■ Then there exist constant M, independent of r and N such that for k — 
0,1,-- -,n-l 



II" 



fc+i 



< +1 ||i 



,fc+i 



,,fc+i 



111 < M^n-iV -6 ). 



5 Numerical Simulation 

We present some numerical results of our scheme for the coupled KdV equations. We used single 
solitary wave propagation to test the good accuracy of our method. We define maximum error as follows: 



\E{u) 



max \u(xi,t) 

0<j<N J 



U N {Xj,t)\, 



where UN(xj,t) is the solution of numerical scheme (4.1) and u(xj,t) is the exact solution of (1.1) 
using Hirota method [10], the single solitary wave solution of this system is 



u(x,t) = 2A 2 sech 2 (£), v(x,t) 



1 



£ = \(x- \ 2 t) + 



1 



2^ 
-b 



sech(£), 



T} = 



By 

(5.1) 
(5.2) 



21og(r/)' ' 8(4a + l)A 4 
We take the value of exact solution (5.1) and (5.2) at t = as our initial conditions: 

u(x,0) = 2A 2 scch 2 (£), v(x,0) = ^-=sech(0, 

where £ = Ax + jj^j 

Computation were done with parameters a = 0.5, b = 3, A = 0.5 and N — 8,16. Tables 1-2 show 
the maximum error for the soliton u and v respectively. It can be seen that the error norm calculated 
by pseudo-spectral scheme is smaller than that of Ismail [19]. Figs 1-2 plot the single soliton for u and 
v. The graph of pseudo-spectral method coincide with the exact solution. The reason may be due to 
that the error order of pseudo-spectral is infinite and on temporal is 2. Our scheme is better than the 
collocation scheme developed by Ismail [19]. 

Table 1: Maximum error for single soliton u 





N=8 




N=16 




Time 


Present Method 


Ismail [19] 


Present Method 


Ismail [19] 


0.1 


3.5518xl0~ 5 


3.0085xl0~ 4 


2.4407X10" 5 


2.9974xl0~ 4 


0.3 


3. 0577X10- 5 


3.4972xl0~ 4 


2.9466 xl0~ 5 


2.3861xl0~ 4 


0.5 


3.8579xl0~ 5 


4.5155xl0~ 4 


2.7468 xl0~ 5 


3.4044 xl0~ 4 


0.7 


3.6506 xl0~ 5 


2.9705xl0~ 4 


2.5495 xl0~ 5 


1.8694xl0~ 4 


1.0 


3.0555X10- 5 


3.5333X10- 4 


2.9444 xl0~ 5 


2.4222xl0~ 4 
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Table 2: Maximum error for single soliton v 
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Figure 1: The graph of u soliton at t=l 
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Figure 2: The graph of v soliton at t=l 
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We investigate quantum dynamics of a small system selected state coupled to other discrete dense 
states of the system. We show that in a generic case with non-constant interlevel spacings and 
coupling matrix elements, the quantum dynamics of the selected level demonstrates non-trivial fine 
structures of the recurrence cycles (Loschmidt echo) and cycle mixing leading eventually to irregular, 
chaotic like longtime evolution. Our results illustrate non-ergodic dynamics of such a system, i.e., 
system population (or its energy) is not equally distributed over all system states but in a certain time 
intervals it is concentrated in a few levels. Our approach can be applied to rationalize experiments 
on femtosecond range vibrational relaxation of a specially selected state (the system) coupled to all 
other states (the reservoir) of nano-particles, where various regimes of time evolution, varying from 
exponential decay to irregular oscillations are observed in spectroscopic experimental data within 
the window 10~ 13 - 10~ n s. 
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I. INTRODUCTION 

In quantum mechanical systems quite often one has to deal with superposition of a given (somehow selected) 
state wave function with wave functions from continuous spectrum formed by either free states of the same system, 
separated from the given quasi-stationary state by a potential barrier (like it is the case in a-decay), or by the 
system environment, we will term reservoir (see the classical papers [1], [2]). Following this, common wisdom ascribes 
irreversible evolution of quasi-stationary states by coupling to reservoir with continuum spectrum [3], [4]. With a 
model reservoir formed by a sea of harmonic oscillators, this approach is in the heart of the theory of quantum 
dissipative systems [5], [6], [7]. 

The opposite limit is considered in the theory of transition states which is widely used to treat various chemical 
dynamics problems [8] , [9] . In this basically microscopic approach one has to chose properly a set of internal degrees 
of freedom forming so-called reaction path, and a small number of transverse degrees of freedom which are coupled 
to the longitudinal reaction coordinate. This microscopic description is feasible in practice up to a few dozens of the 
transversal degrees of freedom. For larger systems the microscopic approach becomes un-practical and useless (since 
even for modern computer power for a system with 10 4 transversal degrees of freedom purely computation problems, to 
find all cigen states to restore multi dimensional potential energy surfaces, is nearly insuperable). However many nano- 
system with 10 2 — 10 4 degrees of freedom, interesting from their practical importance and the associated theoretical 
challenges, belong to this intermediate case when the both mentioned above approaches (macroscopic theory of 
quantum dissipative systems and microscopic theory of chemical dynamics) do not work. Evidently to cover very 
complex phenomena occurring in the intermediate region without any small parameter, it is necessary to chose a 
simplified (but yet not trivial) model. One avenue of research is to borrow concepts from other systems with dense 
discrete spectra, like nuclei and nuclear reactions. In this realm it was shown [10], [11], [12], [13], [14], that statistical 
description of such a system does not require the detailed information about its spectrum, but only universal mean 
spectral characteristics (like interlevel spacing distribution function), which arc: determined by random Hamiltonian 
matrix. These approaches are very convenient tools to describe e.g., spectral chaos and many other global features of 
the behavior, but they say almost nothing about quantum dynamics, we are interested in this paper. Our approach is 
conceptually distinctive from that. Namely, instead of an approximate solution of a more or less complete quantum 
model of the phenomenon, we simplify the bare model to a level admitting its exact solution. In this respect we follow 
a general spirit that the exact solvability of non-trivial quantum mechanical models plays an extraordinary important 



26 



BENDERSKII-KATS: NON-ERGODIC DYNAMICS... 
role. 

Our motivation is not a pure curiosity. As a matter of fact quantum dynamics of various systems (ranging from 
relatively small molecules in a pre-dissociation condition [15], [16] up to large photochromic molecules and their protein 
complexes [18], [17], [19], [20], [21], [22]), or molecules confined near interfaces [23] (see also [22]). is an active area 
of experimental researches. The femtosecond spectroscopy data (which allow to study time evolution of one selected 
initially prepared by optical pumping state) manifest variety of possible regimes including not only weakly damped 
more or less regular oscillations but also very irregular long time behavior with a number of peaks corresponding to 
a partial recovering of the initial state population. 

Observed in such systems seemingly irregular damped oscillation regimes can not be explained theoretically in the 
frame work of widely used models with reservoirs possessing continuous spectra [24] , [5] , [8] , [7] , [6] . Indeed in the 
case of a system coupled to the continuous spectrum reservoir, only smooth crossover between coherent oscillations 
and exponential decay is possible upon increasing of the coupling. Nevertheless, as it was shown in the references 
above, generic complex dynamics is observed in the systems with characteristic inter-level spacing of the order of 
10 cm -1 , when the measurements are performed in the range of sub-picoseconds, or femtoseconds. To explain these 
weakly damped oscillations semi-empirical models have been proposed [22], [25], assuming more or less arbitrary that 
the system interacts not only with the reservoir (in agreement with a common belief possessing continuous spectrum) 
but also with a few (1-2) weakly damped discrete vibrational levels. However, these models providing in principal 
possible mechanism for weakly damped oscillations are not able to explain irregular, random-like dynamic evolution. 
It is worth noting that a generic feature of systems with such irregular behavior is the existence of the dense but 
discrete vibrational spectra, where in the range of 10~ 13 — 10~ n s there exist 10 2 — 10 3 levels with characteristic 
inter-level spacings of the order of 10 cm -1 . This generic feature is omnipresent in the systems with complex and 
irregular vibrational relaxation. 

Motivated by these observations, our intent here is to propose a simple (but yet non-trivial) model of a system 
coupled to a reservoir with discrete spectrum, and to examine joint system-reservoir evolution, i.e., recurrence cycles, 
when the energy is flowing back from the reservoir to the system. Surprisingly for us, scanning the literature we 
did not find any paper treating theoretically such a model. We do believe that the basic ideas inspiring our work 
can be applied to a large variety of interesting nano-systems. In a recent short publication [26] such a model of a 
system coupled to a reservoir with dense discrete spectrum was proposed, and under assumptions put forward by 
Zwanzig [27] (equidistant spectrum of the reservoir and system-reservoir coupling independent of the reservoir state 
quantum numbers) its exact analytic was found. For that model we found recurrence cycles (as it should be for any 
system with discrete spectrum, according to Poincare theorem) with period 27r/fi (Q is the interlevel spacing), because 
of equidistant reservoir spectrum. However even for these rather artificial assumptions of the Zwanzig model, long 
time behavior turns out quite non-trivial and irregular [26] . The fact is that in every cycle of energy or population 
exchange between the system (we term as a system the specific level selected by optical pumping) and the reservoir 
levels, occurs not simultaneously for all reservoir levels participating in that exchange. This breaks synchronization 
of the exchange between the reservoir levels and the systems, and yields to the fine structure of the recurrence cycles 
or spontaneous Loschmidt echo. The same phenomenom produces broadening of the echo signals, and the Loschmidt 
echo width increases with time, or what is the same with a cycle number k. As a result of this starting from the 
critical cycle number, when its width becomes of the order of the period, more and more neighboring components 
are mixed and time evolution becomes irregular, chaotic-like. To answer a natural question arising from this very 
unexpected (to say the least) result, namely whether it comes from the very restrictive assumptions of the exactly 
solvable Zwanzig model, or it illustrates generic behavior of any system with discrete but dense spectrum, is the main 
aim of the present manuscript. 

Details of our basic approach to solve quantum dynamic problem for a state coupled (not necessary independent of 
quantum numbers) to discrete (not necessary equidistant) spectrum of the orthogonal states of the bare reservoir, are 
introduced and described in the next section II. In the section III we formulate this problems in terms of recurrence 
cycle partial amplitudes. Specific models where reservoir interlevel spacings monotonically increase or decrease with 
level quantum numbers and also the case when the coupling matrix elements decreases with energy are investigated 
in the section IV. In the last section V, we summarize our results discuss several predictions relevant for vibrational 
spectroscopy of large molecules. 
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II. MAIN IDEA OF THE ANALYSIS 

Our analysis is based on a simple but very general observation known from the standard quantum mechanics. 
Namely that for a selected unperturbed energy level e° (in what follows we will term the level as a system) coupled to 
a discrete spectrum reservoir (with its unperturbed energy states {e°}), the Hamiltonian matrix contains besides the 
main diagonal, only one row and one line of non-zero matrix elements. Therefore the corresponding secular equation 
(its roots determine the coupled system-reservoir eigenvalues) has the following deceptively simple form 

^) = e -E^ = ' (1) 

n n 

where we count the energy levels from e°, and to get such a compact form for the function F(e) we chose the orthogonal 
basis of the reservoir states, i.e., all matrix elements between the reservoir states are zero. Furthermore, because of 
singularities occurring at e = e„ in r.h.s. of (1), in each interval [e„ e„ +1 ] there is always one eigenvalue e„. It is 
convenient to use as a reference point the eigenvalues known [26] for the Zwanzig model 

e„ = ng(n) ; C n = Ch(n) , (2) 

with the functions g(n) and h(n) describing deviations from equidistant reservoir and independent of quantum numbers 
coupling results. Assuming also that eigenvalues and matrix elements transform under operation n — > — n as 

e n = ~ 6 -n i C n = C_ n (3) 

one can show by direct calculations that the secular equation (1) can be solved analytically for the following choices 
of the function g and h 

3±W = (i + xn 2 ) ±1/2 ;M") = (i + 5i) , (4) 

where parameters A ^> 1 and x <C 1 to have many reservoir levels involved into the coupling. 

Time dependent wave functions ^ s {t) of the Hamiltonian can be expanded over the unperturbed (uncoupled) 
eigenfunctions of the system $ s and of the reservoir states $„ 

tf s (i)=a s (i)$ s + ^a„(i)$„ (5) 

n 

with time dependent amplitudes a s (t), a n (t). These time dependent amplitudes satisfy to the corresponding Heisen- 
berg equations of motion 



Ids 



/ J (^n a n i la n — (^n a s + e n a n ? (6) 



supplemented by the initial condition 



a s (0) = l;a„(0) = 0. (7) 

These equations can be solved formally by utilizing the Laplace transform of the amplitudes a s (t) 

1 f S+t °° , expfpt) 

as{t) = ™ L ioo % + E„^( P + ^)- 1 ' (8) 

where 8 — > +0. Replacing p = ie the (8) is transformed into the Fourier series 

cos(et) 



1 Z' + OO / ■ i\ ^ — + 0O 



2m J^ F(e) 



n— — OQ 



dF/de e=e 



(9) 



Thus we conclude that the system amplitude a s (t) is the Fourier series sum over the residues in the simple poles 
e = e n which are the roots of the secular equation. 
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III. QUANTUM DYNAMICS IN RECURRENCE CYCLE REPRESENTATION 

As in every diagonalization procedure we need to select a well-behaved representation. Fourier series for the system 
amplitude (9) can be presented as a sum over recurrence cycle partial amplitudes [26] 

oo 

a s (t)= J^ 4 k) (r k ), (10) 

k— — oo 

where r k is a local time for the cycle k which via Poisson summation formulae (see e.g., similar derivation in [28], 
[29]) depends on the reservoir spectrum and coupling matrix elements. To find this dependence it is convenient to 
replace e in the secular equation by another variable A 

e = \g(\), (11) 

and the function g should be chosen to keep the secular equation in a form similar to that [26] for equidistant reservoir 
spectrum 

F(A) = P(A)(Q(A)-cot(7rA)), (12) 

where the function P and Q are expressed in terms of the reservoir spectrum and coupling matrix elements charac- 
teristic functions g± and h (2). Utilizing the Poisson summation formulae 

+ °° /- + OC 

£/(») = £ / f(x)exp(t27rkx)dx, (13) 

and also well known property of the 5-function 



*(/(*)) = £ 



dx 



-l 

6(x-x n ), (14) 



where x n are the roots of the equation f(x) = 0, we end up with the (12) in mind with the following formal expression 
for the recurrence cycle partial amplitudes 

( fc ) -i f + °° , y cx P [iA(6(A)t/A-2A:7r)] de [ Q(X + i \ k 

a ' * loo dX PiW + cPW) dx [W^J ' (15) 

For the Zwanzig model A = e, P = ttC 2 = T,Q = e/T and the local time does not depend on e. It is not the case for 
non-equidistant spectra, where 

T k {X) = j-2kTT. (16) 

To calculate entering (15) integral one has to find the residues in the poles inside a close integration contour, including 
the real axis and large radius semi-circle. Where to put this semi-circle depends on the sign of the local time T k - Note 
first that contributions of the cycles with k < are exponentially small for t > 0. For the initial cycle k = the 
amplitude is determined by the poles in the upper half-plane. For all other cycles k > 1 the poles in the upper/lower 
half-plane are relevant for r k positive/negative. For the Zwanzig model there is only one pole in the upper half-plane, 
therefore all the recurrence cycle partial amplitudes contribute to only forward in time evolution for r k > 0. However 
if the functions g±(n) =/= 1 and/or h(n) =/= 1, the backward in time evolution occurs from the poles in the lower 
half-plane. Positions of the both kinds of the poles (for forward and backward evolutions) are related to recurrence 
cycle periods 

e(A*) 
where A* are the poles of the integrand in the (15). 
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IV. GENERALIZED ZWANZIG MODEL WITH NON-EQUIDISTANT RESERVOIR 

A. Reservoirs with increasing interlevel spacings 

To move further on smoothly let us consider first the case (see the definition (2) when 

g(n) = g+(n) ; h(n) = 1 . (18) 

It generalizes the Zwanzig model for the reservoirs with interlevel spacings increasing with energy. Performing tedious 
but straitforward algebra we find 

A 2 = ^[v/T+4^-l], (19) 

and the functions P(X) and Q(X) read as 



™-£H£. <*» 



whereas 



In the initial cycle k = the poles in the integrand in the recurrence cycle representation are the roots of the equation 
Q 2 + 1 = 0. In the upper half plane its solution gives two pure imaginary poles. In the limit %r 2 — > 0, the poles are 

(1 - yr 2 ) 

A 1= z(l + IVx);A 2 ^^— j=-L. (22) 

Upon increasing the controlling behavior parameter xl" 2 , the poles approach to each other, merge at the critical value 
Xc = l/(27r 2 ), and become two complex conjugated poles. Moreover with increase of the parameter %r 2 the residue 
at the A2 increases, and the partial amplitude a s decay becomes non-exponential (!). The effective rate constant 

e(A 1 )B(A 1 ) cxp(- £ (A 1 )f) - e(A 2 )ff (A 2 ) exp(-e(A 2 )t) 

B(A 1 )exp(-e(Ai)i)-B(A 2 )exp(-A 2 )t) ' l ' 



r e// = 


rflnai 0) 
dt 


where we use notation 





*<*«>- &L?ib- ,24) 

where i — 1,2. We see that the effective rate is not a constant (as one would expect for the usual exponential decay). 
It is zero when t — ► and increases with time. However the rate constant decreases with \ when Tt < 1. This decrease 
is because at constant T the number of reservoir levels participating in energy exchange with the system, decreases. 
In long time asymptotics Tt 3> 1, the effective rate T e ff becomes larger than that of the equidistant reservoir. In 
the limit of the equidistant reservoir spectrum \ — > reservoir levels displacements (due to the coupling with the 
system) are proportional to n~ 2 , whereas with increase of \ au essential levels, i.e., with n < T giving the principal 
contributions to the rate, displace more or less equally. Therefore the active levels approach to almost equidistant 
ones. 

There are also two complex conjugated poles in the lower half plane, which are the roots of the equation Q(X) = i. 
These poles are responsible for the backward system evolution (characteristic feature of the non-equidistant reservoir 
spectra) in the recurrence cycles k > 1. We show the system amplitude dynamics in the Fig. 1. At x — the 
Loschmidt echo appears only for t^ > 0. At k < k c = 71T, the system dynamics is regular one, and the Loschmidt 
echo components are well separated (ratio of the echo width to the cycle period is of the order of k/k c , i.e., smaller 
than 1). However for non-equidistant reservoir (x ¥" 0) the echo appears also for t^ < (backward evolution). From 
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Figure 1: System amplitude time evolution for a model with h(n) = 1 and g(n) = g+(n) (see (2). The parameter \ 
, 0.001 , 0.004 , 0.002 for the figures a - d, respectively. 



(15) we estimate in the limit %r 2 <C 1 



exp(-r fe (Ai)/2)Li_ 1 (T fc (Ai)) ; r fe > 

(x/Xc) 1/2 exp(-r fe (A3i))cos(r fe (A 3 2)) ; r fe < ' 



(25) 



where r/s(Ai) is the local time defined by the smallest among the pole s in the upper half plane, Tk(\3i) and 77^32) 
correspond to the complex conjugated poles in the lower half plane, A3 = A31 +iA32, and L\_ 1 is generalized Laguerre 
polynomial [30]. 

It is worth noting that backward evolution occurring only for non-equidistant spectrum reservoirs, modifies con- 
siderably cycle mixing conditions. If for x = the cycles are overlapped at r^ > 0, when their characteristic width 
becomes of the order of the recurrence cycle period, the backward echo decreases the threshold for cycle overlapping, 
which decreases with \- 



B. Generalized Zwanzig model with non constant coupling matrix elements 



Let us now add one more new ingredient in a root to more realistic models describing nano-particle relaxation. We 
will relax in this subsection the assumption on constant coupling matrix elements, namely we chose h(n) 7^ 1 in the 
form (3), while keeping the equidistant reservoir spectrum (g±(ri) = 1). The recurrence cycle partial amplitudes read 
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as 

'R{u)+i\ h l + a 2 u 2 



ai k) (r k )= / du ^TT^ „ 9 T , exp -»^ , (26) 



R{u)-i) R 2 (u) + l 



■2 



where r k = 2T(t — 2fc7r) for this model, and we denoted a = TA 1 coth(7rA) ~ TA 1 , and i?(u) = (1 — a)u + a 2 u 3 . 
The integrand in (26) has {k + l)-th order poles which are the roots of the equations 

R{u)±i = (ra±i)(au 2 =R« - 1) = 0, (27) 

where ± signs correspond to k > 1 and fc < — 1 respectively (fc = cycle has the both types of the poles). The roots 
of the (27) can be easily found 

U12 = ±m*i,2 ; "J = Tiu3 (28) 

and in the explicit forms, the roots are 

u 1 , 2 = —{lTVT=4a);u 3 = -. (29) 

Za a 

By a simple inspection of the (29) we find that the root u\ increases with a, whereas two other roots move from 
infinity along the imaginary axis. When a exceeds its critical value a c = 1/4, the two roots are complex conjugated 
ones, while the third root remains pure imaginary one. In this case the integration contour lies in the upper half plane, 
therefore there is no backward evolution in time. Depending on a one can distinguish three different time evolution 
regimes. When 

2ui < w 2 - wi ; < a < 3/16 (30) 

system kinetics is determined by the pole u\ , and qualitatively behavior is similar to that found in [26] for the Zwanzig 
model. In the region where 

|wi - u 2 \ < min(2ui , \m + u 2 \) ; 3/16 < a < 1/2 (31) 

system kinetics is controlled by two close poles (pure imaginary ones at a < 1/4 and complex conjugated at a > 1/4). 
Finally there is region where the complex conjugated poles satisfy 

|ui-«2|>|«i+«2|);a>l/2. (32) 

We illustrate this behavior in Fig. 2. In the region (30) similarly to the Zwanzig model dynamics, there is Loschmidt 

echo in each recurrence cycle k with its fine structure containing k components, Iki (where I = 1, 2, k). The total 

echo width increases with cycle number k, but upon increase of the parameter a, the widths of the echo components 
I < k (and therefore the total echo width) decrease, whereas the main component Ikk intensity remains constant. In 
this region one can find approximately the following spectrum of the Loschmidt echo 

ai k \r k ) ~ Res( Ul ) = I -/ fe2 («i)^4-iK^) + E Ct„ +1 (2 Ul )"/^ ) ( Ul )^_ n _ 1 ( Ul r fc ) j cxp(- Ul r fc /2) , (33) 

\ n=0 / 

where C\_ n , 1 stands for the permutative combinatorial coefficient, and 

Jk2(u) = rrzw rrxr • (34) 

The first term in the (33) is an order k polynomial of UiT, which is the same as that describing the Loschmidt echo 
signal at a — (up to a replacement of r by u\t. In the range < u\t < Ak it includes k components with increasing 
intensities. For fc> 1 we may approximate 

/^ } ( Ul )~/ fc2 ( Ml )(2fcg)", (35) 

where 

Q= 4fc «?(«3 -»i»') (36) 

u 2 [u 2 -ui)w 3 (it3 H-wi) 
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Figure 2: System amplitude time evolution for a model with g(n) — 1 and h(n) 
(see (2): a = 0.05 , 0.25 , 0.7 for the figures a — c, respectively. 



is given by the (2). The parameter a = T/A 



With (35), (36) in hands we can perform the summation in (33) 



E 



Q rll-l 



(-l) k ((1 + Q - u lT ) k - (1 - u lT )k - kQ) 



(37) 



In a dramatic contrast with multicomponent Loschmidt echo signals for Zwanzig model, there is only one maximum 
in (37) at UitjJ ~ Q + 2k. Thus we arrive at the conclusion that upon increase of a and k, the intensity of the 
main echo component increases whereas all other echo components remain unchanged in the main approximation. 
Therefore the parameter a reduces effectively the satellite echo components intensities Iki (where I < fc), and only 
weak echo components (not the main echo signals) are mixed at k > k c . Similarly at a = a c only one echo component 
dominates the spectrum and mixing occurs only when k is several times larger than k c — 7iT. Only when a > a c and 
a s dynamics is represented as damped oscillations with characteristic time incommensurate with the cycle period, 
the cycle mixing occurs at k < k c . We shall not proceed further on with the calculations. Since our model is rather 
crude, the detailed algebra is not worth the effort. Therefore we rationalize time evolution on a qualitative level 
and illustrate it in Fig 2. In the region (30), the reservoir states not synchronous return their populations back to 
the system. Thus the system population is recovered only partially. However upon increase of the parameter a the 
reservoir - system exchange becomes more and more synchronous, and the main component echo intensity approaches 
to 1 in the region (31). The system evolution in this case is a superposition of ergodic components corresponding 
to the reservoir eigenfrequencies. This regime resembles conditionally-periodic dynamics [31] and could be termed as 
quasi -ergodic regime (see also [32], [33]). Finally in the region (32), the reservoir states are mixed already for k > 2. 
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C. Reservoirs with decreasing interlevel spacings 



In this case according to the (2), g(n) — g—(n) and C n = Ch(n), there are no poles of the partial amplitudes in the 
lower half-plane, and in the upper half-plane there are complex-conjugated poles like for the case with g(n) = g+(n) 
and h(n) = 1 studied in the subsection IV A. The system evolution in this case is determined by the main echo 
component and damped satellite oscillations with their amplitudes slowly increasing with the cycle number k (see Fig. 
3a). Note that even for not too small values of the parameter A, when the interlevel spacing reduces by several times 
for the active level n ~ T, the one-component Loschmidt echo period remains practically constant (see Fig. 3b). 




Figure 3: System amplitude time evolution for a model with h(n) j^ 1 and gin) = g~(n) (see (2). The parameter A = 47r and 
X = (5tt)- 2 , G = 1 for the Fig. 3a, and A = 4tt, X = (6vr)' 2 , and G = 1.5 for the Fig. 3b. 



CONCLUSION 



To summarize, in this paper we investigated quantum dynamics of a small system selected state coupled to other 
discrete dense states of the system. This publication represents a substantial extension of the note [26] , where only 
the equidistant reservoir and constant coupling Zwanzig model have been studied. Here we provide a more complete 
account and investigation of phenomena only briefly addressed in [26] , and besides generalize Zwanzig model. We show 
that in a generic case with non-constant interlevel spacings and coupling matrix elements, the quantum dynamics of 
the selected level demonstrates non-trivial fine structures of the recurrence cycles (Loschmidt echo) and cycle mixing 
leading eventually to irregular, chaotic like longtime evolution. Our results illustrate non-ergodic dynamics of such 
a system, i.e., system population (or its energy) is not equally distributed over all system states but in a certain 
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time intervals it is concentrated in a few levels. Turns out that for a rather broad interlevel spacings and coupling 
matrix elements distributions, these features of the Zwanzig model [26] remain valid. Mathematically it comes from 
the fact that system quantum evolution is governed by only a few poles of the system amplitude expansion over 
partial recurrence cycle amplitudes. For the Zwanzig model (with equidistant reservoir and constant coupling matrix 
elements) there is only one pole in such a mapping. The additional poles existing for the generalized Zwanzig model 
investigated in this paper, breaks pure exponential system decay in the initial cycle (k = 0) and strongly modify 
conditions of cycle mixing in the following cycles k > 1. In the model where coupling matrix elements decrease 
with energy small amplitude satellites in the Loschmidt echo signal are replaced by damped oscillations, and strongly 
reduced, while the main echo component remains more or less unchanged. 

The generalized Zwanzig model investigated in this paper reflects the spirit of minimalist approaches, in that it is 
simple yet based on a physical principle. The results presented here arc probably less notable in terms of technological 
applications of nano-systems, than for the progress they could generate in our understanding of their complicated 
vibrational spectra. Our consideration yields quite reasonable qualitative description of a variety vibrational relaxation 
regimes and mode selectivity observed in experiments, and the model under investigation appears to be a simplest 
one demonstrating that relatively small variation of the coupling enables to change qualitatively dynamic behavior. 
Understanding all its limitations, we nevertheless hope that our crude theory captures the essential elements of 
vibrational relaxation in nano-systems. Note to the same point that modern femtosecond spectroscopy methods (see 
e.g., [17] - [22]) indeed demonstrate (in a qualitative agreement with our consideration) remarkably different types of 
behaviors (exponential decay and complicated oscillation) of relatively close initially excited states. We believe we 
are the first to explicitely address this issue. 
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Abstract 

Since the Strategic System Planning (SSP) has been one of the fastest growing 
executive and energetically debated topics among practitioners and 
academicians. Which characteristics of Official Organizations (OO) influence 
whether or not those organizations engage in SSO. The focus is primarily on the 
environmental characteristics of Experienced Managers (EM) such as education 
and prior experience rather than those characteristics derived from personality 
traits. Data are drawn from a survey of the OO in official zones of North West of 
Islamic Republic of Iran that around ten percent the samples of EM engage in 
SSP. The EM characteristics showing a significant association with a 
commitment to SSP include an above average level of education, experience and 
running organization in sectors outside their previous experience. SSP showed a 
positive association with those EM with a growth orientation. It is concluded that 
EM characteristics can be important in explaining the SSP within the OO. This 
paper is to explore the ways in which certain characteristics of EM of OO 
generate a tendency to prepare a formal written Executive Plan (EP). 
Key words: strategic planning, strategic executive planning, experienced 
managers, executive plan. 

Introduction 

Productive Strategic System Planning (SSP) is one of the important factors in 
executive success. There are arguing that formal written planning may be 
inappropriate for the Official Organizations (OO) but this seems a minority view. 
In OO, where an Executive Plan (EP) exists, the preparation of the SSP may 
have been driven by external forces. However, the EP may serve as a strategic 
planning document for the managers, entrepreneurs and workers, a plan to guide 
the executive and serve as a basis for taking strategic decisions and also it may 
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serve as a subsequent monitoring device. In view of its perceived ongoing value 
to the small OO it might be expected that SSP would be a feature of many, if not 
most, OO (Deakins, 2003, 329; Feghhi farahmand, 2005, 458). 

Official Strategy (OS) 

The possible effects of OS on the propensity to prepare executive plans, is 
expected that organization oriented towards growth will show a greater 
propensity to undertake Strategic System Planning (SSP). It does not seem 
unreasonable to argue that an organization with a committed development 
strategy would have a executive plan. In most cases, this might also be reflected 
in an aim to increase the size of the customer base (Watts, et al, 2003; Stutely, 
2002, 69). Indeed, wherever a strategy of growth required external support either 
from financial institutions or executive advice agencies, it is likely the external 
support agencies would require a SSP as a condition of their support. This paper 
examined the influence of these EM characteristics and OO strategies on the 
presence/absence of SSP in small organization, whilst controlling out the 
characteristics of the organization which the EM are operating. The key research 
questions addressed in this paper are as follows: 

1) How prevalent is SSP amongst the EM of OO? 

2) Are EM and BS characteristics important in distinguishing between EM with 
SSP? 

3) Which EM and BS characteristics are important? 

Strategic System Planning (SSP) 

Recent research reviewing corporate coaching programmed that we can see this 
move from intuition towards rationalized models as complementary and off- 
setting to developments in strategic management. As management itself becomes 
more emphatically fast-paced and intuitive, in order to deal with complexity and 
unpredictability, research is beginning to accumulate showing that coaching 
formats used in management support are more effective than training in the older 
logical comprehensive pursuits. Like all scientific enterprises, a period of 
accumulation of evidence will be required before definitive conclusions may be 
drawn. However, there are early gleanings that evidence based evaluation 
research is underway. 

In strategic system terms, the organization may be governed by experienced 
senior managers. In this way, executives systems that require sustained high 
levels of creative response will reward emotional intelligence over rational 
intelligence (Feghhi farahmand, 2004, 452). At the top level in all professions 
and disciplines, both sets of skills are required to perform at the highest levels. 
To this point, the discussion has focused on the fact that coaching-based 
intervention strategies assist management in adapting to the more intuitive and 
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fast-response aspects in its operations. Coaching as an emergent profession, 

however, is moving in the other direction. 

It is progressing from a period in which right-brained intuitive judgments have 

been dominant to an evidence-based, left-brain rationalist approach. 

In corporate settings, where large investments in coaching programmers are 

underway, evidence is required to justify these expenditures. 

Models of development that build logically among different experiences are 

required. The basic steps of SSP development that they are suitable for all of 

organizations are as follows (Storey, 1994, 365 and Feghhi farahmand, 2004, 

428): 

1) Purpose: To develop SSP to strengthen the organization's customer related, 
operational, and financial performance. 

2) Scope: The SSP should include both short-term and long term goals and plans 
and a method to ensure that the plan is deployed and adhered to should be part of 
the management review procedure throughout the organization. 

3) Self Responsibility: The chief executive usually has control of these 
developments, deployment, improvement processes and all executive 
management should be personally involved in these processes. 

4) Procedure: It should include the description of the timetable for strategy and 
SSP development should be including and how the development considers 
customer requirements, information related to quality, operational performance, 
and relevant financial data are collected, analyzed, and integrated into the 
strategy development should be included in this procedure. These should be 
compared with similar measures of competitors and or appropriate benchmarks. 

5) Continuous improvement: Describe the main types of data and information 
needed to support operations and decision making, and to drive improvement of 
this executive process. The management and use of key performance measures 
should include periodic review for continued validity and need, as well as the 
analysis and use in process improvement. Factors in the evaluation might include 
completeness, timeliness, effectiveness, and reliability. 

6) Instructions: Management responsibility, quality system, document and data 
control, corrective and preventive action, internal quality audits, training, 
statistical techniques and continuous improvement. Performance in a 
management setting means learning to express powerful, even negative, 
emotions in ways that are received as positive by the organization. Management, 
in this perspective, becomes a performance-based profession, where the way in 
which a team leader expresses objectives and values is as important as the targets 
themselves. Gaining the sustained co-operation of fellow team members 
requires emotional leadership (Feghhi Farahmand, 2003, 45). 

Therefore Strategic is a tern used by some to refer to what might be termed 
know- when and know- why. Although it seems reasonable to conceive of these as 
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aspects of doing, it is difficult to envision them as being separate from that 
doing. In other words, we can separate out strategic knowledge only in the 
describing, not the doing. Consequently, strategic knowledge is probably best 
thought of as a subset of declarative knowledge instead of its own category. 

Experienced Managers (EM) 

The specification and nature of the EM is seen as critical in other aspects of the 
activities of OO. A selection of the EM characteristics is the potential to 
influence an owner manager's propensity to undertake SSP. Predictions of the 
direction in which the variables (Feghhi Farahmand, 2002, 345; Smith, 1967, 
145) will operate are inevitably problematic as there is little prior work on the 
determinants of SSP upon which we can draw: 

1) Age: This variable has been identified as important in a number of studies. 

2) Experience: It may be strongly linked to age and it could be argued that it 
might work in two ways. A long number of years running an organization as an 
EM might increase a propensity to plan future directions for the official or 
indeed, once the initial phases had passed and funding secured planning might 
well be less of a priority. 

3) Education: In the context of SSP, this variable might seem reasonable to 
hypothesis that the more highly educated EM will tend to be more aware of the 
desirability of SSP and thus, organization run by the better educated EM might 
be more likely to have Executive plans. In contrast, the EM with a more limited 
education will tend to work outside a formal planning framework. 

4) Creativity: A distinction here may be drawn between those for whom the 
current organization is their first and serial founders. 

5) Workers: This was identified as an influence on organization behaviour and in 
the context of SSP, EM with previous work experience in larger organization, 
perhaps where SSP was seen as an important part of official behaviour, would 
tend to encourage SSP in organization. 

6) Managerial position: Organization founders are drawn either from operatives 
or from those with previous managerial experience. 

7) Current experience: Here it might be argued that EM moving into a new 
sector might be encouraged to plan rather more than those who are official were 
in sectors in which they had considerable prior experience. 

8) OO zone: This was introduced into the analysis as it might be expected that 
local EM, who grew up in the geographical area under study, will tend to be 
introspective and less receptive to contemporary management practice. 
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9) Locally: The relationships between OO and their localities have become an 
important research area and organization with links with local official 
institutions might be more likely to official plan. The argument here would be 
that mixing with local official leaders would increase awareness of the value of 
SSP. Conversely, mixing with other EM of small organization might re-inforce 
scepticism towards the idea of SSP, especially where SSP was not seen as a key 
element of official activity. 

Methodology 

This study is based on a sample of small official organization and the influence 
of organization characteristics such as SSP of organization have been well 
explored over the last decades. Sector contrasts between the largest group of 
organization in official organizations in the sample and size involves 
employment and turnover variables were included in some of the preliminary 
analysis but no sector or size effects were detected and OO was defined as one 
with less than 100 employees. The data relate to a sample drawn from 
independent plants in North West of Iran listed in directory of official 
organizations. The random sample was drawn and 34 organizations participated 
in the survey based on face to face, meeting, advising, questionnaire, 
participation in consultant sessions and e-mail interviews using a semi structured 
interview schedule. These organizations represent a response about rate of 62 
percent and tests for response bias were possible. Virtually about 68 percent of 
the interviews were with the EM, the other interviews were experimental 
managers that they have not scientific management information and were the 
only viable respondent as they were working for retired managers who had 
relinquished overall control of the organization but maintained a financial link 
and in other cases, they worked closely with the managers who were still 
involved in the official. 

These managers could answer the key questions about the environmental and 
strategic system variables in which interested and thus the use of a small number 
of senior managers is not as problematic as it would have been if interested in the 
psychological and personality characteristics of the EM. The interview schedule 
was designed to collect data on a number of EM and strategic system 
characteristics in addition to asking about the presence or absence of a SSP and, 
where appropriate, the time period to which the plan applied. Some organization 
related characteristics were also included to check for the presence of any 
uncontrolled organization variables. The data are explored through the analysis 
of bivariate relationships using non parametric statistics and the relatively small 
sample size precluded more detailed statistical analysis. 
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Results 

EM were asked whether or not they had a formal SSP for their organization and 
the period of time to which it applied. Over half the EM (Table 1) had no such 
plan which fits well with the common perception of the lack of planning in small 
official organization. Clearly, SSP is not a feature of the majority OO, at least 
not within this sample of organization within this location. Nevertheless, SSP did 
exist in just under half (32 percent) of the surveyed organization. Over 75 
percent of organizations with formal SSP were planning within a five year time 
frame. 

Table 1: SSP 



SSP in organization 


% 


Formal EP 


32 


NoEP 


68 


All 


100 


SSP time 


% 


1 year 


15 


2year 


11 


3year 


19 


4year 


9 


5year 


22 


>5 year 


24 


All 


100 



The characteristics of the EM of the sample OO are summarized in Table 2. EM 
ranged in age from 20 to over 70 years of age and well over one half was over 45 
years of age. In view the age of most of the EM, just over half had been 
controlling their organization for 15 or more years. Their formal educational 
levels tended to be high. Amongst these EM, a distinction could be drawn 
between and those for whom their current official was their first organization and 
the majority were novice EM. Regardless of the workers, a significant number 
had gained managerial position before setting up their own organization. They 
can be contrasted with the remainder of the sample group who had been working 
more directly in production. A striking feature of these organizations perhaps not 
surprising in organization based mainly on traditional industries is that 61 
percent of the EM had grown up in industrial area. 
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Table 2: EM and BS characteristics 




EM and BS characteristics 


% 


Age (45 years or more) 


51 


Total experience (>15 years) 


58 


Education (University) 


55 


First organization 


66 


Workers (100 or less employees) 


53 


Managerial position 


39 


Same sector 


53 


OO zone 


61 


Locally 


45 


Customer target 


88 


Executive Strategy 


59 



There were striking variations in official strategies. An active search for new 
Service receivers was characteristic of the majority 59 percent of the 
organization that admitted to an aim to increase their turnover. Clearly, within 
this group, there is a sub set of growth oriented EM whose propensity to 
undertake SSP might be contrasted with those who were content with their 
current level of official. The latter may well belong to that group of EM often 
characterized as running lifestyle organization. From this overview of the 
selected EM characteristics and the strategies of the sampled organization, it is 
now possible to explore the extent to which these differing characteristics and 
strategies influence whether or not an organization engages in SSP. The main 
focus is on the role of EM characteristics in influencing the propensity for SSP. 
The results of the bivariate analysis are summarized in Table 3 that age and 
experience had no significant relationship with SSP the predicted positive 
relationship between higher levels of education and undertaking SSP was in the 
expected direction. Those who had extended their education were significantly 
more likely to plan than those who had not (p = 0.042, one tail). 



Table 3: SSP, EM and BS characteristics (P < 0.10) 



EM, BS and SSP 


With SSP 
(Chi-square) 


Education 


.042 


Workers 


.041 


Different sector 


.036 


Seeks Service receivers 


.023 


Growth strategy 


.069 



Amongst those who had extended their education beyond the minimum age 59 
percent had official plan, compared with 37 percent of those with a more limited 
education (Table 4). 
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Table 4: 


SSP and full time education 




SSP and Education 






Minimum 
Education 


High education 


With Plan 


n 


4 


9 


% 


21 


60 


No Plan 


n 


15 


6 


% 


79 


40 


Totals 


n 


19 


15 


% 


100 


100 


N 




34 


Chi-square 




185 


tail 




One 


P 




0.042 



Rather surprisingly, those whose previous experience was at operative level were 
as likely to plan as those who had held managerial positions whilst serial 
entrepreneurs were no more likely to plan than novice entrepreneurs running 
their first organization (Table 3). However, an important influence on the SSP 
amongst those who had previously been employed by another organization was 
whether or not they had worked previously for a medium or large organization. 
There was significant propensity to engage in SSP amongst those previously 
working for a medium/large organization (p = 0.041). Whereas just under two 
thirds of those formerly working in a medium/large organization were official 
planners, this was true of only a third of those formerly working in OO (Table 5). 
This finding suggests these EM from the medium/large organization group had 
been aware of SSP in their previous employment. 







Table 5: SSP and Workers 






SSP and Workers 






Small (100 or less employees) 


Medium/ Large 


With 
Plan 


n 


10 


8 


% 


45 


67 


No Plan 


n 


12 


4 


% 


55 


33 


Totals 


n 


22 


12 


% 


100 


100 


N 




34 


Chi-square 




6.64 


tail 




Two 


P 




0.041 



Perhaps the most striking, but understandable finding, was the tendency (p = 
0.036) for EM, operating in sectors with which they had little familiarity, to 
undertake SSP. Whereas two thirds of those moving into a new sector were 
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official planners, this was true of only just over one third of those staying with 
the sector in which they had experience (Table 6). This tendency to plan by those 
moving into a new sector to reflect the higher levels of uncertainty the EM faced 
in operating in an area which was new to them. The degree of engagement with 
the local official community had no significant influence on SSP. 



Table 6: SSP and sector experience 





SSP and sector experience 






Same Sector 


Different Sector 


With Plan 


n 


12 


5 


% 


67 


31 


No Plan 


n 


6 


11 


% 


33 


69 


Totals 


n 


18 


16 


% 


100 


100 


N 




34 


Chi-square 




4.31 


tail 




Two 


P 




0.036 



The last stage of the analysis focused on the two BS variables. This revealed that 
both measures of BS had a significant and positive relationship with the presence 
of SSP amongst the EM of these organizations. The growth orientated EM had a 
high propensity to have a SSP whether measured by actively seeking new 
Service receivers (p = 0.023) or by expressing an aim to increase their turnover 
(p = 0.069). In part, this may reflect the point noted earlier, that the necessity to 
raise finance to fund expansion might require the preparation of a SSP for the 
funding agencies. Of small OO who actively sought new Service receivers, over 
one half had a SSP whereas this was true of less than one quarter of those who 
were less proactive in developing their customer base (Table 7). 



Table 7: 


SSP and seeking Service 


receivers 




SSP and seeking Service receivers 






Seeking Service 
receivers 


Not Seeking 
Service receivers 


With Plan 


n 


14 


3 


% 


58 


30 


No Plan 


n 


10 


7 


% 


42 


70 


Totals 


n 


24 


10 


% 


100 


100 


N 




34 


Chi-square 




5.33 


tail 




Two 


P 




0.023 
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Conclusions 

Further, the characteristics which have been measured can be grouped into 
environmental and BS variables rather than those variables which measure 
attributes of the personality of the EM. It is important to stress that this study is 
confined to a sample of the EM of OO in one part of the area of OO zone. It is 
also recognized that the relationships only significant at a relatively low level but 
this reflects, in part, the small size of our initial sample. Therefore useful 
conclusions can be drawn as follows: 

1) The key EM characteristics, associated with a greater tendency to undertake 
SSP, are a higher level of education, experience and running a OO. Not 
unexpectedly, those organizations with growth strategies also tended to be 
official planners. 

2) There was no evidence that previous management experience was linked to a 
higher propensity to official plan. Those EM with management experience are 
somewhat cynical of the value of paper exercises and the writing of official 
plans. 

3) SSP is a characteristic of the OO that there still remains a high proportion of 
EM of OO who does not undertake SSP. EM characteristics and BS variables 
can be an influence upon whether or not small OO undertakes SSP when controls 
have been introduced for sector and size. 

4) Although this is a study of OO in one zone, this paper has demonstrated that 
EM characteristics cannot be ignored in trying to understand the extent to which 
OO display a commitment to SSP. 

5) Success is most likely to come from approaches to those EM with the 
characteristics of planners but who are not yet planners. These are the EM who 
may be unaware of the benefits of SSP rather than outwardly hostile. However, 
EM characteristics are rarely in the public domain so such targeting becomes 
difficult. 

6) Where creative responses of many kinds are required, managers will prove to 
be at the heart of management excellence, which empower their colleagues and 
clients to expand their OO performance and utilize a higher proportion of the OO 
potential. 

7) Analysis of the environmental and strategic characteristics of EM identified a 
set of variables. 

8) Gaining the sustained co-operation of fellow team members requires 
emotional leadership. Where such leadership is available, much forgiveness is 
afforded. Performance creativity in a manager links to conceptual creativity 
because the corporation's key competence, its Strategic System Planning 
Concept Innovation Capability (SSPCIC) index, is the key to success in a 
knowledge driven economy. 
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Abstract 

Shapiro conjectured that if two exponential polynomials have in- 
finitely many zeros in common, they have a non trivial common factor. 
In this paper we prove a result that conducts to prove the conjecture 
in many particular cases where the coefficients of the polynomials are 
algebraic and the frequencies are linear combination with rational co- 
efficients of two algebraic numbers. 

Keywords. Shapiro conjecture, exponential polynomial. 
AMS (MOS) subject classification: 11L03,11L07,11C08. 

1 NOTATION AND INTRODUCTION 

For an ordinary differential equation or an autonomous dynamical system, 
the stationary solution is asymptotically stable if and only if all roots of the 
corresponding characteristic equation of the linearized have negative real 
parts. Since the characteristic function is a polynomial, the well-known 
Routh-Hurwitz criterion can be used to determine the negativity of the real 
parts of the characteristic roots. Similar equivalence holds for delay differ- 
ential equations. However, the characteristic functions corresponding to the 
linearized delay differential equations are no longer polynomials, rather, they 
are exponential polynomials. The study of exponential polynomials is of a 
great importance in many branches of sciences, for instance, in dynamical 
systems theory, neural networks, automation control, electronics and others 
(see [4,9,10] and the references cited therein). 
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In this paper we denote by E the ring of all exponential polynomials; that 
is, the set of all functions / of the shape 

m 

i\z) = Y j a t {z)e^ z 

j=0 

where the coefficients a% belong to C[z] and the frequencies aj £ C are dis- 
tinct and Eq denoted the sub-ring of E formed by exponential polynomials 
with constant coefficients. 

In [6], Shapiro proposed the following conjecture: 

// two exponential polynomials have infinitely many zeros in common, they 
are both multiples of some third (entire transcendental) exponential polyno- 
mial. 

Van der Poorten [8] proved this conjecture in a special case where / is just 
a simple exponential polynomial with constant coefficients and there exist 
a complex number a such that every frequency is a rational multiply of a. 
In [1] Hajj-Diab proved that for any / and g belonging to E there exist h 
in E dividing / and g, and such that the common zeros of i- and f are 
zeros of some ip 6 Eq. This proves that it sufficient to study the Shapiro 
conjecture for f £ E and g G Eq [1]. Also, in the same paper he gave a proof 
to the conjecture when the frequencies are linear combination of M-linearly 
independent two complex numbers jjl\ and (12 over R. 

In this paper we consider the case of two exponential polynomials with fre- 
quencies are Q-linearly combination of two non zero algebraic numbers [X\ 
and \i2 and the coefficients are polynomials in z with algebraic coefficients. 
We shall prove that the Shapiro's conjecture is true if one of the two ex- 
ponential / and g admits a finite number of zeros in neighborhood of the 
straight line of equation Re{jJL\ z) = 0. 

We denote by Q the field of algebraic numbers and Q[X, Y, Z] is the ring of 
polynomials of three indeterminate X, Y and Z over Q. 
The following theorems are the main results: 

Theorem 1 Let a be a real algebraic irrational number. For any f and g 

in Q[e z ,e az ,z] there exist h £ Q[e z ,e az ,z] such that h divides f and g and 

for all e > 0, the common zeros of — and — excepted possibly finitely many 

h h 

of them, are in the region \Re(z)\ < e. 
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Theorem 2 Consider two exponential polynomials f{z) = YliLo o,i{z)e aiZ 
and g(z) = X^oM 2 e where a>i(z) and bj(z) are polynomials in z with 
algebraic coefficients and the frequencies on and (3j are Q-linear combination 
of two non zero algebraic numbers p\ and p2- Then there exist an exponential 
polynomial h G E such that h is a common factor of f and g and for all e > 0, 
the common zeros of t and ?- are in the region \Re( /J*iz)\ < e. 

2 DISTRIBUTION OF ZEROS 

Let p(X, Y) and q(X, Y) be two polynomials in X and Y over the field of 
complex numbers C: 

p(X, Y) = u (Y) + Ul (Y)X + ... + u m {Y)X m 
q(X, Y) = v (Y) + Vl (Y)X + ... + v n (Y)X n 

IpiY) is the leading coefficient u m (Y) of p(X, Y); 

Q(p) = {\a\ : a / is a root of l p }; 

B(a, 5) = {z G C : \Re(z) - a\ < 6}, for a G R and 5 > 0; 

A = {p G fi(p) : p x G n(q)}; 

H(5) = U peA B(lnp,5). 

In what follows, we shall prove the fundamental key lemma. 

Lemme 3 Let M be a positive number such that e~ < Q(p) < e , then 
for every positive number 5, there exist a positive number R such that the 
zeros of the exponential polynomial P{z,e z ), satisfying \Re{z)\ < M and 
\z\ > R, are in the region IJ ae Q(„) B(a,S). 

Proof. Firstly, notice that the zeros of the two exponential polynomials 
p(z,e z ) and e sz p(z,e z ), where s is an integer, are the same. So without loss 
of generality, we can suppose that the leading coefficient l p {e z ) = u m {e z ) can 
be factorized as 

aeH(p) 

where k a is the multiplicity of the root a. Thus the roots are on the straight 
lines of equations x = In a. But from the given, we have — M < In a < M so 
by applying the mean value theorem, we obtain 



a\ > \\e z \ — a \ > \Re(z) — lna|e" 



-M 
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Therefore for z G C with \Re{z) — lna| > S, we have 

\l p (e z )\ = 11 |(e 2 -a) fca |> FJ \Re(z) -In a\ ka e~ Mka 

o6f2(p) aef2(p) 

aeH(P) 

where uq = ^2k a is the degree of the polynomial l p (x). Consequently 
l p (e z ) / for z £ C and z U a ef2(p) -^( a > ^)- We define now the func- 
tion 

£{z) = ^J^ ~ l for a11 z * LUgo ^ 5 ) • 

The |ttj(e z )|, 1 < j • < m, are bounded by a number a whenever Re{z) € 
]- M,M[, Hence 

, Uk(e z ) a 

u m (e z y < <5™° 

and thus 

.... v-^ O 1 

e(z) < > — — r. 

Therefore for|z| > 1, we have \e{z)\ < ^. And by taking R > max(l, -§^), 
we get 

\s(z)\ < - and so e{z) + 1/0 



Finally for \z\ > R and z UaeHfp) B(a,5), we have p^e 2 ) / 0. That 
the zeros of p(z,e z ) for |z| > R are inside UaefHp) ^{a,8). ■ 



is, 



3 PRELIMINARIES TO THE PROOF OF MAIN 
THEOREMS 

Before proceeding, it is convenient to prove some essentials theorems and 
lemmas. 

Theorem 4 // p(X, Y) and q(X, Y) are in the ring C[X, Y] and if a is 
a real irrational number then for all positive number 5 the two exponential 
polynomials 

p{z,e z ) and q(z,e az ) 
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have a finite number of common zeros in the region 



U 



Proof. We prove this theorem in two steps. 

Stepl: there exist H > such that the common zeros of the exponential 
polynomials p(z,e z ) and q(z,e a z), but finitely many of them, are in the re- 
gion —H < Re(z) < H. 
If we denote G = C[e z , e az ] then p and q are in G[z\. Therefore, it is known 

[1] that there exist h and ip in G[z] such that h is a common factor of p and 

p q 

q and the zeros of — and — are zeros of ib. But the theorem of factorization 

h h 

of Ritt [5] affirms that h €. C[z]. By consequently the zeros of the exponen- 
tial polynomials p(z, e z ) and q(z, e az ), excepted possibly a finite number, are 
zeros of ip. However the zeros of ip are in the region —H± < Re{z) < H\. 

Step2: let H > such that H > H ± . The set fi(p) is in the interval }e~ H , e H [ 

and fi(p) = AU(A-fi(p)). 

By using lemma.l, for all 5 > there exist R > such that for \z\ > R and 

|.Re(z)| < H, the zeros of p(z,e z ) are in H(5) U (U p ^aB '(In p,S)) and the 
zeros of q(z,e az ) are in U plen ^)B(^lnp' ,5). 
Now if p is not in A then 

lnp/ -In// Vp'efi(?). 
a 

Hence, for a small convenient 5 > the two sets 

B(lnp,5) and U p / e ^) £(- lnp, 5) 

are disjoint. Therefore the remainder zeros for \z\ > R and |i?e(z)| < H, 
excepted a finite number, are in the region H(5) and the theorem is proved. 



Theorem 5 If p(X, Y) and q(X, Y) are in the ring Q[X, Y] and if a is a 
real irrational algebraic number, then for all positive number e, the two expo- 
nential polynomials P(z,e z ) and Q(z,e az ) have a finite number of common 
zeros in the region \Re(z)\ > e. 

Proof. It is sufficient to prove that H(e) C B(0, s). 

If A = then H(S) = 0. 

If A ^ then p G A is equivalent to 
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which is also equivalent to 

a In p = In p' 

that is 

p = p = 1. 

Since if p ^ 1 and, as a is an irrational algebraic number, we have p a is 
transcendental number, thus by the Gelf and- Schneider theorem [3] (if a is 
an algebraic number different then and 1 and if (5 is an algebraic irrational 
number, then a' 3 = e /3lna is transcendental), p' is a transcendental number 
which is in contradiction with the fact that it is an algebraic number. By 
consequently 

p = p' = l 

and hence 

H(s) = B(0,e) 

and this completes the proof. ■ 

We also prove the following important lemma. 

Lemme 6 Let A be a factorial ring, p , q be two elements of A[X] of degree 
greater than or equal to one and d = gcd(p,q) in A[X]. Then there exist 
a £ A — {0}, u, v € A[X] verifying 

P . Q 
a = u - + v -.. 
d d 

v q 

Proof. Let K be the quotient field of A, p\ = — and q\ = — p\ and q\ 

d d 

are coprime in the factorial ring A[X] so they are coprime in ~K[X] which is 

principal so, by the Bezout identity, there exist u\ and v\ in K[X] verifying 

1 = mpi +v 1 q 1 . 

Finally, there exist a £ A — {0} so that u = au\ G A[X] and v = av± G ^4[-^]- 
By consequently 

V q 

a = a u\ pi + a v\ q\ = u p\ + v q\ = u — V v -. 

d d 
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4 PROOF OF MAIN THEOREMS 

Let W denoted the ring Q[X, Y,Z], A = Q[Y, Z] and B = Q[X, Z}. There- 
fore W = A[X] = B[Y] and A,B and W are unique factorization domains 
(UFD) . Now consider p(X, Y, Z) and q(X, Y, Z) in W and a £ K D Q, a $ Q 
and denote 

/(z)=p(e 2 ,e az ,z), 5 (*) = <z(e*,e Q V)aud F = Q[e*, e Q2 , *]. 

We are now capable to prove our first main theorem 
Proof, (theorem 1) 

We have f{z) = p(e z ,e az ,z) and g{z) = q(e z ,e az ,z). p and q are in A[X] 

and d = gcd(p, q) so by the lemma 6, there exist ip £ A and u, v £ W such 

that 

ip = u - + v -. 
a a 

P Q 

By reapplying again the lemma 6 to - and -, which are in -B[lH, so there 

da 

exist (j> G B, u\ £ W and v £ W verifying 

a p , q 

d d 

By taking h = d(e z , e az , z) £ F we get, h divides / and g in F and the two 
relations 

Hence the common zeros of — and — are also common zeros for ^(e az ,z) 

h h 

and 4>(e z ,z). However, we proved in Theorem 5 that for all e > 0, <p and 

ip can have a finite number of common zeros in the region |i?e(.z)| > e. By 

consequently, — and — can only have a finite number of common zeros in 

h h 

the region |i?e(z)| > e. ■ 

The following is the proof of the second theorem 

Proof, (theorem 2) 

The case where p\ and [i<i are M-linearly independent was proved in [1]. 
Therefore we study the case where \x\ and \ii are M-linearly dependent and 
Q-linearly independent. Since the case where \i\ and ^2 are Q-linearly de- 
pendent is a particular case of the case the simple exponential polynomial 
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proved by A. van der Poorten [8]. We have \ii = ol\x\ where a is a real ir- 
rational algebraic number, on, (3j are Q-linear combination of two non zero 
algebraic numbers ui and [ii, that is, 

OLi = pi m + qifi2, Pi, qi S Q for < i < n 
and 



Pi = p'i Mi + q'iV2, p'i, %eQ for < j < 



rn. 



Let N be the least common multiple of the denominators oi pi,qi,p', and (/• 
for < i < n and < j < m. Also, let no be the minimum of the integers 
Np^Nq^Np^Nq'j. Then 

Npi - n , Nqi - n , Np'j - n , Nq' r] - n 

are non negative integers. By multiplying / and g by the unit 

and by making the change of variable t = Hijf, we obtain 

e -n (^) 2 f{z) = /i(t)) 

where /i(i),<?i(i) G Q[e*,e a *,t]. Hence by using Theorem 1, there exist an 
exponential polynomial h\ £ <Q[e t ,e at ,t] such that h\ is a common factor of 
/1 and 51 and for all e > 0, the common zeros of A and f 3 - are in the region 
|i?e(i)| < e. However, there exist a bijection between the zeros of f{z) and 
fi(t) as well as g{z) and <?i(t), by consequently there exist h £ E dividing / 
and g and such that for all e' > 0, the common zeros of j- and f are in the 

region |i?e( ^^| < e'. By choosing e' = -^ we obtain the demanded result. 
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Abstract 

During electrodeposition of silver-indium alloys the patterned coatings 
with spatio-temporal structures similar to those observed during Belousov- 
Zhabotinsky reaction are observed. This electrochemical system could be used as 
a model in the investigations of the non-linear dynamic behavior of complex 
systems. It was shown, the applied magnetic filed with a intensity of up to 0.3 T 
parallel to the electrode surface does not influence significantly the formation 
and the growth of the observed spatio-temporal structures of Ag-In 
electrodeposited alloy. 

1 Introduction 

Non-linear phenomena are everywhere around - changes of leaf colours 
or rhythms, such as heartbeat, pattern formation in many geological and 
biological systems. The idea of self-organization is central in the description of a 
lot of systems from the subcellular to the ecosystem level. Pattern formation 
could be observed in liquid-phase reactions, in heterogeneous catalysis, in non- 
linear optics and etc. [1-5]. 

The most nonlinear phenomena are observed in chemical systems [6,7]. 
The Belousov-Zhabotinsky reaction and the oxidation reaction of CO on Pt 
single crystals became paradigmatic chemical systems for studies of 
spatiotemporal dynamics. Their mechanisms are well understood and satisfactory 
theoretical models of their kinetics are available. The general aspects of the 
nonlinear wave propagation in reaction-diffusion systems and its control can be 
well illustrated on the basis of these examples [7]. 

The relatively simple production and the unique structure and 
morphology of the electrodeposited materials are the reasons for the wide 
application of the electrodeposition technique. The experimental 
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electrodeposition conditions of those systems can be reversibly and quickly 
changed by altering external parameters, different from the chemical parameters 
[8-10]. 

In 1938, when E. Raub for first time observed spiral formation during 
electrodeposition of silver-indium alloys the phenomenon was not attributed to 
the class of non-linear dynamical systems [11]. Later the spiral formation 
observed during electrodeposition of Ag-Sb alloys was recognized as a self- 
organization phenomenon [12-14] and similar effects were re-discovered in the 
Ag-In system [15,16]. Pattern formation has been observed on solid electrodes 
also during electrodeposition of some other alloys, such as Ag-Bi [17], Ag-Sn 
[18] and Ag-Cd [19]. The pattern in the electrodeposited alloys represent a very 
attractive and rare phenomenon, where they are constituted of metals and alloys, 
in contradiction to other systems where they are soft materials. 

In the recent years, the efforts in the investigations of the silver-indium 
electrodeposited alloys were devoted to some technological aspects - 
stabilization of clear electrolytes [20], establishment of the conditions for 
reproducible pattern formation [15]; investigation of the physical-chemical 
properties of the alloys, such as internal stress, hardness, roughness, abrasion 
resistance, electrical contact resistance and etc. [21]. The phase compositions of 
the alloys and of the different zones of the spatio-temporal structures were also 
determined and compared by anodic linear sweep voltammetry and conventional 
X-ray technique [22,23]. It was shown that the process of patterned silver-indium 
electrodeposition proceeds over very complicated reaction-diffusion-convection 
mechanism, which includes the typical characteristics of the well known non- 
linear dynamic processes [24]. 

In the Zhabotinsky personal web-page is written "The BZ reaction 
makes it possible to observe development of complex patterns in time and space 
by naked eye on a very convenient human time scale of dozens of seconds and 
space scale of several millimeters". 

We consider that this formulation is completely suitable for the spatio- 
temporal structures observed during electrodeposition of silver-indium alloys. 
For the observation of these structures the conventional laboratory equipment 
and DC power supply are sufficient. 

In this work an attempt was made: 

- to present the pattern formation during electrodeposition of Ag-In 
alloys as a typical example of a non-linear process and 

- to determine the influence of magnetic field onto the appearance of 
these structures. 

2 Experimental 

The composition of the electrolyte for deposition of alloy coatings is 
given in Tab lei. 
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Table 1 



Electrolyte composition 


Concentration 


gdrn 3 


mol dm" 3 


In as InCl 3 / A if a Aesar / 


5.6-22.4 


0.05-0.2 


AgasKAg(CN) 2/Desussa/ 


4-8 


0.04-0.08 


D(+)-Glucose /Fluka/ 


20 


0.1 


KCN /Merck/ 


16-65 


0.25 - 1 






Electrolysis conditions 




J, A/dm 2 


0.07-0.3 


Deposition time, min 


20- 180 



The electrolytes were prepared using chemicals of pro analisi purity 
and distilled water. The procedure of preparation of the electrolyte is published 
elsewhere [15,20]. 

The alloy coatings with thickness between 1 and 40 |im were deposited 
in a glass cell under galvanostatic conditions. Platinum anodes were used. 
Copper cathodes mostly with an area of 5x3, 5x5 or 2x 1 cm were used. The 
preliminary preparation of the copper cathodes includes a standard procedure of 
electrochemical degreasing followed by pickling in a 20% solution of sulphuric 
acid. In order to avoid the contact deposition of silver, the cathode was immersed 
into the electrolyte under current. 

The experiments were carried out at room temperature by means of 
standard DC power supply. 

The elemental composition on the coating surface was measured by 
EDAX and the surface morphology was studied by SEM and optical microscopy. 

A magnetic field has been superimposed during the experiments in 
parallel to the electrode surface directions. The field was generated by a water 
cooled electromagnet (The Lake Shore EM4 series electromagnet) with flux 
densities of up to 900 mT. The field flux intensity was measured by the Model 
455 digital signal processing gaussmeter equipped with a standard Lake Shore 
Hall probe. 

3 Results and Discussion 

Figure 1 shows an optical image of an Ag-In electrodeposited alloy 
coating. This sample shows two rounded single spirals with up to 25 turns. These 
spirals are obtained onto copper substrate (8x5 cm) at a current density of 
0.07A/dm 2 (this is quite low current density for the conventional alloy 
electrodeposition) and a deposition time of 3 h corresponding to a thickness of 
the coating of about 30 |im 
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Figure 1. Optical image of an Ag-In electrodeposited alloy coating 



. The heterogeneity of the silver-indium coatings is better visible in the 
optical, than in the SEM images (Figures 2 a, b). 

Figures 2 and 3 show SEM images, obtained from the left spiral, shown in 
Figure 1 . The indium contents in the different areas are quite similar - 1 7 wt. % 
in the light zones and 19 wt. % in the dark zones and they have similar surface 
morphology. In previous studies [15] it have been concluded that the wave fronts 
move with sufficiently high speed forming a layered coating, so that the 
thickness of the formed during deposition dark and light sublayes is substantially 
smaller than the penetration depth of the electron beam during EDAX analysis. 
As a result the beam penetrations through several light and dark sublayers and 
the estimated average content of indium in both zones on the surface is almost 
the same. That is the reason for the observation of the both dark and light zones 
with high quality only at low accelerating voltages (5keV) of the electron beam 
(Figure 2 a, b). 

■'■\. V 




a) 
Figure 2. a,b 



SEM images of a surface area of Figure 1 at different 
magnifications. 



At higher voltages the different areas of the spatio-temporal structures 
are not well discernable. 

Figure 2 b shows the morphology of the center of the spiral. In the 
Belousov-Zhabotinsky reaction the rotating spiral waves with many turns could 
be created by breaking of a circular wave. In the case of silver-indium 
electrodeposited coatings some "initial" defect is observed in the core of the 
rotating spiral waves. It could be possibly formed by adsorption of some 
impurities or hydrogen evolution on this position of the surface. 
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The distance between the fronts of the observed spatio-temporal 
structures in the different samples is in the range between 20 and 200 |im) [24] 
and the angular velocity of the spiral rotation is determined in the range of about 



l-10deg 1_ s. 



R?sra 




Figure 3. Optical image of a Ag-In electrodeposited alloy. 

A typical coatings surface is shown in Figure 3. The left and right 
handed spirals could be seen almost in every patterned sample of the silver- 
indium electrodeposited alloy and in present sample more than 15 pairs of the 
such spirals are detectable. 




a) b) c) d) 

Figure 4. Optical snapshots during the process of electrodeposition of Ag-In 

alloys. 

Figure 4a-d shows optical snapshots during the process of 
electrodeposition of the silver-indium alloy taken in the interval of 60 sec. The 
collision of a target and a wave (Fig. 4a) leads to annihilation of the front in the 
collision zone (Fig. 4b) and after the next annihilation process (Fig. 4c) to a 
spreading and growing of the new formed wave front (Fig. 4d). 

It has been supposed, that the main driving force for the formation of 
spatio-temporal structures is based on the reaction-diffusion mechanism, 
coupled with a natural convection, when the process of electrodeposition is 
performed on a vertical situated electrode [24]. 

Magnetic field was used in order to influence the hydrodynamic 
conditions of the natural convection with respect of their impact on the pattern 
formation. 

Figure 5 shows the experimental set for electrodeposition of Ag-In 
coatings in a magnetic field imposed horizontally parallel to the electrode 
surface. Snapshots were taken every 3 minutes. The width of the sample was 6 
cm. The imposed magnetic field during electrodeposition is 0.3 T. Pictures a) 
and c) represent the same status under different magnification. 
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b) C) d) 

Figure 5. Optical images of the surface of the alloy coating during 

deposition in magnetic field. 

It is widely accepted that during deposition of non-ferromagnetic metals 
in a magnetic field, the Lorentz force competes with the other possible forces in 
the system such as the field gradient force, and concentration gradient force 
[25,26]. Most probably, the applied magnetic field during the electrodeposition 
of the alloy contributes to the increase of the diffusion limited current densities, 
but not enough effectively and the conditions are still appropriate for the 
observation of the structures. 

Figure 5e shows the sample after imposing of a magnetic field with an 
intensity of 0.5 T. The surface looks like that if only silver is deposited. 




Figure 5 e. The appearance of the same area of electrode shown in Figure 

5b-d. 

The effect of the magnetic field is similar to the influence of stirring of 
the electrolyte during electrodeposition, leading to an increase of the diffusion 
limiting current densities. Fig. 5e shows the effect of the preffered silver 
deposition under the same conditions but in the magnetic field. 

In the work of Nakabayashi et al.[27] it has been established that the 
propagation direction of the moving bands changes under strong magnetic field 
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(5 T) in a different oriented experimental setup. These approaches are not 
reached in this work due to used weak magnetic fields. 

4 Conclusions 

Electrodeposited silver-indium patterned coatings show spatio-temporal 
structures similar to those observed during Belousov-Zhabotinsky reaction and 
this electrochemical system could be used as a model in the investigations of the 
non-linear dynamic behavior of complex systems. 

The applied magnetic filed with a intensity of up to 0.3 T parallel to the 
electrode surface does not influence significantly the formation and the growth 
of the observed spatio-temporal structures of Ag-In electrodeposited alloy. 
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NUMERICAL-ANALYTICAL METHOD FOR SOLVING 
FRACTIONAL CHAOTIC SYSTEM 

A.K. ALOMARI 



Abstract. Nonlinear differential equations with fractional derivative give the 
most general representation of the real live phenomena. In this paper, modi- 
fication of differential transform method (DTM) solution within time step for 
solving nonlinear fractional differential equation is introduced. The algorithm 
is simple and gives accurate solution. Moreover the new solution is continu- 
ous and analytic on each subintcrval. Fractional Liu system is considered to 
demonstrate the efficiency of the algorithm. 



1. Introduction 

In the last few decades many authors pointed out that derivatives and integrals 
of non-integer order are very suitable for the description of properties of various real 
materials [1] . The advantage of fractional derivatives become apparent in modelling 
mechanical and electrical properties of real materials as well as fractional Liu system 

[2] 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

where D a is Caputo fractional derivative a = 1, e = 1, b = 2.5, k = 4, c = 5, m 
and < a < 1. 

Numerical solution of differential equations satisfies only part of the conditions 
of the problem: for example the differential equation may be satisfied only at a 
few position rather than at each point [3]. Finding accurate and efficient methods 
for solving fractional differential equations (FDEs) has been an active research 
undertaking. Exact solutions of most of the FDEs cannot be found easily, thus 
analytical and numerical methods must be used [4] . Zhou [5] introduce the powerful 
analytical technique namely differential transform method (DTM) Arikoglu and 
Ozkol [5] and Odibat et al. [6] extended the algorithm to solve fractional differential 
equations. Fractional chaotic system is one of the systems can not be solved by that 
extension. Thus, new algorithm should be presented to overcome this limitation. 

The aim of this paper is to obtain the solution of the fractional Liu system using 
DTM when we hybrid the numerical with analytical in a sequence of intervals (i.e. 
time step) for finding accurate approximate solutions to the nonlinear FDEs. This 



B?x -~ 


—ax — ey , 






D?y -- 


by — kxz, 






D?z -- 


—cz + mxy, 






x(0) = 


= ci y(0) = c 2 , 


z(0) = 


= c 3 , 


) fractional derivative a = 1, e 


= 1,6 = 


= 2.5, A; 
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new algorithm will call modify differential transform method (MDTM). To the best 
of our knowledge, this is also the first time that the analytical solution is obtained 
for fractional chaotic system by DTM. 

2. Preliminaries and notations 
In this section, we give some definitions and properties of the fractional calculus. 

2.1. Fractional calculus. The following properties can found in [1, 5]. 

Definition 2.1. A real function f(t), t > 0, is said to be in the space C M , /i £ 3J, if 
there exists a real number p > /i, such that f(t) — t p fi(t), where fi(i) £ C(0,oo), 
and it is said to be in the space C™ if and only if h^ £ C^, n £ N. 

Definition 2.2. The Riemann-Liouville fractional integral operator (J a ) of order 
a > 0, of a function / £ C^, fi > — 1, is defined as 



(2.1) J°f{t) = — y^-^-VW? (a>0), 

o 

(2.2) J°f(t) = fit), 

where T(a) is the well-known gamma function. 

2.2. Differential transform method. Firstly, expand the analytical function 
fit) in terms of a fractional power series as follows: 

oo 

(2.3) f(t) = ^F(fc)(t-t ) to 

fc=0 

where < a < 1 is the order of the fractional derivative and -F(fc) is the fractional 
differential transform of fit) as 

(2.4) Fik) = Y^iiDzmtm^. 

where [(-D^,) fc (/(i))]t=t is the fc-time Caputo fractional derivative of fit) at t = to- 
rn the applications we will approximate the function /(£) as a finite series so 

N 

fit)=j2 F m-to) {a) 

4=0 

The following arc basic properties of the Caputo fractional derivative and differ- 
ential transformation are given below [6] : 

(1) Let / £ C™!, n £ N, then D a f, < a < n is well defined and Df Q f £ C_i. 

(2) If fit) = git) ± h(x), then F(k) = G(k) ± fl"(fc). 

(3) If fit) = git)hit), then F(fc) = ^f =0 G(0^(* - 0- 

(4) If /(t) = D t ° [ff(t)], then F(fc) = ^M^+H G{a + 1} 

3. Solution approaches 
In this section, we apply DTM and its modification for fractional Liu system. 
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3.1. Solution by DTM. Consider fractional Liu system (1.1-1.4). The differential 
transformation for this system is 



(3.1) 
(3.2) 

(3.3) 

where 

(3.4) 



r(a(fc + l) + l) 


T(ak + 1) ' 


r(a(fc + l) + l) 


r(afc + l) 


r(a(fc + l) + l) 



T(afc + 1) 



X(k + 1) 
Y(k + 1) 
Z(k + 1) 



aX(k) - e^Y{k)Y{k - i), 

i=0 
k 

bY(k) - k^2X(k)Z(k - i), 

i=0 
k 

m^TX(k)Y(k-i) -cZ(k), 



i=Q 



X(0) = ci, 



Y(0) = c 2 , Z(0) = ca. 

Equations (3.1)-(3.3) give recursion formula for the differential transformation of 
the fractional Liu system which starting from X(0), Y(0) and Z(0) of Eq. (3.4). 

Figure 1 present the DTM solution for Liu system, it is clear that the solution 
going to be unbounded which is not agree with the dynamical property of the 
system. Thus the DTM solution is not effective for longer time span. 




Figure 1. DTM solution for Liu system when a = 0.99 

3.2. Solution by MDTM. The solution for Eqs. (1.1)-(1.3) is not effective for 
larger t. In case if we need the solution for [0, 7], then the simple idea is to divide 
the interval [0, 7] to subintervals with time step At and we get the solution at each 
subinterval. So in this case we have to satisfy the initial condition at each of the 
subinterval. Accordingly, the initial values x(0),y(0), z(0) will be changed for each 
subinterval, i.e. x(t ) = c* = X(0),y(t ) = c* = Y(0) and z(t a ) = c* = Z(0) . 
So, the solution will be as follows: 



JY 



(3.5) 
(3.6) 
(3.7) 



x{t) -- 


= cl+J2x(m)(t- 


-i ) (mQ) 


y(t) - 


N 
m— 1 


- t a ) {ma) 


z{t) - 


N 

= 4+J2z(m)(t- 


- i ) (mQ) 



m— 1 
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where to starting from to = until t n = T = 20. To carry out the solution on 
every subinterval of equal length At, we need to know the values of the following 
initial conditions: 

Cl=x(*o)j C2=y{t ), C3 = z(to)- 

In general, we do not have these information at our clearance except at the initial 
point t* = to = 0, but we can obtain these values by assuming that the new initial 
condition is the solution in the previous interval, (i.e. If we need the solution in 
interval [tj,tj+i], then the initial conditions of this interval will be as 



A ! 



(3.8) 
(3.9) 



Cl = I (i,) = ^iH(t,-t,-ir, 

m=0 
N 

y(t i )=J2 Y ( m )( t i- t i-i) ma > 



(■2 



(3.10) c 3 = z(t i ) = }^Z(m)(t i -t i - 1 ) ma , 

where c\,C2 and C3 are the initial conditions in the interval [tj,tj+i]). 



m=0 

N 

E 

m=0 



4. Results and discussion 

In this part, we take the initial conditions x(0) = 0.2, y(0) = and ^(0) = 0.5 
at the case (0.99, 0.99, 0.99). To observe the convergent of the solution, we plot the 
4-order and 6-order of MDTM solution with At = 0.0025 in Fig. 2. It is clear that 




! I 




4-order 




J 


AM 


r 


v; 




»V Ui) 



Figure 2. ft-curves of 8th-order approximation for (0.99,0.99,0.99) 

the solution of 4-ordcr like the solution of 6-order then we can consider 6-order as 
good approximate solution. The phase portraits of the MDTM solution is given in 
Fig. 3 at different fractional derivative. 
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Figure 3. Comparison the phase portraits of x — y — z using 8- 
order MDTM in (b) with GABMM in (a) when a = 1 
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Exchange of biochemical substances is essential way in establishing the 
communication between cells. Despite great diversity among organisms in 
specific mechanisms, proteins and small molecules involved, general scheme of 
the communication process remains fairly universal. It is noticeable that all 
phases of the process are heavily influenced by noise, either internal or external. 
Therefore, the question is how the system, which is almost stochastic at the basic 
molecular level, is able to establish and maintain functionality. Here, we 
investigate what biological constraints are given for the underlying random 
events, which are their properties and what is the most appropriate way of its 
formalization. In that sense, we propose a form of coupled difference equations 
as a suitable approach for modelling exchange of biochemical substances 
between cells. 

Keywords: cellular communication, substance exchange, difference equation, 
synchronization 



1 Introduction 



Communication between cells is ubiquitous in biological world. From single cell 
bacteria to complex eukaryotic organisms, cellular communication is a way for 
creating more complex structures through integration and maintaining of 
functioning. Organisms evolved various auxiliary ways for ensuring that transfer 
of signals can be performed timely and efficiently (e.g. development of vascular 
systems starting from early chordates). However, at the molecular level, basic 
scheme of signals exchange remains in the same shape: signaling molecules 
should reach cellular receptor, which in turn activates regulatory response, 
modulating production of targeted molecular species. These species then either 
directly or indirectly influence production of arriving signals. In this general 
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scenario, several points should be noted. Since communication is established by 
exchange of biochemical substances (substances in the further text) through 
surrounding environment, this process is heavily influenced by the state of 
environmental factors. In single cell organisms environmental fluctuations are 
even more prominent since substances had to be released into external 
environment, which is not included into homeostasis created by the organism. 
Additionally, even in clonal population, and under heavily controlled 
environment, significant level of fluctuations of constituting parameters will 
remain, due to protein disorder [2,3] and so called intrinsic noise [4,12]. Finally, 
due to thermal and conformational fluctuations, biochemical processes are 
inherently random [7]. Although the biological "noise" is not strictly defined, in 
this paper we will use it in the context of variations in functioning of a 
biological system that results from the presence of random internal as well as the 
external fluctuations. 

If described process of substances exchange between cells we consider as a 
complex system, that should maintain its functionality under strong influence of 
both internal and external fluctuations, we are approaching the problem of 
robustness [1,5,6]. Although, the robustness and stability are not the main focus 
of consideration, in [8] we touched how the system can avoid functional collapse 
by switching between several stable states. Some elaborated formal treatments of 
this problem are still in infancy. One of the main reasons for that is the fact that 
its focus is beyond already developed tools of dynamical systems theory. It 
indicates that a new, more general approach for describing the system had to be 
developed. 

In this paper, our focus is only a segment of the problem, for the specific group 
of cases. Our question is: how the system which is basically stochastic, and is 
inherently influenced by noise, can maintain its functioning? In Section 2 we 
give a short overview of general mechanism for substances exchange between 
two cells, representing cooperative communication process. In Section 3 we 
identify main parameters of the process and derive a system of two coupled 
logistic equations as an appropriate model of the given process. In [8] we 
investigate synchronization of the model and its sensitivity to fluctuations of 
environmental parameters. Some concluding remarks are given in Section 4. It 
should be emphasized that our goal is not development of an accurate 
quantitative model of substances exchange between cells. Rather, we are 
interested for formalization of the basic shape of the process, and creating the 
appropriate strategy, that allows further investigation of robustness and influence 
of noise induced by external fluctuations of environmental parameters. 

2 Empirical background 

Communication between cells is one of the main prerequisites for assembling 
them into the higher organized structures. Starting from bacteria where quorum 
sensing [13] and colony formation [11] are efficient mechanism for rapid 
switching between different phenotypes to sophisticated humoral control in 
vertebrates which ensures proper functioning of the organism as an integrated 
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system. Despite great variety of specific mechanisms and even greater number of 
molecules included, the general scheme remains fairly universal (see for 
example: [10]) as is seen in Fig. 1. 

Signaling molecules are ones which are deliberately extracted by the cell into 
extracellular environment, and which can affect behavior of other cells of the 
same or different type (species or phenotype) by means of active uptake and 
subsequent changes in genetic regulations. They can be excreted as either a side 
product of other metabolic processes, or as purposefully synthesized and 
transported from the cell. Once appeared in extracellular environment, they can 
be transported to other cells that can be affected. Since active uptake is one of 
the milestones of the process, a very important factor is a current set of receptors 
and transporters in cellular membrane, during the communication process. At the 
same time they constitute backbone of the whole process, while simultaneously 
are very important source of perturbations of the process due to protein disorder 
and intrinsic noise. As a result, the process of exchange is constantly under 
inherent fluctuations of the aforementioned parameters. Another important factor 
is surrounding environment which could interfere with the process of exchange. 
It includes: distance between cells, mechanical and dynamical properties of the 
fluid which serves as a channel for exchange and various abiotic and biotic 
factors which influence physiology of the involved cells. Final requisite phase is 
induction of change in genetic regulations. Signaling molecules can influence 
production of a number of different genes but synthesis of molecules that are 
able to directly or indirectly affect production of arriving signals is necessity, to 
call this process a communication. Therefore, concentration of signaling 
molecules inside of the cell, that are destined to be extracted, can serve as an 
indicator of dynamics of the whole process of communication. These signaling 
molecules can be either the same for all involved cells or they can be different, 
acting directly or indirectly on production of arriving signals. Additionally, the 
influence of affinities in functioning of living systems is also an important issue. 
It can be divided into following aspects: (al) affinity of genetic regulators 
towards arriving signals which determine intensity of cellular response and (a2) 
affinity for uptake of signaling molecules. First aspect is genetically determined 
and therefore species specific. Second aspect is more complex and is influenced 
by: affinity of receptors to binding specific signaling molecule, number of active 
receptor and their conformational fluctuations (protein disorder). 

3 Model description 

As it is obvious from the empirical description, we can infer successfulness of 
the communication process by monitoring: (i) number of signaling molecules, 
both inside and outside of the cell and (ii) their mutual influence. Concentration 
of signaling molecules in extracellular environment is subject to various 
environmental influences, and taken alone often can indicate more about state of 
the environment then about the communication itself. Therefore, we choose to 
follow concentration of signaling molecules inside of the cell as the main 
indicator of the process. In that case, parameters of the system are: (i) affinity by 
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which cells perform uptake of signaling molecules (al), that depends on number 
and state of appropriate receptors, (ii) concentration of signaling molecules in 
extracellular environment within the radius of interaction, (iii) intensity of 
cellular response (a2) and (iv) influence of other environmental factors which 
can interfere with the process of communication. In this case we postulate that 
third parameter can be taken collectively, inside of the one variable, indicating 
overall disposition of the environment to the communication process. 
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Fig. 1. Schematic representation of cellular communication. Here, c represents concentration of 
signaling molecule in extracellular environment coupled with intensity of response they can provoke 
while r includes collective influence of environmental factors which can interfere with the process of 
communication. X n /Y n represents concentration of signaling molecules in intracellular environment, 
while p denotes cellular affinity to uptake the substance. 

Since concentration of signaling molecules can be regarded as their population 
for fixed volume, and since we are focused on mutual influence of these 
populations, it points out to use the coupled logistic equations. In that case 
investigation of conditions under which two equations are synchronized and how 
this synchronization behave under continuous noise can give some answers on 
the question of maintaining functionality in the system which is inherently 
influenced by noise and where elementary events are basically stochastic. 
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Therefore, having in mind that cellular events are discrete [1], we consider 
system of difference equations of the form 

X„ +1 =F(XJ=L(X„) + P(X„), (1) 

with notation 

L(X„) = ((l-c)rx n (l-x n ),(l-c)ry n (l-y n )), P(X„) = (cy p ,cx l ~ p ), (2) 

where X n = (x n , y n ) is a vector representing concentration of signaling 
molecules inside of the cell, while P(X n ) denotes stimulative coupling influence 
of members of the system which is here restricted only to positive numbers in the 
interval (0,1). The starting point X is determined so that 0<x ,y <1. 

Parameter r is in this case so-called logistic parameter, which in logistic 
difference equation determines an overall disposition of the environment to the 
given population of signaling molecules and exchange processes. Affinity to 
uptake signaling molecules is indicated by p . Since fixed point is F(0) = , in 
order to ensure that zero is not at the same time the point of attraction we defined 
pe(0,l) as an exponent. Finally, c represents coupling of two factors: 
concentration of signaling molecules in extracellular environment and intensity 
of response they can provoke. This form is taken because the effect of the same 
intracellular concentration of signaling molecules can vary greatly with variation 
of affinity of genetic regulators for that signal, which is further reflected on the 
ability to synchronize with other cells. Therefore, c influence both, rate of 
intracellular synthesis of signaling molecules, as well as synchronization of 
signaling processes between two cells so the parameter c is taken to be a part of 
both L(X B ) and P(X n ) . However, relative ratio of these two influences 
depends on current empirical setting. For example, if for both cells X„ is 

strongly influenced by extracellular concentration of signals, while they can 
provoke relatively smaller response then the form of equation will be 

x „+i = (1 _ c ) rx „ (1 — x n ) + cy p > (3a) 

y n+1 =(l-c)ry n (l-y n ) + cx p n . (3b) 

where < c < 1 , < p < 1 and r > . Using the fact that for < x < 1 and 
1 > p > we have x < x p < 1 , then it is possible to consider system (3a)-(3b) in 

a simpler form. After its majorisation and minorisation, respectively we reach the 

systems 

x n+l = (1 - c)rx n (1 — x n ) + C (4a) 

y n+l =(l-c)ry n (l-y n ) + c (4b) 
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and 

x n+l = (1 — c)rx n (1 — x n ) + cy n , (5a) 

y n+ i = C 1 - c)^ (1 - J„ ) + cx„ . (5b) 

System (4) is uncoupled system of logistic difference equations defined on 
domain D = (IxI) where I = (—S, 1 + 5), and <5<0 is the smallest solution of 

the equation x = (l— c)ax(l— X) + c. In this system, all information about 
bifurcations and chaotic behavior we get by its comparison with the standard 
form x n+l = px n (1 - x n ) where p = (a(l - c) + 4c) / (1 - 25) . A comprehensive 
analysis of the system (5) in more details can be found in [9]. 



4 Conclusions 

Modeling of cellular processes usually takes the form of explicit kinetic or 
stoichiometric models. Due to their specificity, they fail to treat some 
phenomena common for the whole class of different empirical cases. Analyzing 
general scheme of communication between cells we focused on persistence of 
the process under constant and significant presence of parameter fluctuations. 
Following discreteness of cellular processes, we developed model based on 
coupled difference equations in order to further investigate stability of their 
synchronization. Additionally, we had in mind that described class of problems 
is now considered under the notion of robustness. We expect that in the future 
more abstract mathematical tools will be developed to treat that problem. 
However, they should be incorporated with already existing formulations from 
dynamical systems theory in order to connect more abstract notion of 
functionality preserving with its underlying dynamics. We believe that approach 
offered here, could serve as one of the connecting links. 
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A continuing interest problem in nonlinear science is the interplay between chaos 
and perturbation. It comes from the fact that complex systems are often under 
fluctuations of different magnitude, and it is important to assess how the 
dynamics of deterministic chaotic system is affected by noise. It is well known 
that chaos, in general, is robust under stochastic fluctuations, which can induce 
chaos for parameters just before a bifurcation to chaos. Intention of this paper is 
to study the sensitivity of the model proposed representing biochemical 
substances exchange between cells [1] to fluctuations of environment parameters 
of different order of magnitude using maximal Lyapunov exponent and cross 
sample entropy. 

Key words: Substance exchange, cell, chaos, robustness 

1 Introduction 

The effort towards formalizing a model of process of material exchange between 
cells is still in its infancy and much remains to be completed to build a mature 
theory. For a model to be useful, it must be able to predict characteristics and 
behaviors of the system. This means that the model has to be framed to explicitly 
describe constraints that bind the system. That effort is still going up over 
stairways that have no a complete structure. One of the hard tasks in building 
those stairways is the issue related to stability and robustness. Exploring the 
deference between "stable" and "robust" touches on essentially every aspect of 
what we instinctively find interesting about robustness, not only in natural, but 
also in engineering, and social systems. It is argued here that robustness is a 
measure of feature persistence in a system that compels us to focus on 
fluctuations, and often assemblages of perturbations, qualitatively deferent in 
nature from those addressed by stability theory. Moreover, to address feature 
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persistence under these sorts of perturbations, we are naturally led to study issues 
including: the coupling of dynamics with organizational architecture, implicit 
assumptions of the environment, the role of a system's evolutionary history in 
determining its current state and thereby its future state, the sense in which 
robustness characterizes the fitness of the set of "strategic options" open to the 
system and the capability of the system to switch among multiple functionalities 
[6, 9]. Defining any scientific term is a nontrivial issue, but in this paper, the 
following definition will be used "robustness" is a property that allows a system 
to maintain its functions against internal and external perturbations. It important 
to realize that robustness is concerned with maintaining functions of a system 
rather than system states, which distinguishes robustness from stability or 
homeostasis [8]. A continuing interest problem in nonlinear science is the 
interplay between chaos and noise. This is so because complex systems are often 
under noise, and it is important to assess how the dynamics of deterministic 
chaotic system is affected by noise. Some pioneering works on this problem 
comprise physics, biology and biophysics [2, 11, 13, 14]. It is well known that 
chaos, in general, is robust under stochastic fluctuations that can induce chaos 
for parameters just before a bifurcation to chaos. Namely, stochastic 
perturbations can induce chaotic dynamics where there is no naturally occurring 
chaos, far away from any bifurcation leading to chaos. This is possible due to the 
complex topology associated with two nearby unstable orbits [14]. Intention of 
this paper is to explore the sensitivity of model representing biochemical 
substance exchange between cells [1] to fluctuations of the environment 
parameters of different scale using maximal Lyapunov exponent and cross 
sample entropy. 

2 Short Model Background 

Following the model introduced by Balaz and Mihaiovic [1], we investigate 
behaviors of two cells, exchanging biochemical substances, using methods of 
non linear dynamics - calculating maximal Lyapunov exponent and cross sample 
entropy. In the above paper we derived two-dimensional mapping that describes 
communicative interaction between two cells having the form 

x„+i — (1 — c)r x n (1 — x n ) + cy'' (la) 

y n+1 ={\-c)ry n {\-y n ) + cx l ; p (lb) 

where the logistic parameter r is such that < r < 4 and the coupling parameter 
c (intercellular concentration of biochemical substance); x n and y n denote the 
concentrations in cells exchanging the substance while p (0 < p < 1) is the cell 
affinity to uptake the substance. We considered a two-cell system, where each of 
them is able to release and uptake the same biochemical substance. According to 
the assumption in model design, the dynamical behavior of the substance 
concentrations x n and y n depends on three factors: (i) its own concentration c 
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within radius of interaction in surrounding environment [1], (ii) parameter r and 
(iii) affinity p for binding on cellular receptors. First factor if determined by 

underlying feedback mechanism of intracellular regulations, while the second 
one represents level of the suitability of the environment to the communication 
between two cells [12]. The third factor depends on protein disorder [3, 4] which 
is used to be constant in this model. The map displays a wide range of behavior 
as the parameters r and c are varied including periodic, quasiperiodic, and 
chaotic motion. The variation of Lyapunov exponent X as a function of 
concentration c is depicted in Fig. 1 for p = 0.2 and r = 3.95 . The part of this 

curve in elliptic area is chosen for analysis of the effect of fluctuations on 
synchronization of the system. 
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Fig. 1 Lyapunov exponent of coupled maps with no fluctuations [Eq. (1)] as a function of 
concentration c ranging from to 1. Ellipsis indicates the region used for analysing the effect of 
fluctuations. 

In order to characterize the asymptotic behavior of the orbits, we need to 
calculate the largest Lyapunov exponent X , which is given for the initial point 
X in the attracting region by 



/l = lim(lnllJ n (X )ll/w). 



(2) 



where J is the Jacobi matrix. With this exponent, we measure how rapidly two 
nearby orbits in an attracting region converge or diverge. In practice, using 
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J^CXj) = J*(X ) = J(Xj _,)... J(X[)J(X ) , we compute the approximate value of 
X by substituting in (2) successive values from X n to X n , for n a ,n x large 
enough to eliminate transient behaviors and provide good approximation. If X 
is part of a stable periodic orbit of period k , then II J* (X ) Ik 1 and the exponent 
A is negative, which characterizes the rate at which small perturbations from the 
fixed cycle decay, and we can call such a system synchronised. 



3 Effect of Fluctuations 

In this section we will investigate the behavior of the coupled maps given by 
Eqs. (la) and (lb) in the presence of fluctuations of environmental parameters or 
other noise. As has been shown in the case of uncoupled non-linear oscillators, 
the addition of parametric fluctuations has a pronounced effect on the dynamics 
of such systems [5], In particular, the presence of noise introduces a gap in the 
bifurcation sequence of period-doubling systems and renormalizes the threshold 
of the appearance of chaotic behavior in the model considered. It is therefore of 
interest to investigate the effect of noise on the exchange substances between 
two cells. This is because cells are intrinsically noisy biochemical reactors: low 
reactant numbers can lead to significant statistical fluctuations in molecule 
numbers and reaction rates [16]. 

The effect of fluctuations was modeled by adding uniformly distributed random 
numbers to the map of Eq. (1). Specifically, we considered the map 



x n+i = (l - c )r(l + x8^ )x„ (1 - x n ) + cy p n + %Q8f 

y n+i = (i-c)r(l + rSf y )y n {l-y n ) + cx^ +£D£< 2) 



(3a) 
(3b) 



Sp -0.05 




0.380 0.385 0.390 

Concentration, c 



E 0.10 



(b) 



p=0.2 
r=3.95 
no fluctuations 



0.380 0.385 0.390 0.395 

Concentration, c 



Fig. 2 Lyapunov exponent (a) and cross sample entropy (b) for coupled maps with no fluctuations 
(Eq. (1)) as a function of concentration c ranging from 0.375 to 0.395. 
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where r and £ take value or 1 while 8^ and S' n 2) are random numbers 

uniformly distributed in the interval [-1, 1] and D is the amplitude of the 
fluctuations. In numerical simulations we used three kind of fluctuations: 
(1) (r = 0, £, = 1) - fluctuations of c ; (2) (r = 1, E, = 0) - fluctuations of r and 

(3) fluctuations in both c and r . The case (j = 1, £ = 1) corresponds to one with 
no fluctuations [Eq. (1)]. These fluctuations can destroy the fine scale detail of 
the transitions and the quasiperiodic regions. For the amplitude D we used the 
following values 0.00001, 0.0001, 0.001 and 0.01. Figure 2a shows Lyapunov 
exponent for coupled maps with no fluctuations [Eq. (1)] as a function of 
concentration c ranging from 0.375 to 0.395, while Figs. 3a-3c depict this 
exponent for the largest amplitude of the fluctuation D = 0.01 and the same 
ranging interval for c . Obviously, those fluctuations remarkably change the 
Lyapunov exponent if they occur in c and r . That disturbance is highly 
emphasized for the case when fluctuations are occurred in both parameter r and 
C . 

Cross sample entropy {Cross - SampEn) - measure of asynchrony is a recently 
introduced technique for comparing two different time series to assess their 
degree of asynchrony or dissimilarity [7, 10, 15]. Let u =[u(l),u(2),...u(N)] 

and v = [v(l),v(2),...v(/V)] fix input parameters m and r. Vector sequences: 
x(i) =[u(i),u(i + l),...u(i + m — 1)] and y(j) =[v(j),v(j + l),...v(j + m — 1] and 
N is the number of data points of time series, i,j = N — m + l. For each 
i<N-m set fi, m (r)(vll u)= (number of j<N — m such that 
d [x m (i), y m (j)] ^ r] ) l(N — m) , where j ranges from 1 to N -m. And then 

N-m 

B m (r)(v II w) = Yj K 0)0 Wu)IN-m (4) 

which is the average value of B™(y\\u). Similarly we define A" and A[" as 
A™ (r)(v II u) = (number of such j <N-m that d [x m (i), y m (_/)] < r] ) /(N - m) . 

N-m 

A" (r)(v II u) = Yj K 0)0 Wu)IN-m (5) 

>=i 

which is the average value of A™ (v II u) . And then 

Cross- SampEn (m,r,«) = -ln{ A'"(r)(v II u)l B m (r)(v II u)\ (6) 
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Fig. 3 Lyapunov exponent (a)-(c) and cross sample entropy (d)-(f) for coupled maps [Eq. (3)] for 
fluctuation with amplitude D = 0.01 as a function of concentration C ranging from 0.375 to 0.395. 

We applied Cross - SampEn with m = 5 and r = 0.05 for x n and y n time 
series. Figures 3d-3f show high disorder between them, particularly when 
fluctuations occur in the logistic parameter r and the both r and c . Apparently, 
that the disorder in the entropy is growing up when the amplitude of the 
fluctuations increases. We calculated the RMSE (root-mean-square-error) of the 
cross sample entropy with the state without fluctuations as a referent one. 
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The cross sample entropy for coupled maps [Eq. (3)] for fluctuation as a function 
of the amplitude Dof fluctuations ranging from 0.00001 to 0.01 is shown in 
Fig. 4. From this figure is seen that the highest increase of RMSE of the cross 
sample entropy is obtained when the fluctuations are occurred in the both 
environment parameters, r and c . 
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4 Conclusion 

Following the model introduced by Balaz and Mihailovic [1], we investigate 
behaviors of two cells, exchanging substances by two-dimensional mapping that 
describes communicative interaction between two cells. Further, we explore the 
sensitivity of model proposed to fluctuations in environment parameter of 
different scale using methods of non linear dynamics - calculating maximal 
Lyapunov exponent and cross sample entropy. 
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In this paper, an analytical expression for the solution of the ratio-dependent 
predator-prey system with constant effort harvesting by an adaptation of the 
homotopy perturbation method (HPM) is presented. The HPM is treated as 
an algorithm for approximating the solution of the problem in a sequence of 
time intervals, i.c HPM is converted into a hybrid numeric-analytic method. 
Residual error for the solution is presented. 

1 Introduction 

Most modelling of biological problems are characterized by systems of ordinary 
differential equations (ODEs). The prey is subjected to constant effort har- 
vesting with r, a parameter that measures the effort being spent by a harvesting 
agency. The harvesting activity does not affect the predator population directly. 
It is obvious that the harvesting activity does reduce the predator population 
indirectly by reducing the availability of the prey to the predator. Adopting a 
simple logistic growth for prey population with e > 0, b > 0, and c > standing 
for the predator death rate, capturing rate, and conversion rate, respectively, 
we formulate the problem as [1] 

dy(t) cx{t)y(t) 



dt ' y(t) + x(t) 



- ey{t), y(t ) = c 2 , (2) 



where x(t) and y(t) represent the fractions of population densities for prey and 
predator at time t, respectively. Equations (1-2) are to be solved according to 
biologically meaningful initial conditions x(t) > and y(t) > 0. 

Authors in [3] and [4] used the Adomian decomposition method (ADM) to 
handle the systems of prey-predator problem. Yusufoglu and Erbas, [5] and 
Rafei ct al. [6] employed the variational iteration method (VIM) to compute an 
approximation to the solution of the system of nonlinear differential equations 
governing the problem. Biazar [7] used the power series method (PSM) to 
handle the systems. 
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In recent years, a great deal of attention has been devoted to study HPM, 
which was first invented by Prof Ji-Huan He [8] for solving a wide range of 
problems whose mathematical models yield differential equation or system of 
differential equations. HPM has successfully been applied to many situations. 
Chowdhury et al. present new modification of HPM by dividing the solution 
interval to finite number of subintervals [4] . 

In this paper, we are interested to find the approximate analytic solution of 
the system of coupled nonlinear ODEs (1) and (2) by treated the HPM as an 
algorithm for approximating the solution of the problem in a sequence of time 
intervals. Residual error for the present solution is introduced. 

2 Solution procedure 

Firstly, consider (1) and (2) subject to 

x(t*) = a, y(t*)=c 2 . (3) 

We note that when t* = we have the initial condition of Eq. (1) and (2). It 
is straightforward to choose 

x (t) = ci, j/o (*) = c 2 , (4) 

as our initial approximations of x(t) and y(t), and the linear operator should be 

LW; q )} = 9 -^, (5) 

with the property 

L[A] = 0, (6) 

where A is the integration constant, which will be determined by the initial 
condition. 

If q € [0, 1] indicate the embedding parameter, then the zeroth-order defor- 
mation problems are of the following form: 

(l-q)L[x(Uq)-x (t)} = qN x [x(fr,q),y(t;q)], (7) 

{l-q)L[y(t;q)-y (t)] = qN y [x(t;q) t y(t;q)], (8) 

subject to the initial conditions 

x(t*;q) = ci, y(t*;q) = C2, (9) 

in which we define the nonlinear operators N x and N y as 

N x [x(t;q),y(t;q)} = ^M _ £{t;q){1 _ i{t , q)) + ^'fj^ q \ +rx(t;q), 

dt y{t;q) + x{t;q) 



d y(t; q) _ cx(t;q)y(t;q) 
dt y(t;q)+x(t;q) 



N y [x{t;q),y{t;q)\ = — -^ ttt3 , Z77T3 +'W;g)- 



86 



ALSHIBLY-ALOMARI: ABOUT PREY-PREDATOR PROBLEM 



For q = and q = 1, the above zeroth-order deformation equations (7) and (8) 
have the solutions 

jc(t;0)=x (t), y(*;0) = ito(t), (10) 

and 

jc(t;l)=x(t), y(t;l) = i/(t). (11) 

When q increases from to 1, then x(t; q) and y(t; q) vary from Xo(t) and yo(t) 
to x(£) and y(t). Expanding x and y in Taylor series with respect to q, we have 



x(t;q) = x Q (t) + ^2 x m (t)q m , 

m—1 

OO 

y{t-q) = y (t) + J2 Vm{t)q m , 



m—1 



in which 



$m \v) 



1 d m x{t;q) 



ml dq 



, y m {t) 



1 d m y{t-q) 



q=0 



ml dq 



q=0 



(12) 
(13) 

(14) 

(15) 
(16) 



Therefore, we have through Eq. (11) that 

OO 

X(t) = X (t) + ^ x m(t), 
m—1 

oo 

y(t) = 2/o W + J2 »"»(*)• 

m—1 

Define the vectors 

f(t) = {xo(t),xi(t),...,x n (t}}, 
y(t) = {yo(t),yi(t),...,y n (t)}. 

Differentiating the zeroth-order equations (7) and (8) m times with respect 
to q, then setting q = 0, and finally dividing by ml, we have the rath-order 
deformation equations 



(17) 
(18) 



L[x m (t) - Xm%m-l(t)] = Rx,m{x(t),y(t)), 

L[y m (t) - Xmy m -i{t)] = Ry, m (x(t),y(t)), 

with the following boundary conditions: 

x m (t*) = 0, y m (t*) = 0, 
for all m > 1, where 

1 d™- 1 ^^; <?),£(*;<?)] 



R x , m (x(t),y(t)) 

Ry,m(x(t),y(t)) 



(m-1)! Sg™" 1 

(m- 1)! 



9<7 r 



q=0 



9 =0 



(19) 

(20) 
(21) 

(22) 
(23) 
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This way, it is easy to solve the linear non-homogeneous Eqs. (19) and (20) 
at general initial conditions by using Maple, one after the other in the order 
m = 1,2,3, ... . Thus we successfully have 



xi(t) = - 

yi(t) = - 



ci (-ci+7c 2 + 10ci 2 + 10cic 2 )(t-t* 

10(C1+C2) 

c 2 (3ci + 5c2)(t-t*) 
10(ci+c 2 ) 



x 2 (t) = ? ci (ci 3 -30ci 4 + 200ci 5 + 19ci 2 c 2 

200( Cl +c 2 ) 3 



19 ci c 2 2 + 49 c 2 3 + 70 ci J c 2 + 310 c 1 2 c 2 2 + 210 Ci c 2 " 
600 ci 4 c 2 + 600 ci 3 c 2 2 + 200 ci 2 c 2 3 ) (t - t*f 

1 
200 (ci + c 2 )° 
51 ci c 2 2 + 20 ci 3 c 2 + 20 ci 2 c 2 2 ) (t - t* 



»»(*) = -777777 ; 3 C 2 (-25c 2 3 -9 Cl 3 -47 Cl 2 c 2 



By the same way we can get the first fourth term to be as analytical approximate 

4 4 

solution as x(i) ~ ~}2 Xt(t) andy(t) ~ J^ Ui(t) terms. Now we divide the interval 

i=0 i=0 

[0, T] to subintervals by time step At = 0.01. Then we start from the initial 
conditions and we get the solution on the interval [0,0.01). Further, we take 
c\ = a;(0.01) and c 2 = y(0.01) and t* = 0.01, so we get the solution on the new 
interval [0.01, 0.02), and so on. Therefore, by choosing this initial approximation 
on the starting of each interval, the solution on the whole interval should be 
continuous. It is worth mentioning that if we take t* = and we fixed c\ and 
c 2 , then the solution will be the standard HPM solution which is not effective 
at large value of t. 

3 Analysis of results 

In this section, we compute the result using above algorithm for x(Q) = 0.5, y(0) = 
0.3, b = 0.8, c = 0.2, e = 0.5 and r = 0.9. Figure 1 presents the population frac- 
tion versus time for prey population fraction (x(t)) and predator population 
fraction (y(t)). Moreover the residual error using this algorithm is given in 
Fig. 2 (a)and (b). It is clear that the error within the range 10 -15 which mean 
that is very small and it is not be possible in the standard HPM which give 
error 10 6 using the same interval as in Fig. 2(c). 
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(a) 




Figure 1: Population fraction versus time(a) prey population fraction; (b) preda- 
tor population fraction. 



(a) 






(c) 



Error Em 



Figure 2: Residual error for (a) MHPM solution of x (b) MHPM solution of y 
(c) HPM solution 
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Abstract: 

Corporate arrangement between owners and managers governs modern firm. In the 
contemporary context of persistent financial crisis, they self-impose a strong distribution of 
earnings when profits exceed the optimal reinvestment amount. Dividend payout and 
capitalization are the two items of this financial trade-off. To identify the dynamical 
outcome of such financial governance, we define a 3D system of differential equations 
modelling a representative firm under the best standard of management principles and 
rules. The numerical simulations reveal that state variables of the firm follow a wide 
spectrum of dynamics amongst them singular strange attractors. The main results show 
that chaotic oscillation is an intrinsic and endogenous characteristic of the modern firm, 
not derived from (exogenous) market failure. 



Key words: Firm, Dynamical model, Nonlinearity, Chaos, Strange attractors 
1. Introduction 

Profits sharing between dividends and self-financing investment constitutes a main focus of 
the firm. However, after the revelation of accounting scandals and frauds [1], the actual period 
spreads generalized and deep lack of trust between owners and managers. In this context, the 
shareholders intend the immediate conversion of the free cash flow into dividends [2, 3, 4]. 
Triggering payout beyond a particular threshold of earning express the corporate arrangement 
between owners and managers to improve the creation of wealth by the firm, enhances its 
share value in the stock market and, simultaneously, allows incomes to the shareholders. 
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The paper aims to the determination of a dynamical model of a representative firm managed 
with the standard financial principles and rules of the corporate governance. The three 
dimensional system of ordinary differential equations is defined and simulated to investigate 
the outcome of a particular nonlinear mechanism to pay free cash flows as dividends (sec. 2). 
We explore by several numerical computations, the dynamics of the firm and their periodicity 
in the phase portraits of the state variables (sec. 3). The concluding remarks report some 
implications of this heuristic research to the modern firm behaviour (sec. 4). 

2. The model 

In our 3D model of autonomous O.D.Es, all variables are endogenous. In the first equation, 
the capital allows the creation of profits P. It is made up of capitalization of the profits R (or 
the re-investments) and financed also by an external capital inflow (i.e. loans and bonds) F. 

dP/dt = ( R + F)/v (1) 

1/v: rate of profits. 

Moreover, the rule of the self- financing investments determined by the managers is: 

dR/dt = m 

with m: mass of reinvestments when the level of profits reaches the "optimal" value P = 1. On 
the other hand, to push managers to apply the corporate arrangement of payout, a strong 
mechanism is released when dividends are delayed. The complete equation holds a regulation 
automaton to reach this selected level of capitalization of profits if P ^ 1. 

dR/dt = m P + n ( 1- P 2 ) R (2) 

n: rate of recapitalization 

This specification indicate to the managers, the imperative distribution of earnings to 
shareholders immediately since the second, and nonlinear, item of the equation allows the 
strong increase of the dividends when the level of profits is P > 1. Expelling earnings outside 
firm at the maximum speed is the function of this mechanism of convergence. It is similar to a 
rule of punishment of the managers when excess cash is accumulated. 
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Symmetrically, it allows fast increase of the capitalization when the mass of Profits is at the 

level P < 1. 

In the first case, the dividend distribution is accelerated and the capitalization falls at an 

accelerated rate according the gap between 1 and P. In the second case, beyond the "normal" 

profit, the capitalization is reduced by the growth of the dividend distribution. 

Eventually, the final equation is the account of the net capital inflow of the firm: 

dF/dt= -rP + sR (3) 

After deducting the refunding of the debts with the r ratio, the corporate borrowing is 
obtained by loans according to the proportion s of the self- financing. 

Written in three first-order differential equations, our heuristic model represents the first 
principles and rules of the best finance of the modern firms [5, 6] and leads to the simulations 
of the state variables of the firm. Theoretically, the 3D system connects a feedback equation 
to the van der Pol oscillator [7]. We investigate the implications of the dividend policy when 
nonlinear decisions are made. 

3. Computational Results 

The basic study of the system begins with the detection of the solutions. 



r 



dP/dt = (R + F)/v (1) 

dR/dt = m P + n ( 1 -P 2 ) R (2) 

dF/dt = - rP + sR (3) 



The steady- state equilibriums are obtained for dP/dt = dR/dt = dF/dt= 0. 

We get R = -F from Eq.(l), R = m P/n ( P 2 - 1) from Eq.(2) and P = s R/r from Eq.(3). The 

last two relations yielded the following equality: P (nrP 2 - nr - ms) = 0. 

1 f? 

Indeed, the three roots of P are: Pi = 0, P2 = [( nr + ms) /nr] and P3 = - P2. Let [( nr + ms) 
/nr] 1/2 = k, the three equilibriums become: Ei (P, R, F) = (0, 0, 0), E 2 (P, R, F) = (k, rk/s, -rk/s) 
and E 3 (P, R, F) = - E 2 . 

The numerical computations are carried out with the fifth-order Runge-Kutta integration 
method and 10" 6 accuracy. The initial conditions are CI (P, R, F) = (0.01, 0.01, 0.01). 
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3.1. The periodic oscillation 

We choose a set of parameters in accordance with the real financial data of the firms C 1 (v, m, 
n, r, s) = (4, 0.04, 0.02, 0.1, 0.2). The simulation displays a periodic motion (Fig. 1) wherein 
the orbit is centred on the equilibrium: E2 (P, R, F) = (2.23, 1.11, -1.11). The behaviour of the 
state variables is cyclical. The other equilibriums are Ei (P, R, F) = (0, 0, 0) and E3 = - E2. We 
notice that anti- symmetric initial condition leads to an anti- symmetric attractor. Moreover, the 
Jacobean matrix of the 3D system gives a positive | J | = [nr (1- P 2 ) + ms - 2 nPRs]/v, since all 
these equilibriums are unstable. 

The firm as a dynamical system oscillates periodically in the phase space of the variables: 
profits, reinvestments and capital inflow. It oscillates infinitely and don't converge to any 
steady state equilibrium. We notice that Profits reach a low level of losses but it is not critical. 



R 



1.2 



0.8 



0.6 




Fig. 1. Period-4 solution for the set of parameters Ci 

The dynamic of the firm oscillates between (low) negative values and high levels of profits P. 

We notice the particular shape of the orbit. 
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At this stage, the owners and the management staff can choose a more significant capital flow 
with a greater s parameter to push the profit variable. 

3.2. The strange chaos 

When the corporate borrowing increases, for instance when C2 (v, m, n, r, s) = ( 4, 0.04, 0.02, 
0.1, 0.3), the equilibriums become Ei (P, R, F) = (0, 0, 0), E 2 (P, R, F) = (2.64, 0.88, -0.88) 
and E3 = - E2. 

The parameters C2 characterize a chaotic attractor [8] and the model is conservative for the 
trajectories that are close to Ei and dissipative particularly at the neighbourhood of E2 and E3. 
The strange chaos indicates that firm follows an infinite number of dynamics, non-periodic 
and non-predictable behavior (Fig. 2a). Paradoxically, the attractor as a dynamical "object" 
confined in a limited set of the phase portrait prevents predictions of the future values of the 
variable. Moreover, for anti- symmetric initial conditions, the 3D system creates another 
strange attractor but in an anti- symmetric posture (Fig. 2b). 



R 




Fig. 2 (a). Chaotic attractors for the set of parameters C2 

Strange attractor displayed with positive initial conditions. 
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-0.5 



-1.5 





-4-2024 

P 

Fig. 2 (b). Two chaotic attractors for the set of parameters C2 

The second attractor emerges in the sub-basin with a negative initial condition. 

In these anti- symmetric positions, the strange attractors demonstrate the Sensitive 

Dependency on Initial Conditions (SDIC) of the 3D system. 

The numerical simulations of the 3D system display a wide range of dynamics since with the 

parameters C3 (v, m, n, r, s) = (1.02, 0.02, 0.3, 0.1, 10), a new shape of the chaotic attractor 

appears (Fig. 3). Its phase portrait unifies the previous separated sub-basins. 

We notice that several dynamical patterns are obtained with only one nonlinear equation in 

the system. Eventually, the simultaneous presence of SDIC and SDP are proofs of the strange 

chaos of our heuristic dynamical model of the firm. 

Chaotic and permanent oscillations appear as an intrinsic and endogenous characteristic of the 

modern firm when nonlinear mechanism of payout policy is implemented. 
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Fig. 3. Chaotic attractor for C3 

A modification of the parameters displays the morphological plasticity of the attractors and 
demonstrates the Sensitive Dependency on Parameters (SDP) of the 3D system. 

4. Concluding Remarks 



Our heuristic model of corporate finance serves as a framework to detect the dynamics of the 

profits in the context of distinction between ownership and management. 

Managers and owners fix together the strategy of the modern firm and choose the best 

direction to boost the corporate activity and its profits. Therefore, the choice itself to divide 

profits between incomes and self-financing assets injects turbulence when a rigorous and 

rational mechanism in implemented. Paradoxical conclusions? 

Wherein a dynamic perspective, rules and principles of finance governance built in static and 

linear framework may lose their validity. The numerical computations of our nonlinear and 

ab initio financial model show the implications of an embedded automaton of disciplining 

payout. The disordered dynamics of the modern firm is injected by a main function of the 

management itself: the sharing of profits. 
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ABSTRACT 

( VPGXG) n polypeptides known as elastin-like polypeptides with different biological, biomechanical, biochemical 
and biophysical properties stand out suitable structures appropriate for production of several biomaterials, in the first 
instance, tissue, microtube and nanotube in tissue engineering. Therefore, understanding the structural properties of 
such peptides comes into prominence. For this purpose, structural properties of elastin-like polypeptides have been 
investigated by computer simulation methods in our study. Our simulations have been carried out by multicanonical 
algorithm having a wide range of application area from solid state to biophysics, the most powerful algorithm in 
generalized ensemble family. 

By taking n=l and changing amino acid X, hydrophobicity scale has been established in the forepart of our study, 
afterwards the effect on structural transition temperature has been determined in a solvent (SCH2) and vacuum. In 
the second part, choosing VPGVG, which is the most repeating pentapeptide sequence in elastin-like proteins, and 
taking n=l, 2, 3, 4, change in structural transition temperature and secondary structure formation caused by the 
transition from smaller molecule to larger one have been determined. 



1. INTRODUCTION 

Protein folding is one of the most intensively studied and still unsolved problems in biology. The process by which a 
protein folds into its biologically active state cannot be traced in all details solely by experiments. Therefore, many 
theoretical and experimental studies focus on determination of the three-dimensional structure of these molecules. 
Recently, molecular modelling has attracted considerable attention for applications in designing and fabrication of 
nanostructures leading to the development of advanced materials. In a newly growing field of research, synthetic 
peptides are investigated for their use in nano-devices, by exploiting their self-assembly properties [1]. The self- 
assembly of biomolecular building blocks plays an increasingly important role in the discovery of new materials, 
with a wide range of applications in nanotechnology and medical technologies such as drug delivery systems [2]. In 
these studies, several types of biomaterials are developed, ranging from models for studying protein folding to 
molecular materials for producing peptide nanofibers, peptide surfactants by designing various classes of self- 
assembling peptides [3] . These experiments reveal many different interesting and important problems, which are 
related to general aspects of the question why and how proteins fold. In this context, modern simulation techniques 
have opened another window to give a new insight to protein folding problem [4, 5]. 

In this paper, structural properties of peptides (VPGVG) n known as elastin-like polypeptides (ELPs) have been 
investigated. Generally, the simulated sequences, the ELPs are important in tissue engineering so they arouse 
interest due to some of their important and attractive properties. One of the most important property is the self- 
assembling potential. Because of the self-assembling property, ELPs are fairly convenient for the production of 
microtubes and nanotubes. Other biomaterials produced from ELPs are hydro gels [6], plates [7], nanoparticles [8], 
sponge-like isotropic isotropic networks [9] and nanoporous materials [10]. ELPs are not soluble in water and are 
the most stable proteins with 70-year half -life [11]. 

Polypeptides known as elastin like polypeptides (ELPs) come into prominence in tissue engineering. The most 
important reason for this is that elastin-like polypeptides and proteins can be used in designing biomaterials. On the 
one hand, biomaterials composed of ELPs have a wide range of application fields, one of the most important ones 
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are skin reconstruction [12], tissue and vascular transportation [13], heart valves [14], elastic crosslink tissue [15]. 
On the other hand, ELPs are also used in biomedical applications. The principal reasons for this; (1) Since 
conformational transition temperatures of ELPs can be arranged between and 100 C, they can be used in drug 
delivery and protein purification. (2) ELPS can be synthesized. (3) ELPs can be used as gram/liter in laboratories, 
hence they bring less cost compared to synthetic polymers. (4) ELPs in biological applications do not have side 
effects such as toxical and hazardous. (5) They can be implemented in living tissue applications. 
Elastin-like polypeptides (ELPs) are a family of polypeptides derived from a portion of the primary sequence of 
elastin, (VPGXG) n polypeptide, where V:valine, P:proline, G:glycine, and X:any amino acid except praline and n 
refers to the length of the chain. 

In present study, by taking n=l and changing amino acid X with different hydrophobic and polar ones, 
hydrophobicity scale has been established. Then, by choosing n=l, 2, 3, 4 and X=Val conformational transition 
temperature and secondary structure formation changes have been determined when progression from small 
molecules to larger ones. 

2. THE SIMULATION METHOD 

The multicanonical ensemble is based on a probability function in which the different energies are equally probable. 
The advantage of this algorithm lies in the fact that it not only alleviates the multiple -minima problem but also 
allows the calculation of various thermodynamic quantities as functions of temperature from one simulation run 
[16]. This demonstrates the superiority of the method. However, the implementation of MUCA is not 
straightforward because the density of states, n(E), is unknown a priori. In practice, one needs to know only the 
weights, (o: 



CO 



n(E) 



= exp 



e-f t (e) 

k B T(E) 



(1) 



These weights are calculated in the first stage of the simulation process by an iterative procedure, in which the 
temperatures, T(E), are built recursively together with the microcanonical free energies, F T (E)=k B T (E), up to an 
additive constant. The iterative procedure is followed by a long production run based on the fixed ro, where 
equilibrium configurations are sampled. Reweighting techniques [17] enable one to obtain the Boltzmann averages 
of various thermodynamic properties over a wide range of temperatures. Average value of a physical quantity A is 



A)(T) = 



\dxA(xy E[x)/kBT /co MU [E(xj] 
jdxe Eix)/k ° T /co MU [E(4 



(2) 



-E(x)/k B T 

where co M u is the multicanonical weight factor and is the energy distribution of the simulation. 

As pointed out above, calculation of the a priori unknown MUCA weights is not trivial, as it requires experienced 

human intervention. For lattice models, this problem was addressed in a sketchy way by Berg and Celik [18] and, 

later, by Berg [19]. 

In the present work, simulations have been carried on an open-source with a free code software package called 

SMMP (Simple Molecular Mechanics for Proteins) [20]. We have implemented the multicanonical algorithm with 

ECEPP/3 force field supplemented in SMMP, which includes electrostatic energy E ee , Lennard-Jones term Ey, 

hydrogen-bonding term E hb and torsion energy E tor with constant dielectric constant e=2: 



ECEPP/3 = E ei 



+ By + E h 
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Where i and 



j correspond to the different atoms, ry is the distance between atoms. Ay, By, Cy, and Dy are the parameters that 
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define Lennard- Jones or Hydrogen bond interaction, and a ; is the ith torsion angle. The conversion factor to 

determine the energy in kcal/mol is 332. 

In all simulations, NH2 and COOH were chosen as the N- and C- terminal groups, respectively. For simplicity, the 

peptide bond angles ro were kept fixed at 180°, which leaves independent degrees of freedom between 13-17 

depending on the fourth amino acid of the pentapeptide sequence. 

All proteins exist in an solvent environment. Explicit solvent models increase the CPU time because of the larger 

number of degrees of freedom. Instead, it is possible to include the effect of the solvent by using implicit solvent 

models due to their simplicity and ease of applications. Protein-water interactions are approximated by an accessible 

surface area (ASA) term, 

E so iv= OiAj (5) 

where A; is the area of atoms and o ; is the solvation parameter, both of which change depending on the atom type. 
All the molecules were simulated in vacuum and in the SCH2 implicit solvation model [21]. The reason why we 
choose the SCH2 parameter is that it is classified as in the fast class according to their integrated autocorrelations 
times by Berg and Hsu [22]. The solvation model SCH2 is implemented in the SMMP package. 
Specific heat, total energy (data not shown) and Ramachandran plots have been plotted. Specific heat can be defined 
as the fluctuation of the energy. Here, it is defined as 



C{T)={k B T) 2 ^' T {L)r " 



N (6) 

where N is the number of amino acid residues in the peptide. 

To determine multicanonical parameters of X= Trp, His, Ala, Lys and Glu residues, 200,000 sweeps with 6000- 
7000 recalculation of multicanonical parameter have been performed. For the simulation run 2,000,000 sweeps with 
20,000 thermalisation factor were used. In all cases, each multicanonical simulation started from completely random 
initial conformation. No a priori information about the conformation is used in simulations. For the present 
molecules, a relatively fast approach from the high to the low energy region are achieved by imposing small 
conformational change of our procedure at each MC step which has a high chance to visit a neighbouring lower 
energy segment. The superiority of the multicanonical approach lies in the fact that it provides the sampling of 
conformations at all temperatures from one simulation run, therefore enables one to study thermodynamics of the 
system under consideration. 

3. RESULTS AND DISCUSSION 

In the forepart of our study, structural properties of 5 different elastin sequences obtained by taking n=l and 
substituting Trp, His, Ala, Lys, Glu instead of X in VPGXG chain, have been determined in both vacuum and in a 
solvation model (SCH2). Then, the most repeating sequence in ELPs called VPGVG has been studied. By 
increasing n from one to four so that the chain length has been increased, on the contrary change in conformational 
transition temperature and differentiation in secondary structure formation has been utilized. 



3.1. Effect of Amino Acid X on Conformational Transition Temperature 

Firstly, the specific heat plots as a function of temperature to determine transition temperatures of X= Trp, His, Ala, 
Lys and Glu in vacuum and SCH2 solvation model are shown in Figure 1(a) and (b), respectively. As seen in the 
figure, transition temperatures decrease in the solvation model when compared to vacuum. 
In previous studies [23, 24], it is stated that conformational transition temperature is inversely proportional to 
hydrophobicity. Transition temperatures (T t ) of peptide sequences under consideration including Trp, His, Ala, Lys 
and Glu amino acids are in increasing order 302, 314, 317, 341, 344 in vacuum (see Fig.l (a)) and 210, 230, 280, 
290, 300 in SCH2 (see Fig.l (b)). Since T t (trp)< T t (his)<T t (ala)<T t (lys)<T t (glu), the hydrophobicity order from the 
most hydrophobic to least is predicted as Trp, His, Ala, Lys and Glu. These results are in good agreement with 
experimental results [23]. 
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Figure 1 : Specific heat values in (a) vacuum and (b) solvent (SCH2) 



3.2. Effect of Chain Length on Conformational Transition Temperature 

In Fig. 2 the specific heat as a function of temperature is plotted to determine the transition temperatures for the 
residue numbers N = 5, 10, 15 and 20. Related conformational transition temperatures for residues N= 5, 10, 15 and 
20 are depicted from the specific heat curves and are 435, 425, 410 and 350 K, respectively. Increasing residue 
number decreases conformational transition temperatures of the polypeptides. Obtained inverse relation between 
residue number and conformational transition temperature is consistent with experimental results [25] in which it is 
stated that increasing residue number increases molecular weight but decreases conformational transition 
temperature. One important point, as seen in the figure, is that: For the peptide N = 5 the specific heat curve has only 
one pronounced peak which means the peptide has two-state folding channel. The protein changes from an 
unstructured, extended configuration above the specific heat peak to a compact one with secondary structure below 
the specific heat peak. When we increase the residue length for N= 10, 15, there appear a shoulder in the specific 
heat which signal intermediate states in the folding channel. Finally in the N=20 a second peak come into being 
which points that the folding is two-step process [26, 27]. Firstly, the protein changes from random, unstructured 
conformations to highly ordered secondary structures and then in the second step the native state is selected out from 
the ensemble of compact configurations with synchronous formation of secondary structure [28]. 
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Figure 2: Specific heat for N=5, 10, 15, 20 residues 

3.3. Secondary Structure Analysis 

In order to check the secondary structures, the distribution of 4> and \\i dihedral angles of polypeptides with different 
residue lengths at room temperature 300+10 K is analyzed by Ramachandran plots, which estimate the secondary 
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structure of polypeptides. There are various experimental methods (spectroscopic, viscosimetric, microscopic etc.) 
used to recognize the secondary structure formation. These methods give an indication of conformations dominant 
in the structure of a protein. On the other hand, MUCA is the most important as being a thermodynamic method that 
enables simulating a system over a large range of temperatures. This aspect is used to prepare Ramachandran plots, 
which provide the distributions of the dihedral angles and allow distinguishing different types of highly ordered 
segments. Ramachandran plot in figure 3 describes VPGVG polypeptide for Vail, Gly3 and Val4 amino acids. To 
be able to compare simulation results with experimental ones, room temperature is chosen. 
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Figure 3: Ramachandran plot for VPGVG at T=300+10 K 

When Ramachandran plots are analysed, it is observed that pil-turn is the dominant structure between Vall-Pro2 
and Gly3-Val4-Gly5 bridges except for Pro2-Gly3 bridge, pil-turn has characteristics dihedral angle set (()), v|/)=(- 
60,120). These results are in agreement with previous studies, both experimental [29] and simulation (Villani and 
Tamburro 1998) approaches, which suggest that main secondary structure in elastin is short P-turns. Circular 
dichroism (CD) and NMR measurements gave evidence of flexible P-turns as the dominant structural feature [30]. 
In addition, the literature on protein structure indicate that the occurrence of high probability P-turns in proline at the 
second and glycine at the third position are consistent with the results of the present study [31]. 
Ramachandran plot in figure 4 is plotted to determine the secondary structure of (VPGVG)2 polypeptide. (VPGVG)2 
polypeptide obtained by increasing the residue number of VPGVG has higher order pil-turns in its secondary 
structure. Formation of pil-turns has been observed in all residue bridges. 
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Figure 4: Ramachandran plot for (VPGVG) 2 at T=300±10 K 
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4. CONCLUSION 



In summary, five pentapeptide sequences of elastin-like peptides, VPGXG have been simulated by using the 
multicanonical simulation procedure. By substituting different amino acids in the fourth position of the sequence the 
thermodynamical variables are calculated in vacuo and in solvent to determine the hydrophobicity dependency of 
the conformational transition temperatures of the peptides. Our results agree with various hydrophobicity scales 
[23]. 

We have analyzed conformational transition temperature and secondary structure formation mechanisms for 
the sequences VPGVG, (VPGVG) 2 , (VPGVG) 3 and (VPGVG) 4 of ELPs. Increasing residue number causes 
conformational transition temperature to decrease. Obtained inverse relation between residue number and 
conformational transition temperature is consistent with experimental results [25]. 

Employing an all-atom model based on the ECEPP/3 force field with different implicit solvation parameter sets and 
applying the implementation of the Multicanonical Monte Carlo method in the SMMP package, we found pil-turn is 
the dominant structure between VPGVG bridges except for Pro2-Gly3 bridge. These results are in agreement with 
previous studies, both experimental [29] and simulation [32] approaches, which suggest that main secondary 
structure in elastin is short P-turns. Circular dichroism (CD) and NMR measurements gave evidence of flexible P- 
turns as the dominant structural feature [30];[33]. 
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Abstract 

A novel technique was developed to identify whether a gas-solid fluidized bed 
system is nonlinear. In order to achieve this objective, attractors of two 
dependent pressure signals were compared in the state-space domain using the S- 
statistic. Comparison between two reconstructed attractors of evaluation and 
reference time series was performed based on the null hypothesis. The null 
hypothesis that the evaluation and reference time series are similar is rejected if 
the two time series significantly differ. Evaluation series were measured during 
the bed operation and reference time series were generated according to phase 
randomized surrogate data series from evaluation series. Pressure fluctuations 
were measured in a three-dimensional bubbling fluidized bed of sand particles 
with different mean diameters. The method was used in two continuous 
nonlinear systems called Lorenz and Rossler models to determine nonlinearity. 
The test showed that the nonlinearity is where the contribution of macro 
structures are more import than micro and mezzo structures. This conclusion can 
eventaully help choose the proper control system. 

Keywords: Nonlinearity; Surrogate data series; Pressure fluctuation time series; 
S-statistic; Chaotic State Space; Fluidized bed 

1. Introduction 

All nonlinearity tests in the state-space are based on comparison between two 
reconstructed attractors of two time series. These tests are based on generating a 
surrogate data series by a stochastic process from the original data set which has 
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some of the attributes of the reference or original data series. Depending on the 
assumptions one is willing to make on the underlying process, different original 
data set might be proposed. There are different techniques to generate a surrogate 
series such as shuffled [1], phase randomized [1], target distribution [1], 
amplitude adjusted Fourier transform [1] (AAFT) and iterative amplitude 
adjusted Fourier transform [2] (IAAFT) surrogate data. In this work, phase 
randomized surrogate data was applied which has the same power spectrum as 
the original time series. To generate a phase randomized surrogate, the first step 
is the calculation of the fast Fourier transform of the original time series. In the 
second step, the created series is randomly multiplied by a phase and finally, the 
surrogate data is generated as the real part of the inverse fast Fourier transform. 
Then, the surrogate data series and reference signal must be compared by a null 
hypothesis. The null hypothesis is rejected if the outcome of the nonlinear 
analysis is significantly different from the original time series [1]. 

A number of methods have been proposed for comparing two delay vector 
distributions. Kantz [3] introduced a cross-correlation for this purpose. Schouten 
and van den Bleek [4] proposed to base a monitoring method on the short-term 
predictability of pressure fluctuations in fluidized beds. They used a 
discriminating statistics to compare an original time series of pressure fluctuation 
with successive time series of pressure fluctuations which are measured in the 
fluidized bed. The original time series represented the optimum and desired state 
of fluidization behavior of the bed. The difference between two reconstructed 
attractors was indicated as the Z-value by using a null hypothesis. Diks et al. [5] 
stated that the discriminating statistics is based on a general distance concept 
between two multidimensional distributions that provides a consistent test for the 
null hypothesis. They demonstrated that the null hypothesis showed whether two 
sets of independent vectors were obtained from the same probability 
distributions or not. The S-statistic has been applied for monitoring some 
phenomena (e.g., agglomeration) and provided a control tool for the drying of 
granular material, van Ommen et al. [6] applied the S-statistic to monitor the 
changes in particle size distribution and early detection of the agglomeration by 
measured pressure fluctuations. Diks et al. [5] found out that their method can be 
applied where two pairs are mutually independent. In this work, it was checked 
whether the method can still be applied if the series are dependent on each other, 
i.e. surrogate and original time series. Nonlinearity was utilized in two nonlinear 
chaotic systems which called Rossler and Lorenz. They are appropriate to use 
proposed method. Lorenz and Rossler equations are addressed by Addison [7]. 
Subsequently, nonlinearity test was applied to determine the nonlinearity in a 
fluidized bed system. 

2. Experimental 

The experimental set up is schematically shown in Fig. 1. Experiments were 
carried out in a gas-solid fluidized bed made of a Plexiglas-pipe of 15 cm inner 
diameter and 2 m height. Air at ambient temperature entered the column through 
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perforated plate distributor with 435 holes of 7 mm triangle pitch. Cyclone was 
used to separate air from particles at high superficial gas velocities. Pressure 
probe (model SEN-3248 (B075), Kobold Company) was screwed onto the gluing 
studs located at 5 and 10 cm above the distributor. Pressure fluctuations were 
recorded in approximately 164 sec corresponding to 65535 data points with a 
sampling frequency of 400 Hz. Sand particles (Geldart B) with mean sizes of 
150, 280 and 490 urn and a particle density of 2640 kg/m 3 were used in the 
experiments. 



i = 



^ 






Fig. 1. Schematic of the fluidized bed 



3. Methods of analysis 

3.1. Attractor reconstruction 

To characterize the nonlinearity of the underlying process, it is necessary to first 
reconstruct a phase space from the time series. There are three domains to 
analysis pressure signals including time domain, frequency domain and state- 
space. In this case, the first step refers to transfer a time series from time domain 
to phase-space by attractor reconstruction. Several method have been applied to 
reconstrust an attractor. In this work, the method of delay was used which is the 
simplest method. The state-space was reconstructed from a scalar time series by 
copying time delayed components of the original time series in the reconstructed 
state space. Suppose that there is a sampled time series (e.g., pressure signals) 
x(i) with i=l, 2, 3,.., N, consisting of -/V values into a set of N-(d-Y)r vectors s(i) 
which could be represented as: 



S (i) = (x (»').* (»' +r),...,x (i +(rf -l)r) 



(1) 



124 



M. Karimi et al. 



r and d are called time delay and embedding dimension, respectively. The time 
delay was estimated based on mutual information function which was applied by 
Zarghami et al. [8]. The embedding dimension is equal to the number of 
elements in the state vectors. Embedding parameters were determined based on 
the method which is adressed by Zarghami et al. [8]. 

Time delay was estimated regard to mutual information function criterion which 
is addressed by Zarghami et al. [8], The minimum of the embedding dimension 
could be approximated to correlation dimension of the reconstructed attractor in 
steady state status. The correlation dimension was calculated from the power law 
relation (C(e) a e Dc ). C(s) and e are called the correlation integral and 
neighborhood radius, respectively. The correlation dimension is specified by the 
slop of the log plot of C(e) versus e [8]. This technique was applied to determine 
embedding dimension for Lorenz and Rossler models. In this work, however, 
embedding parameters were estimated using the time window method [8] in 
fluidized beds. Optimum value of the embedding dimension was estimated as 
one-quarter of the dominant or average cycle time. Average cycle time is defined 
as the length of the time series (in time units) devided by half of the number of 
crossing with the average time series. 

3.2. S-Statistics 

Reconstructed attractors from two dependent time series were compared using a 
discriminating statistic proposed by Diks et al. [5] to reject or approve the null 
hypothesis. The time series data were referred to reference (surrogate data) and 
evaluation time series. An evaluation time set was measured during the operation 
of the bed. A reference series was randomly generated from an evaluation series. 
Phase randomized surrogate data was chosen as a reference set. The length of the 
reference and evaluation series were chosen so that a good representation of the 
fluidized bed hydrodynamic was obtained [6]. The length of the reference series 
was taken one-fifth of the length of evaluation series in fluidized bed. The 
evaluation time series was divided into five segments and each of them was 
compared with the reference series using S-statistics. The difference was 
expressed as the S-statistics is defined as: 

'-TTT (2) 

4UQ) 

The S-statistic is a random variable with zero mean and standard deviation equal 
to unity according to the null hypothesis. The null hypothesis rejects when 
estimated value of S is larger than three with 95% confidence level which 
represents these two delay vector distributions do not originate from the same 
systems. More information can be found in earlier works and complete details of 
mathematical aspects of the S-statistic in Diks et al. [5]. This algorithm was 
applied to detect early warning of agglomeration in the fluidized beds [6]. 
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4. Result and discussion 

4. 1 . Determination of nonlinearity in Lorenz and Rossler systems 

In Lorenz and Rossler models, x(t) was taken as an evaluation time series. 
Reference time series was generated from evaluation series according to phase 
randomized surrogate data series. Time delays of mentioned systems were 
specified by mutual information function. Time delay is 16 in Lorenz system 
with time step corresponds to 0.01. Time delay is 20 in Rossler systems 
according to time step equal to 0.05 s. Embedding dimension was approximated 
based on the the slop of the log plot of C(e) versus e, which is 2 in both systems 
based on inequality of d>D c . 

Phase randomized surrogate data series was generated from x(t). Then, the 
attractor of the surrogate data and x(t) time series were reconstructed to compare 
two dependent signals using S-statistics. The method of Diks et al. [5] has two 
parameters which should be optimized based on maximum values of S-statistics. 
The main reason of this choice refers to the most deviation from the expected 
zero value. The bandwidth is one of these parameters and the other one is 
segment length. Fig. 2 indicates average of S values versus bandwidth and 
segment length in Lorenz system. S values increase by bandwidth to reach a 
maximum value which is equal to the largest standard deviation. Fig. 2 indicates 
that with increasing segment length and bandwidth, the S value approaches to an 
approximately constant value and there is a correlation between reference points 
at segment lengths smaller than 8. As shown in Fig. 2, S values are more than 
three and, therefore, indicates that Lorenz and Rossler are two nonlinear 
deterministic systems. The optimal value of d is 0.03 in Lorenz system and 0.05 
in Rossler model. 

4.2. Determination of nonlinearity in fluidized bed 

Attractors were reconstructed using the method of delay and embedding 
parameters were determined by the time window method. The optimal segment 
length and bandwidth were chosen according to recommendations made by van 
Ommen et al. [6]. They found that for fluidized bed pressure signals, the optimal 
bandwidth lies between 0.2 and 0.7 times the standard deviation of the signal, in 
the present work, the factor 0.5 was selected. Also, they proposed a segment 
length of about 3 s for yielding good test results. Fig. 3 shows S values against 
gas velocity at a specific embedding dimension and time window. As can be 
seen in this figure, by increasing the gas velicity, S value increases to reach a 
maximum and then begins to decrease. 
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Fig. 2. S values versus bandwidth (d) and segment length(L) 



Zarghami et al. [8] addressed three different structures in fluidized bed, namely 
macro, mezo and micro, that correspond to different phenomena. The energy of 
macro strctures has the same behavioure as the S-value. However, the energy of 
micro and mezo structures shows inverse behaviour. At first, the energy of these 
structures decreases and after a minimum point increases and becomes more 
significant. When S value is smaller than 3, fluidized bed behavior is close to 
stochastic systems where the energy of micro and mezzo structures has more 
important contribution which is related to some phenomena like particles 
impacts. In other words, nonlinearity behaviors were mostly seen in where the 
energy of macro structures is close to the maximum value. The energy was 
transferred first from micro and mezzo structures to macro structures when 
velocity is increased and then it is transfered slowly from macro structures to 
finer structures. However, the contribution of macro structures is higher and 
fluidized bed behavioure trends to nonlinear deterministic systems where S value 
is greater than 3. 



127 



Nonlinear behavior identification of a gas-solid fluidized bed using 

S-statistic 



7 - 
6 

Zl 5 

m 4 - 
3 

2 

1 H 
o - 

0. 



Sand 280 urn 
Sand 490 um 
Sand 150 um 



0.3 0.4 0.5 0.6 0.7 0.8 0.9 
U(m/s) 



1.1 



Fig. 3. S value versus superficial gas velocity for three types of snad. 



5. Conclusion 

A technique was proposed and applied based on comparison between two 
dependent time series in state-space using the S-Statistics to determine if 
fluidized beds are nonlinear deterministic or linearly correlated stochastic 
systems. Nonlinearity was used in Lorenz and Rossler systems. The obtained 
results from a bubbling fluidized bed showed that the fluidized bed behaviour 
approximated to nonlinear deterministic behaviour where the energy of macro 
structure is more import than other structures. This conclusion is important to 
choose control systems and evaluatation methods of signals in fluidized bed. 

Nomenclature 

S state vector, point on state space attractor 

d embedding dimension and bandwith 

ACF Autocorrelation function 

MIF mutual information function 

C correlation Integral 

L segment length,s 

Q squared distance between two attractors 

V c conditional variance 

S estimator for the normalized squared distance between two attractors. 
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D c correlation dimension 

Greek Symbols 

x time delay,s 

8 neighborhood radius a point on attractor 
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Abstract: We have studied some aspects of a generalized quantum kicked rotator model which its 
classical counterpart is chaotic. The model that we have considered is a one dimensional rotator for a 
special potential which an impulse is applied at equal time intervals T. We obtain time evolution of the 
wave function between two successive impulses by an evolution matrix. The matrix that evolves the 
wave function from one impulse to another exponentially falls off away from the main diagonal. We 
compare time variation of expectation values of energy in quantum version with their classical 
counterparts. For quantum systems, there are three different cases: Completely periodic case, resonance 
case and non-resonance case. We derive analytically the time evolution of the energy for the first and 
second cases where there are fundamental resonances. We show that the energy in fundamental 
resonances grows up as the time square. This is in contrast to the classical counterpart one. 

Keywords: Quantum chaos; kicked rotator; chaos; chaotic system; nonlinear system 

1. INTRODUCTION 

The classical model of kicked rotator is chaotic at special conditions and so it is the most 
extensively investigated systems in the field of classical chaos theory [1-3]. Different aspects of 
the model of kicked rotator have been studied both classically and quantum mechanically by 
many authors theoretically [4-8] and experimentally [9-10]. This model is applicable in many 
different branches of physics. For example, related model with the Anderson localization of 
solid-state physics, (localization problem for a particle on a one-dimensional lattice with a 
pseudorandom potential) [11-13]. 

One of the most striking aspects of the quantum kicked rotator behavior is the existence of 
quantum resonances [14]. Casati et al have considered the quantum mechanical counterpart of 
the standard map analytically and computationally for V(6) = kcos(6) £n=-oo S(t — nT) and 
have compared their results with classical ones [1]. There are important differences. They have 
observed that in fundamental resonances ( T = 4nm, m is an integer) the energy of the rotator 
grows quadratically with time. Izrailiev and Sheplyansky have extended the work of Casati et al 
[15]. For resonances in general they observed a similar behavior of energy with time. Dorizzi et 
al have studied the potential for quantum kicked rotator of the form V(<9) = 2arctan(£cos(#)/2) 
andkeR, in which their numerical results indicate quadratic growth of energy with time in 
resonances [16]. 

In this paper, we study a novel quantum system for Hamiltonians whose classical counterparts 
are chaotic. In this model we consider a one-dimension of potential as 

V(x) = 2arctan( kC ° S(x) ), \b\<l,keR (1) 

This potential has the remarkable property as: (a) it approaches to a delta- function when b -* 1 
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and ( b) it takes the standard kicked rotator form when b -> 0. Fig.l. 





(a) (b) 

Fig. 1, Variation of potential V(x) for (a) k = 0.1, b = 0.99 and (b) k = 0.5, b = 0.01 

The organization of the paper is as follows. In section 2, we calculate the general form of the 
wave function analytically and in section 3, for a special potential we find time evolution matrix 
between two successive impulses and we prove the unitary property of the evolution matrix. In 
section 4 we study time evolution of the energy and obtain an analytical expression for periodic 
cases. In section 5 we discuss the non-resonance case numerically and finally section 6 is 
devoted to conclusion and numerical results. 



2. CALCULATION OF THE WAVE FUNCTION OF THE GENERALIZED KICKED 
ROTATOR 

We consider the Hamiltonian equation for the quantum kicked rotator model as 

H=^- + V(0J£S(f-nT), (2) 

where 9 and p are angle and angular momentum variables and potential V(9) is the periodic 
function. The wave function at time t and t is related through the following integral form of 

[17], 

(3) 



y/(t) = exp 



i[H(t')dt' 



V(t ) 



Where Plank's constant is taken to be 1. For t = nT + and t = {n+\)T~ , where "-" and "+" signs 
indicate the times immediately before and after the impulses respectively, Eqs. (2) and (3) give 
i/(nT + )=ex^-iV(0)]i//(nT-) , nT <t<nT (4a) 

y/[(n + l)T-] = exp[- iH Q T]y/{nT), nT <t<(n + l)T (4b) 

By combining Eqs. (4), the wave function after the (n+1) 1 impulse, in terms of that after the n l , 
one obtains 

¥ [(n + l)T + ] = U(k,0,T) ¥ (nT), (5) 

where 

U(k,0,T) = e- m ° T e- iVW , (6) 

We expand this wave function in terms of the eigenfunction of free particle, <p n =(l/j2jr)e ine . 
Thus 

y,{nT + )=Yc.(nT + )cp.(9), (7) 
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Inserting Eq. (7) in Eq. (5), multiplying both sides by <p' m (0) and integrating over the interval 

(0,2/r) , gives 

Cj [(« + l)r + ] = YU mj C J {nT ) = A„„Q,C . («r + ) (8) 

j 

Where jj a and q are the matrix elements of the form 

mj ' ml ij 

U mj =<<P m \e-^e-^%> (9) 

A ml = \<p' m {6)e-' V{e) <p l {6)d0 (10) 



£l v = \cp\ (0)e- m ° T <Pj {6)d6 = e- ia ' T S v (1 1) 



and a>j=j 2 /2. By considering the wave function of particle of the form ^0)=VC(0)^. , and 

convert c m (nr + ) in term of wave vector C(nT), the Eq. (8) gives 

C(n)=U"C(0) = (AD.)"C(0) (12) 

Where c(0)and c(n) are the initial wave vector and after the n th impulse respectively. Hereafter 
for simplification we suppress plus-sign on T. 

3. THE MATRIX ELEMENTS OF THE EVOLUTION OPERATOR 

In this section we are going to derive the elements of matrix U by considering special potential 

(1) for Eq. (2), and obtain analytically the wave function of the kicked rotator. 

Inserting Eq. (1) into (9) and using Eqs. (10) and (11) the matrix element between pulses 

becomes 



U mj = A m fl lj =<nie- vw j>e 2 = m 



illWl K -'<t» t _/... l-i(kcos(6>)/2(l-bcos(<9)) 



l+j(fccos(<9)/2(l-fccos(<9)) 
By calculating the integral (13), the elements of A m . is given by 

2/ 



-i(L-)T 

J)e 2 



(13) 



K 



( ^==)[z(r) 2 + =± z {r) + l]z(rf- il - 1 m * j 

2Vl + r 2 r 

1 * * 

r v 

(-^=)(1 + — ) m = j 

VI + r 2 r r 



(14) 



Where z{r) - (i/r)(l - VI + r 2 ) and r = k 1 2 + ib . In order to obtain a compact formula we define 

- = sinh(/ + i/j) (15) 

r 

Then 

z(r) = -ie- {r+u,) and z(r)z'(r) = e - 2r (16) 

Where/and // are real numbers [18]. From Eq. (16) we conclude that \z\ = e~ y this means that 
the matrix elements of U exponentially fall off away from main diagonal. This is related to the 
Anderson localization length that we are going to discuss elsewhere. 
Inserting Eqs. (15) and (16) in Eq. (14), gives 

sinh(7 - iff) cosn(/ - i/j) 
By considering the Eqs. (12), (14) and (17) and substituting n — m-j we could analytically 
obtain the wave function of the generalized quantum kicked rotator. 

The matrix U is unitary. To show this, from Eq. (9) one can reads the (/, m)-element of the UU + 
as 
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U lni U; = {<p m \e-^e-^U}U \e^ T e + ^%) = {cp m \\ 9l } = 5 ml 



(18) 



1 1 m = I 

[0 m # I 

Hence if c(0) is normalized, then c(n) remain normalized for after n th -pulses and C + (»)C(») = 1. 

We have used this property as a criterion for checking the precision of our numerical 

computations. 



4. EVOLUTION OF THE ENERGY 

The expectation value of the energy at t - nT is 

j_ 
2 



*w 1 i oo 

£(«)= \yr'(6,n)2- y/(6,n)dd = -Yf\C ] (nf=C\n)H,C{n) 



(19) 



Where the element of H are H k = (l/2)j 2 S k . . The classical counterpart of Eq. (19) has chaotic 
behavior for k>k c = 0.971635, b = [4-7 , 19-20] and for b * 0, k e tf , as it shown in Fig. 2. 



k=5 ,x(0)=.01 ,p(D)=.0l 



k=.5,b=.99 ,x(0)=.01 ,p(0)=.01 



^_ 



.)uu l l)l.l)l'l l '.,IJUl!i. 



50 100 150 200 250 300 350 400 450 500 
Time 




(a) 



(b) 



Fig. 2. Classical evolution of the energy with respect to kicked numbers, (a) 40) = 0.01 , p(0) = 0.01 , 
b = and k=0.5. (b) X (0) = 0A, p(O) = 0A b = 0.99, and k =0.5. 

But in the quantum system three different cases can be recognized. In Fig. 2b we can observe 
that the system has chaotic behavior in the classical case. 



4.1. The Periodic Cases 

For 77 4;r=l/2 the matrix elements of U of Eq. (17) reduces to 

U 



smh(y + iM) )( 2casMsmhr g , )Z { r f'-\-\y 



(20) 



sinh(/ - iju) cosh(^ - iju) 
The system for all fcand b = 0, returns to its initial state after every two impulses, and u 2 =1 
[21]. For every ytand b*0 the system grows with time and u 2 #1. This analytical feature has 
been checked numerically by using Eq. (19), as it is shown in Figs. 3, with 774«-=l/2, « = 50, 
k = 0.5 and b = 0, 0.01 , 0.1 , and 0.99.. In the case (a), the system for all k and b = 0, returns to its 
initial state after every two impulses. But for every k and b^0, in the cases (b), (c) and (d), the energy 
of the system grows with time. 
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Fig. 3. Evolution of the energy with respect to kick number, for 774/r=l/2, k=0.5 for (a) b=0, (b) 

b=0.01, (c) b=0.1, and (d) b=0.99. 
4.2. Resonance Cases 

The cases 77 4# = p/q * 1/2 , p and q are integers, are known as resonances. The special cases of 
TIAn = m, tn is an integer, are the fundamental resonances. We have numerically verified for 
b = and b ^ , in all resonance cases that the energy grows quadratically with time. For 
special case = , all numerical computations are compatible with refs [4, 21]. 
Here, we prove this feature for fundamental resonances analytically. For TIAn:=m the evolution 
operator of Eq. (6) reduces to exp[— iV(6)]. For the wavefunction after the n' h impulse one 
finds 

By considering Eqs. (19) and (21) the expectation value of the energy will be 

E(n) = \y/\e,n)H Q y/{9,n)de = -- J 5 ^' n) 
o ■*■ 

= rj(k,b)n 2 +^(k,b)n + E(0) 
Where 



(21) 



30 



dO 



n(k,b)- 



i 



I 



k 2 sm 2 0dd 



^ {[(b 2 +k 2 / 4) cos 2 0- 2b cos + \f 
sm9 
2 J[(fo 2 +/t 2 /4)cos 2 <9-2/7cos^ + l] 



tM)-A\ ™ ■■■- s '°- ■■ ..^ (wi^W^ 



dO 



do 



)dO 



£(0)=If^M 

2 1 dd 



(16 



(22) 
(23a) 
(23b) 
(23c) 
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If the initial wave function is the ground state, y/{9fi) = \lsj2n; , then Z?(0)and %(k,b) vanish. The 
integral (23a) can be evaluated by the change of variable t = cos(6>) . Eq. (22) then becomes 



E(n)- 



(b 2 +k 2 /4) 2 -(b 2 -ibk/2) (b 2 +k 2 /4) 2 -(b 2 +ibkll) 



[k^(b 2 +k 2 /4) 2 -(b-ik/2) 2 kj(b 2 +k 2 /4) 2 -(b + ik/2) 2 J 
Moreover, Eq. (24) can be expressed in term of limited conditions of the form: 

where k «\,b = 

k 



E(n) ~—n l 
4 



E(n) *-« 2 

2 



£(«): 



where k»\, b = 

[(b 2 +k 2 I4f -{b-ikblT)\\b 4 -b 2 +k 2 14-ikb 



kyj(b 4 -b 2 +k 2 I4f +k 2 b 2 



[(b 2 + k 2 1 4) 2 -{b + ikb I 2)]jb 4 -b 2 +k 2 14 + ikb 
kJ(b 4 -b 2 +k 2 /4) 2 +k 2 b 2 



and 



n 2 where k « 1 , b & 



E(n) 



b 2 +k 2 /4 
kil 



n 2 ; where k»\, b ^ 



(24) 

(25) 
(26) 



(27) 



(28) 
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Fig. 4. Evolution of the energy as a function of kick number, and 774;r = l, k=0.5 for (a) b = and (b) b=0.5. 



2.5 












k=2 , b=0 , T=4pi<8/13) 












1.5 


I I 


III 


1 

1 




111 




I 1 


II 


| 


1 








0.5 


I 


j 


. 




ijljii 




|!!|||>I 


II'' 








SO 




1 


00 


150 




200 


2 


50 




3 


M 



k=2, b=0.5,T=4pi(8/13) 



illtff 



50 100 150 200 250 300 
Time 





<=2,b=0.99,T=4pi(8/13) 


^Mmr 





50 100 150 200 250 300 
Time 



(a) 



(b) 



(c) 



Fig. 5. Evolution of the energy as a function of kick number, and T I 4k = p I q = 8/13, k = 2, (a) Z? = , (b) 

Z? = 0.5,and(c) 6 = 0.99. 
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Gharaati has analytically obtained Eq. (24) for special case b = 0, [21] and the limiting values 
of analytical computation of this equation, for small and large ksand b = that is Eqs. (25) 
and (26) were predicted numerically by Dorizzi et al, [16]. In Fig. 4, we have shown the 
variation of energy in term of kicked number for k = 0.5 and T/4x = 1 . 

We verified numerically the limiting values for bj^O, that shown in Eqs. (27) and (28). In 
three cases it can be observed that the variation of energy grows quadratically with time and 
increase energy by increasing the value of b . 

Also for cases T IAti = pi q = rational, the energy for example, for T I ' An = pi # = 8/13, increases 
with time. An analytical study of system in this case is complicated. The results in various 
stages of numerical computations are shown that the energy grows with time. The variation of 
energy in term of kick number for p/q = S/l3, k = 2 and (a) b = 0, (b) b = 0.5, and (c) b = 0.99. is 
shown in Figs. 5. 



5. NON-RESONANCE CASES 

Non resonance cases occur for 77 Ak= irrational. An analytical study of the system is very 
complicated. For small k and b = , however, It was verified numerically by Hogg and 
Huberman [21-23]. In this case, we verified numerically the expectation value of the energy by 
using Eq. (19) for b*0. For this case it can be observed that the energy is oscillating around a 
mean value and it becomes difficult to decide whether the system becomes chaotic or not. In the 
numerical study the larger the k and b the larger the dimension of the U matrix. The results of 
numerical computation are shown in Fig. 6. 
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Fig. 6. Evolution of the energy as a function of kick number, and J I An = 17711/28657 =[-^5 -l]/2, 

k=4.8, (a) 6 = 0, (b) b = 0.5 and (c) b = 0.99. 



6. CONCLUSION AND NUNERICAL RESULTS 

By introducing a novel potential for the kicked rotator model (Eq. (1)), we have analytically 
derived the wave function of the system after each impulse, (Eqs. (6) and (1 1)). We have shown 
that the evolution operator of the wave function U is a unitary matrix and the elements of U are 
periodic in T. This is in contrast to classical case. Also, we have shown the matrix elements of 
U fall off exponentially. 

The time evolution of the energy of the generalized quantum kicked rotator with potential (12) is 
obtained for various cases. For 774/r = l/2 and £> = 0fhen u 2 =iand the system returns to its 
initial state after every two impulses. For 774/r = l/2, b ^ 0, the energy of system grows with 
time. For cases T I Ax = pi q^lll, for all Z/sand k'sthe energy grows quadratically with time, 
as expressed in Eqs. (22) and (24). The coefficients of the quadratic expression for TIAn- 
=integer, is explicitly given. For 77 Ak = irrational, the behavior of the system depends on the 
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strength of the impulses, b and k . In this case numerical computations show upper bound for 
the energy. The unitary of the truncated matrix U was used to check the accuracy of the 
numerical results in various stages of the computations. 
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We use non-polynomial spline in off step points to develop a numerical 
method for the solution of sixth-order boundary-value problems. End condi- 
tions of the spline are derived. We compare our results with the results produced 
by Non-polynomial splines method [2]. However, it is observed that our ap- 
proach produce better numerical solutions in the sense that max|ei| is minimum. 

Keywords: Sixth-order B.V.P; non-polynomial spline functions; end con- 
ditions; convergence analysis; numerical results. 

1 Introduction 

We consider sixth-order boundary-value problem of type 

y^(x) + f(x)y(x)=g(x), x e [a,b], (1) 

with boundary conditions 

y(a) = A Q ,yW(a) = A 1 ,y^(a) = A 2 , 

y(b) = B Q ,y<»{b) = Bi,2/ (4) (6) = B 2 . (2) 

where, g(x) and f(x) are continuous on [a, b] and Ai, Bi,(i = 0, 1, 2) are real finite 
constants. Caglar et al.in [1] solved third order boundary value problems using 
fourth degree B-spline functions. El-Gamel et al.[3] used Sinc-Galcrkin method 
for the solution of sixth-order boundary value problems. S.S.Siddiqi.G.Akram 
[4] presented the solutions of sixth-order boundary value problems using Sep- 
tic spline. Farajeyan and jafari in [5] applied spline approximate to the so- 
lution of eight-order boundary-value problems. In this paper we used non- 
polynomial spline approximation to develop a family of new numerical meth- 
ods to obtain smooth approximations to the solution of sixth-order differen- 
tial equation. The spline functions proposed in this paper have the form T-j = 
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span{l, x, x 2 , x 3 , x A 1 x 5 ,cos(kx), sin(kx)}where k is the frequency of the trigono- 
metric part of the spline functions which can be real or pure imaginary and 
which will be used to raise the accuracy of the method. Thus in each subinterval 
Xi < x < x i+ i, we have 

span{l, x 1 x 2 , x 3 , x , x 5 , cos(|/e|x), sin(|fc|a;)}, 

or 

span{l, X, 2; , x ,x ,x ,x ,x }, (whenk — > 0). 

2 Numerical method 

To develop the spline approximation to the sixth-order boundary-value problem 
(l)-(2), the interval [a,b] is divided into the following subintervals using the 
grids 

i 1\ b — a 

xq = a, Xi_i = a + (i — -)h, h = , I = 1,2, ...,n, x n = b. 

2 2 n 

where h = ^^. Consider the following non-polynomial spline Si(x) is each 
subinterval [x i _i,x i+ i\,i = 1 , . . . , n — 1, 

Si(x) = a,iCOsk(x — x^ + bisink(x — Xi) + cix — Xi) + di(x — x.i) + 

ei(x- Xi) 3 + f*(x -x^ 2 + g*(x - x { ) + q h (3) 

where ai,bi,Ci,di,ei, /*, g* and qi, are real finite constants and k is free parame- 
ter. The spline S is defined in terms of its 2th and 4th derivatives and we denote 
these values at knots as: 

S i (x i _i) = y i _i , Sl 2 \xi_i) = m;_i , Sf } (^_ i ) = M { _ i , , sf\x^i ) = L t _i , 

Si(x i+ i) = y i+ i , 5f ) (x i+ i) = m i+ i, , S*- 4 \x i+ i) = M i+ i , Sf \x I+ i) = L i+ i 

for i = 1,2, ...,n. (4) 

Assuming y(x) to be the exact solution of the boundary value problem (1) and 
yi be an approximation to y{xi), using the continuity conditions we obtain the 
following spline relations: 

%_|-6j/ 4 _|+15y 4 _|-20y 4 _i+15 %+ i-6y 4+ |+y 4+ | 

= h 6 [aL t _ r +/3Li_ 5 +^L t _ | +5L t _ i +^L i+ 1 +/3i 4+ s +a^_ s ] , 
i = 4,5,...,n-4. (5) 



Where 



_ 120/ifc - 20fe 3 fc 3 + /i 5 fc 5 - 120Sin(<?) 
" ~ 12O0 6 Sin(0) ; 
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-(240/ifc + 20/i 3 fc 3 - 13h 5 k 5 + hk(120 - 20h 2 k 2 + h 4 k 4 )Cos(6) - 36OSm(0)) 
1 ~ 606 e Sin(6) ' 

_ -(240/ifc + 20h 3 k 3 - 13h 5 k 5 + 3«c(120 + 20h 2 k 2 + llh 4 k 4 )Cos{9) - 600Sin(9)) 
7 ~ 306» 6 Sm(6>) ' 

-(-/ifc(840 + WQh 2 k 2 + 67h 4 k 4 ) + 4/ifc(-240 - 20h 2 k 2 + 13h 4 k 4 )Cos(9) + 18OOSm(0)) 

1209 e Sin(6) ' 

3 Development of the boundary formulas 

The relation (5) forms a system of (JV — 7) linear equations in the (TV — 1) 
unknowns (yi,i = 1,2, ...,N — 1), while U is taken from BVP(l)to be equal to 
(—fiDi + gi). six equation (end conditions) are required to be associated with 
the system (5) to determine a unique solution of y^s .In order to obtain the 
sixth-order boundary formula we define the following identity: 



d' yo+ E a'k+iVk+t+MyjP+i/h'vP = h e E b'^yf^+h, 

fe=0 fc=0 

fe=0 fc=0 

7 7 

„'"f,2„,(2) m,4,(4) _ ,6V^.m (5) 



rfo's/o+^a^ 1 |/ fc+ .+c'"/, 2 3/J 2) +p'"ft 4 |/5 4) = k 6 £C-iC+i+ i3 ' 

fc=0 fe=0 

7 7 

fc=0 fe=0 

6 6 

<yo+E4 + iy fe+ „-|+c^ 2 ^ 2) +^^ 4) = /* 6 E 6 £+41-8 +i " 



i-n-2) 

fe=0 fe=0 



(6) 
(7) 
(8) 
(9) 
(10) 



5 5 

d*o*yo+^at* +1 y k+n _i+c**h 2 yP+p**h 4 yi 4) = ft 6 £&&il/£ n _5+tn-i 

k=0 fc=0 

(11) 

where all of the coefficients are arbitrary parameters to be determined. By using 
Taylors expansion and by solving the corresponding linear system we obtain: 

.,,,,,. , 847476 589659 11907 152793 19327, 
{a 1 ,a 2 ,a 3 ,a 4 ,a 5 ) = (1, 



(d ,c ,p) = (l 



464945 ' 464945 ' 20215 ' 929890 ' 929890 ; ' 
114723 1407483 , 



743912' 59512960 ' 
i i,t 1,1 1,1 1,1 



(&1.&2.&3AA) 
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199935287 220288121 774211293 17670329 629599 , 
*- 30470635520 ' ~ 152353177600 ' ~ 152353177600 ' 152353177600 ' ~ 15235317760 ' 

1503231188725049 1867935336508597 



i a a a a n n \ i 
(a 1 ,a 2 ,a 3 ,a4,a 5 ,a 6 ) = (-- 

ZO/OZOKZOU I »i / UUJ I uu 

WQfiS?! 003030.^8.^74^8;! 01 1 843R0Q31 Q3K 



23782817280 ' 7927605760 ' 
4247624920328657 3323910594809683 903030585746583 91184360931935 



11891408640 ' 11891408640 ' 7927605760 ' 4756563456 

„ „ ,/x_ n 128703046919 2210375095681 

( o> c >P )-( ' 12386884 ' 3963802880 '' 

„ „ „ „ „ „ _ 12683929093362529 215355320923364639 

{b 1 ,b 2 ,b 3 ,b 4 ,b 5 ,b 6 )-{l, 28539 3 8073600 . 19977566515200 ' 

41648028557578489 20633161916767 
9988783257600 ' 133183776768 ' '' 

31797138715241899 39510888135471647 



(«i ,(h ,a 3 ,a 4 ,a 5 ,a 6 ,a 7 ) = (-- 

I 104010104U iOIOZOlliOU 

IQAKM iaOQSfiOK19108SA?;3 1 cwRSQAKAKQSfms 

1), 



71348451840 ' 23782817280 
89842909122366067 70301996244994553 19098605121088453 1928394545986333 
35674225920 ' 35674225920 ' 23782817280 ' 14269690368 
r ,/// /// n, ) _ n 2722869100309 46967954595971 
^ °' C lP '~^ ' 37160652 ' 11891408640 '' 

(h"> h"> h"> h"> h"> h"> h'"\ - 268058128650415139 4555312284197913949 

{bl ' 2 ' 3 ' 4 A ' 6 ' 7 ' ~ ( ' 8561814220800 ' 59932699545600 ' 

880203713205739499 442606459030301 , _ x 



29966349772800 ' 399551330304 ' ' n 

31797138715241899 39510888135471647 



/ooooooo\ / 

(ai,a 2 ,a 3 ,a 4 ,a 5 ,a 6 ,a 7 ) = (- 

I 104010104U iOIOZOlliOU 

944QQ4F,K3 1QnQRfinK19inRR4K3 1 Q983Q4!UKQ8fi.'m 



71348451840 23782817280 
89842909122366067 70301996244994553 19098605121088453 1928394545986333 



35674225920 ' 35674225920 ' 23782817280 ' 14269690368 
2722869100309 46967954595971 
' °' C ' P '~^ ' 37160652 ' 11891408640 '' 

268058128650415139 4555312284197913949 

( i. 2. 3> 4. 5: 6. 7) ~ ( ) 8561814220800 ' 59932699545600 ' 

880203713205739499 442606459030301 
29966349772800 ' 399551330304 ' ' '' 
. . . . . . ., , 1503231188725049 1867935336508597 

v i, 2: 3) 4: 5> 6J v 23782817280 ' 7927605760 
4247624920328657 3323910594809683 903030585746583 91184360931935 



11891408640 ' 11891408640 ' 7927605760 ' 4756563456 

/,* * *\-(-\ 128703046919 2210375095681 
^ °' C lP ' ~ ' ' 12386884 ' 3963802880 '' 

iKi b 2, h ti h Xi b ti h t) = 

12683929093362529 215355320923364639 41648028557578489 20633161916767 
( ' 2853938073600 ' 19977566515200 ' 9988783257600 ' 133183776768 ' '' 
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, „ „ „ „ **, n 847476 589659 11907 152793 19327 

v 1 2 3 4 5 ; v 464945 464945 20215 929890 929890 ' 

, ~ „ _ _ . H4723 1407483 

1 ° ' ' P j l ' 743912' 59512960 h 

„** ,** ,** ,** ,++, , 199935287 220288121 774211293 
(b\* ,bf ,b%* ,b\ ,*>% *) = ( 



30470635520' 152353177600' 152353177600' 
17670329 629599 
152353177600'" 15235317760'*' 



' j- _ 16627547407 l!2 (12) 
11 804424777728000 «0 ' 
. _ 53312770232930830091 .12 ( 12 ) 
'' 2 60757373491347456000" »0 ' 
. _ 1302781237303919342881 l 12 (12) 

1/3 182272120474042368000" »0 ' (1 o) 

. _ 1302781237303919342881 L 12 (12) V ) 

™- 3 182272120474042368000 »0 ' 
. _ 53312770232930830091 Ll2„, (12) 
<-n-2 60757373491347456000" W0 ' 
j. _ 16627547407 l12„,(12) 

<-n-l — 804424777728000" y i 

At the mesh point xi the proposed differential equation (1) may be discretized 
by: 

Li=9%- fiVi, (13) 

where L» = £> '(ar*), /, = /(»»), flfj = S>(x,) and j/* = y(xi). 

The local truncation error corresponding to the method (5) is given by 

U = (1 - 2(a + /3 + 7) - 5))/ i 6 yf + (-i+a + /3 + 7 + ^)^yf } + 

1 1 

-(3 - 74a - 34/3 - IO7 - <5)/i 8 ?/ 4 (8) + —(-7 + 218a + 98/3 + 26 7 + S)h 9 yf } + 
8 48 

(121 - 15130a - 3530/3 - 410 7 - 5<5)/i 10 yf 0) + 



1920 

—^-(-77 + 13682a + 2882^ + 242 7 + S)h u y^ u) + 

— - — (6227 - 2798754a - 343434/3 - 15330 7 - 21S)h 12 y ( ; 12) + 
967680 

J (-3353 + 2236254a + 227814,3 + 6558 7 + 35)h 13 y ( j 13) + 



1935360 



(4681 - 6155426a - 397186/3 - 6562 7 - <5)/i 14 ^ (14) - 



10321920 

0(h 15 ),i = 4,5,...,(n-4). (14) 



By using the above truncation error to eliminate the coefficients of various 
powers h we can obtain classes of the methods. For any choice of a, /3, 7 and S 
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whose 2a + 2ft + 2j + S = 1, , We obtain the following methods. 



Remark(i): Second-order method 

' 1 120 1191 2416 > 
- 5040 ' 5040 ' 5040 ' 5040 > 



For (a, ft, 7, 8) = (=^=, ^, l^f 1 ,, ^1§) we obtain the second-order method with 



truncation error ti — — ^h 8 y^ + 0(h 9 ). 
Remark(ii):Fourth-order method 

For (a,ft,j) = (0, 0, |) and 6 = \, we obtain the fourth-order method with 

truncation error U = -^h w y\ + 0{h xl ). 
Remark(iii): Sixth-order method 

For (a, ft, 7) = (0, j|g, ||) and <5 = |i, we obtain the sixth-order method with 

truncation error ti = 30 l 40 h 12 y\ + 0(h 13 ). 
Remark(iv): Eight-order method 

For (a, ft, 7) = ( 35540 > 5535 >i^) and s = Hi' we obtain the eight-order 

method with truncation error U = 576 o ^ 14 ?4 + 0(h 15 ). 



4 Numerical results 

Example l.We Consider the following boundary- value problem 

y {6) ( x ) + 2/0) = Q(2xCos(x) + 5Sin(x)), -1 < x < 1, 

y(-l) =0,3/"(-l) = -4Cos(-l)+2Sm(-l),y (4) (-l) = 8Cos(-l)-12sm(-l), 

y(l) =0,y"(l) =4Cos(l) + 25m(l),y (4) (l) = -8Cos(l) - 12sm(l) (15) 

The exact solution for this problem is y(x) = (x 2 — l)Sin(x). We solved this 
example by different values of h — 1, 33, o\ -The maximum absolute errors 
associated with yi for the system (15) are summarized in Table 1 and compared 
with [2]. 

Example 2. We Consider the following boundary- value problem 

j/ 6) (x) + xy(x) = -(24 + llx 3 )e x , < x < 1, 

y(0) = 0,y"(0)=0,yW(0) = -8, 

y(l) = 0, y"(l) = -4e, y (4) (1) = -16c (16) 

The exact solution for this problem is y(x) = x(l — x)e x . We solved this example 
by different values of h = =, jf, o-j .The maximum absolute errors associated 
with yi for the system (16) are summarized in Table 2 and compared with [2]. 
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Table 1: Observed maximum absolute errors for example (1) 

h n = l R = -^ <t = /?=-!- [21 

" w;Lii' " Z, 1 !' lJ 

' 10080 ' 7560 ' 60 ' 20 ^__ 

I a QTOOvin-w 7 /i^^^vin-iu 1 7»vin-s 



1 



4.3599x10-" 7.4353xlO~ iU 1.78x10" 

- 6.7431xl0"" 14 1.9817XHT 11 1.37xl0~ 10 

A- 1.5438xl0~ 14 2.6639xl0~ 12 9.45xl0~ n 



Table 2: Observed maximum absolute errors for example (2) 

' 10080 ' 7560 ' 60 ' W ^__ 

"^ 2.69xl0" 14 5.71 xlO" 12 1.15xl0- y 

A 2.49xl0~ 15 3.61xl0~ 12 3.95xl0~ 12 

A 4.57xl0~ 13 8.44xl0- n 4.41X10" 11 

Conclusion 

The new methods of orders 2,4,6 and 8 based on non-polynomial spline in off 
step points are developed for the solution of special sixth-order boundary-value 
problems. Tables land 2 shows that our methods produced better in the sense 
that max|ei| is minimum in comparison with the existing methods. 
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Abstract 

Empirical studies suggest that traffic flow generally exhibits irregular and complex 
behavior. Modeling of traffic flow characteristics is difficult and needs new techniques. 
In this study, we analyzed chaotic structure in traffic time series data collected from an 
urban arterial in Istanbul over a period of about 1 week. Nonlinear techniques 
(correlation dimension and metric entropy) are used to identify chaotic structure. After 
detecting chaotic characteristics, the predictability of time series data was examined. It 
is found that the traffic flow at the main road of Dcitelli - Mahmutbey location displayed 
a periodicity close to 24 hrs, and a 100 minute long prediction interval which is 
indicative of low dimensional chaos as found from the computed metric entropy. 
Traffic time series data included speed, occupancy rates, and volume at each lane on the 
main road of Ikitelli - Mahmutbey on the European side. 



Keywords: Chaotic systems, Traffic flow, Time series analysis, Correlation dimension, 
Metric entropy 



1. INTRODUCTION 

Many systems may exhibit complex, multi-dimensional, and irregular behaviors. For 
example, a system that may be known as a stochastic system may represent different 
characteristics such as chaotic and fractal. Therefore, different techniques need to be 
used to expand our understanding about the systems. In the last decade, nonlinear 
techniques to model and predict such complex systems have been applied by many 
researchers in various fields of natural - social sciences and engineering. Also, these 
techniques may give better results rather than deterministic techniques. 

Recent studies have shown that transportation systems may exhibit chaotic or fractal 
behaviors (Lan et al., 2003; Nair et al. 2001; Li and Shang 2007; Shang et al., 2007; 
Frazier and Kockelman, 2004; Shang, Li, and Kamae, 2005; Xu et al., 2008; Shang et 
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al., 2008). In spite of growing interest and voluminous empirical literature, there is no 
consensus that traffic flow exhibits fractal or chaotic behavior. Chaos theory implies 
system determinism. Transportation systems are affected from many factors such as 
human and weather factors. Therefore, the methods based on chaos theory may not be 
applied in the modeling of transportation systems, since these factors can be random 
rather than deterministic (Frazier and Kockelman, 2004). 

Complex phenomena in general present a nonlinear behavior. Such systems are 
generally known as deterministic chaotic system. Traffic flow exhibits irregular and 
complex behavior (Nair et al., 2001; Shang, Li and Kamae, 2005). It is expected that 
nonlinear methods based on chaos theory (e.g. Lyapunov exponent, Correlation 
dimension, and Kolmogorov entropy) may provide better model performance for 
understanding behavioral structure of traffic and transportation systems. Nonlinear 
methods needs time series data set over a long time period. There is a lack of empirical 
studies in Turkey due to the lack of time series data for traffic flow characteristics. On 
the other hand, there is a growing interest about nonlinear analysis for traffic time series 
data in the literature. Therefore, gaining more contributions to the traffic flow from 
different cases and techniques needs to be explored. These contributions may provide 
information about predicting traffic flow dynamics and application in intelligent 
transportation systems. If we can understand the factors that produce chaos in a traffic 
flow, it can be possible to build new kinds of traffic models. 

To determine the fractal or chaotic characteristics of a data set, different methods can be 
used. Power spectrum analysis (Shang et al. 2007 and Frazier and Kockelman 2004), 
Hurst exponent (Lan et al. 2003, Shang et al. 2007, Li and Shang 2007), correlation 
dimension (Lan et al. 2003, Frazier and Kockelman 2004, Shang et al. 2005, Shang et 
al. 2006), and the Lyapunov exponent (Lan et al. 2003, Shang et al. 2005, and Nair et al. 
2001) are mostly used techniques. Since traffic flow has complex dimension, chaotic 
approaches are suitable for complex and multidimensional systems. 

In the literature, there are a large amount of chaos and fractal studies in the last decade 
for communication networks like the internet and other fields. Many of these are related 
to network traffic. In the case of transportation systems, traffic time series data has been 
analyzed for only one location. Also, the outcomes of the studies in the literature differ 
substantially. Frazier and Kockelman (2004) applied chaotic data analysis techniques to 
traffic flow data for Freeway in California. Traffic flow data were analyzed by Fourier 
power series, the correlation dimension, and the largest Lyapunov exponent. In their 
study, traffic flow exhibits chaotic characteristics. Lan et al. (2003) tested the presence 
of chaos for traffic flow time series data. Hurst exponent, Lyapunov exponent, 
correlation dimension, and Kolmogorov entropy were calculated from the automatic 
traffic count records (different time scale) for 20 selected stations out of Miami Freeway 
in the United States. They found that there is a strong evidence of chaotic structure, 
rather than random. Shang et al. (2005) applied non-linear time series modeling 
techniques such as correlation dimension and Lyapunov exponent in order to analyze 
the traffic data collected from the Beijing Xizhimen Highway in China. The results 
indicated that chaotic characteristics exist in the traffic system. Xu and Gao (2007) 
investigated the dynamical behavior of network traffic flow, which is based on the 
dynamical gravity model in the case of origin - destination trip network. They found 
chaos in the traffic network. Shang et al. (2006) tested the presence of chaos in the 
traffic time series by employing the correlation dimension method for the highway in 
Beijing, China. They did not find strong evidence for the evidence of chaotic behavior 
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in the dynamics of traffic time series. Shang et al. (2008) investigated multi-fractal 
behavior and long-range correlations in traffic time series for Highway data in China. It 
is realized that traffic time series has an almost mono-fractal behavior. Also, traffic 
speed fluctuation is turned out to be a mult i- fractal. Shang et al. (2007) investigated the 
presence of fractal in the traffic data for Beijing Yuquanying Highway in China. The 
power spectrum, the empirical probability distribution function, the statistical moment 
scaling function, and the autocorrelation functions were used. Traffic time series data 
exhibited fractal behavior. Li and Shang (2007) studied to determine whether multi- 
fractal parameters could be used to classify of traffic flow for Beijing Yuquanying 
Highway. Their analysis was mainly based on Hurst exponent. They found that multi- 
fractal process is appropriate in the analysis of the traffic flow. Belomestny and Siegel 
(2003) investigated statistical properties of highway velocity time series data obtained 
from German highways. There is a strong evidence of a long-range dependence. Also, 
they found that time series data set has stochastic nature. Wang et al. (2005) tried to 
forecast the traffic flow in a short-term based on theory of chaos and to identify the 
chaos in traffic flow time series for Shangai City in China. There is chaos in traffic 
flow. Also, approaches based on deterministic chaos can be effective in short-term 
traffic flow forecast. Nair et al. (2001) analyzed traffic flow data and characterized it as 
chaotic. 

Traffic system management is an important tool to use transportation system capacity 
efficiently in recent years. The tool needs to predict condition of the system from a time 
to another time with real-time data. Therefore, it is known how the factors such as 
traffic signals directing the system will behave in the next position. There may be 
differences between prediction and observation. However, we should have prior 
information about the probable condition at t+1 time. What signal times should be is 
important for effective usage of existing capacity. In addition, the determination of the 
flexibility of the system against unexpected situations is important. It is worthwhile 
Whether or not the data relate to the system at a time have reliable information about the 
condition of the system at the next time. This study examines system predictability 
considering traffic flow characteristics for continental crossing in Istanbul. 



2. NONLINEAR TIME SERIES ANALYSIS 

In general, dimension is the number of parameters is needed to identify of an object. 
The dimension of a line is 1, and for a plane it is 2. However, as in many examples in 
everyday life, all objects are not smooth as geometrically. Complex, non-integer 
dimensions are called fractal dimensions. Considering that the most of naturally 
observed phenomena, or scientific researches have nonlinear dynamics and due to the 
fact that non-linear dynamics (especially chaotic systems) have fractal dimensions, the 
importance of fractal dimension analysis methods have increased, especially in recent 
years. 

In this study, the variation in non-linear dynamical quantities of Istanbul traffic data was 
analyzed. In short, the purpose of this study is to test the predictability of traffic flow 
data through nonlinear time series analysis techniques, and to provide accurate 
forecasting information for advanced signaling systems. 
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2.1. Correlation Dimension 

Correlation dimension is used to determine the geometry and complexity of an attractor. 
Correlation dimension is calculated via correlation sum. The correlation sum of a 
certain point s„ in a vector space is simply the sum of the all points in a "epsilon" (s) 
neighborhood. In this study, calculation methods, which were introduced by Kantz and 
Schreiber (Kantz and Schreiber, 1997) will be the used for nonlinear invariants. More 
information on nonlinear invariants and their calculation methods can be found in 
previous works of the authors (Sevil, 2006). 

The correlation sum of a time series can be found by the following equation: 

9 N N 

C(s) = YYHie-k-sh (1) 

Where N is the total number of points and H Heaviside is the step function. 

In equation (1), the variable s represents the vectors that are obtained through 
embedding the scalar values to a phase space. The embedding method is nothing but 
creating m dimensional vectors from one dimensional data by using method of delay, 
which can be calculated as 

S n = \ S n ' S n-v ■>•" i S n-(m-2)v ' S n-(m-\)v ' (2) 

where s„ is the vector, m is the dimension of the vector and Si represent the real time 
series data. In equation (2), the parameter v is the optimal lag and can be obtained either 
using autocorrelation function or average mutual information function. In this study, 
average mutual information function is used for determining optimal lag v. 

Correlation sum, basically, is equal to the total number of neighbor points (s r ,sj) which 
are closer than a distance s. Considering infinite number of data points with s is 
approaching to zero, it is expected that correlation sum has an exponential relation with 
the parameter s 

C{s)as D (3) 

From equation (3), a dimension value D based on the behavior of a correlation sum, can 
be defined (Eqn 4). This dimension is called correlation dimension and it is quantitative 
value for time series. 

bgC(AU) 
l> = hm hm — (4) 

£->0 N->oo log £ 

2.2. Metric Entropy (Kolmogorov - Sinai Entropy) 

Metric entropy is quantitative measure used to characterize the chaotic behavior of the 
systems in multi-dimensional phase space. Metric entropy is proportional to loss of 
information of a dynamical system for a certain time. In other words, metric entropy 
represents the predictability of a given system, and it originates from information 
theory. Considering the observation of a system as a source of information, metric 
entropy gives a quantity about its predictability while entire past of the system has been 
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observed. The lower limit of informational metric entropy can be defined by using time 
series analysis. 

In the literature, the relation between metric entropy and the predictability of a system, 
and the real life implementation of this relation was presented (Sevil and Ozdemir, 
2006). Metric entropy of a time series is equal to 

, C(m, s) 

K 2 = lim lim log — — - (5) 

m ^oo £ _>o C (m + 1, s) 

In equation (5), the subscript 2 represents that the metric entropy value that is calculated 
by time series analysis is the lower limit of the metric entropy value determined from 
information theory. 

3. TRAFFIC FLOW DATA and DATA ANALYSIS 

In this study, we use the traffic flow data observed on the urban arterial in European site 
in Istanbul over a period of about 1 week, from 1 1/24/2008 to 1 1/30/2008 (24 h for each 
day). Our testing data come from the automatic traffic count records called as RTMs for 
each lane of the selected roads. The data were obtained from Istanbul Metropolitan 
Municipality, Department of Transportation and Directorate of Traffic. The raw data 
includes speed, volume, and occupancy rates. They are collected every ten minutes for 
each lane. We analyzed mainly speed data in the concept of this study. Some studies in 
the literature analyzed different time scales of 1 minute, 3 minute, 5 minute, 10 minute. 
In Istanbul, traffic counts are only recorded in the time scales of 10 and 30 minutes. In 
the concept of the study, we only analyze traffic speed data at second lane (s2) collected 
from RTMS22 reading the traffic flow crossing from Ikitelli to Mahmutbey (Figure 1 / 
RTMS22). 

Figure 2 represents the time series plot of the speed data observed over a period of about 
1 week. The fluctuations can only be seen in speed data. The detecting chaotic structure 
is difficult. Therefore, we need additional methods identifying behavior of time series 
data. 
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Figure 1 : The sensor locations on the main roads in Istanbul 
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Time Series of Traffic Flow Data (Speed) 
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Figure 2: Traffic Flow data (speed) of the direction through Ikitelli - Mahmutbey (rtms22/s2) 



Correlation Sum 




Figure 3: Correlation Sum of Traffic Flow data 



Primarily, the scalar data has been normalized and transformed into phase space using method 
of delay-reconstruction. Then, for different embedding dimensions (m=l-30), correlation sum 
values were calculated (Figure 3). As shown in equation (4), the slope of correlation sum 
graph gives the correlation dimension plot (Figure 4 - Left). Due to the limit property, linear 
part (plateau) of the correlation dimension plot indicates the final dimension which is a 



151 



YANKAYA ET AL: CHAOTIC STRUCTURE TEST... 



characteristic value for the system. In that region, the correlation dimension values can be 
represented due to changing embedding dimension and after a certain point the value will be 
constant. (Figure 4-Right, D ~ = 3.17). 

For scalar time series, the correlation dimension is a value that used to characterize the series. 
For instance, using correlation dimension, two traffic data in different times or different 
locations can be compared and be commented about their behaviors. Additionally, if 
correlation dimension values are rated (Eqn. 5), metric entropy graph is obtained (Fig. 5 - 
left). Likewise, the linear part can be plotted with respect to variable embedding dimensions, 
the steady state value indicates the metric entropy (K ~ = 0.1) of the particular system. 



Correlation Dimension 




Embedding Dimension vs Correlation Dimension 




10 15 20 
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Figure 4: Correlation Dimension and Correlation Dimension variation plots 

for traffic flow data 



Predictability of traffic data can be found by taking the inverse of metric entropy. For the 
particular implementation of this study, predictability is obtained as 10 (At ma x= 1/0.1) 
according to metric entropy value. Considering the sampling time of the data, it can be said 
that the predictions up to 100 minutes will have high level of accuracy. In the literature, a 
similar application was made for the Beijing Highways (Shang, Li, and Kaman, 2005) and 
predictability was calculated via maximum Lyapunov exponent. We believe that these results 
are unreliable, due to fact that the research of Shang and his colleagues was based only on 
largest Lyapunov exponent. According to Pesin's Identity, Metric Entropy is equal to sum of 
the positive Lyapunov exponents, where K2 is the lower limit for this summation. Predictions 
that are only based on the largest Lyapunov exponent could be misleading. In case of multiple 
positive Lyapunov exponent existence, the prediction times would be greater than actual 
values. 
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Metric Entropy 
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Figure 5: Metric Entropy and Metric Entropy variation plots for traffic flow data 



4. CONCLUSION 

In this study, on the traffic flow data collected from one of the major traffic artery of Istanbul, 
the direction of Ikitelli - Mahmutbey, a series of nonlinear analysis have been performed and 
exhibit of chaotic behavior is shown. Although not given here, the average mutual 
information analysis also has been made and the data was determined as almost periodic 
(23.33 hours). The reason of the result is just under 24 hours may depend on computational 
sensitivity. This almost periodicity led to a low Ki value. The data is therefore highly 
deterministic, but it has a low-dimensional chaotic characteristic. In almost all chaos 
literature, it is recommended to approach low K^ values with suspicion. The basis of this 
concern relies on the fact that real- K2 values could be blocked under the noise. The authors 
think that it is important to place this warning here. 

The effect of noise on traffic flow data as well as determining the type and magnitude of that 
noise is left as a future work. Obtained value of K2 = 0.1 leads to a 100 min predictability, 
which provides a longer time frame for prediction and reaction by the authorities compared to 
highway sections around the world. If it is assumed that the results are accurate, it can be 
compared with the result of 8 min found by Shang and his colleagues as mentioned above. 
The predictability value of 8 min indicates that the analyzed dynamic of Beijing Highways 
segment traffic is more complex and less predictable, in contrast to the traffic in the direction 
Ikitelli-Mahmutbey. Relatively low predictability values are not beneficial for traffic planners. 
As a future study, the parameters, which affect the predictability, can be investigated and be 
adjusted in such way to increase the predictability time. 
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Complex systems have statistical proprieties that differ greatly from those of 
classical systems governed by the Boltzmann-Gibbs entropy. Often, the proba- 
bility distribution observed in these systems deviate from the Gibbs one, show- 
ing asymptotic behavior with stretched exponential, power law or log-oscillating 
tails. Recently, several entropic forms have been introduced in the literature to 
take into account the new phenomcnologies observed in such systems. In this 
paper, we show that for any trace-form entropy one can introduce a pair of alge- 
braic structures with a generalized sum and a generalized product, each forming 
a commutative groups. These generalized operations may be useful in develop- 
ing the corresponding statistical theory. We specify our results to some entropic 
forms already known in literature presenting the related algebraic structures. 

Keywords: Entropic forms, Algebraic structures, Anomalous statistical systems, 
Power-law distributions, Generalized logarithms and exponentials 

1 Introduction 

A method for introducing generalized entropies is to replace the logarithmic 
function in the Shannon-Boltzman-Gibbs entropy, that, for convenience, we 
rewrite as 

w * ) 

S SBG [p] = -^ / \nxdx + / \nxdx , (1) 
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with its generalized version: lnx — > lnx. In this way, we obtain the following 
cntropic form 



w 



in 



i=\ 



S[p] = — 2_. I hi x dx + / In x dx , (2) 



o o 



where p = {pi G Hl + }i,...,w 1S a se t of probabilities for the W possible outcomes 

of a given observable. 

In the following, we require that In x is a monotonically increasing and concave 

function 

d ~ d 2 ~ 

— lnx > , - r ^-lnx<0. (3) 

dx ar 

Without lost of generality, we can impose In 1 = which assures the condition 
S[l] = 0, namely that entropy vanishes for a perfectly ordered system. More- 
over, we assume lnx G (— oo, x max ) for x G (0, +oo), with x max < +oo. 
In this way, the inverse function of lnx certainly exist and appears to be a 
monotonically increasing and convex function 

d d 2 

-— expx > 0, -— rexpx>0, (4) 

dx or 

with expO = 1 and expx G (0, +oo) for x G (— oo, x max ). 

According to the maximal entropy principle, the equilibrium distribution is the 

one that maximizes the entropic form constrained by appropriate boundary 

conditions 

w 

^Pi<Pij =0 J ! ( 5 ) 

with j = 0, 1, . . . M. Thay fix the values of various observable related to the 
system under inspection whose possible outcomes are given by <f>ij. 
This can be accomplished through the following variational problem 

m w 
S\p] + XI Mj Yl Pl ^3 )=0. (6) 

j=0 i=l 

Quite often, the constraints represent the moments of a given order of the pos- 
sible outcomes in an experimental measure. For instance, 4>iQ = 1, with O = 1, 
fixes the normalization of the distribution, (f>n = Xi, with 0\ = /i, fixes its mean 
value, 4>i2 — x 2 , with O2 = <r 2 , fixes the variance, and so on. 
In this way, from the problem (6) we obtain the generalized distribution function 

Pi = p(xi) = exp(-Xi) , (7) 

with Xi = J2j=o Mj 4>ij ■ 

In Ref. [1], in the framework of the K-deformed statistical mechanics, it has 
been suggested to introduce some generalized operations with the purpose of 
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extending some proprieties of logarithm and exponential to the corresponding n- 
dcformcd functions. Shortly afterwards, another generalized algebraic structure 
has been introduced in the picture of the g-deformed statistical mechanics [2, 3]. 
These algebraical formalisms are results useful in various applications ranging 
from the Laplace transformations [4] , the Fourier transformation [5] , the central 
limit theorem [6], the combinatorial analysis [7, 8], the Gauss law of error [9] 
and more. 

More recently, in [10], it has been advanced a method to unify these already 
known mathematical structures starting from an arbitrary bijective function. 
In this paper, we show that this bijective function can be actually derived from 
a given trace-form entropy afford to construct two different algebraic structures 
having the Abelian group structure. In this way, we can establish a link between 
the statistical mechanics based on a generalized entropic form and the emerging 
algebraic structures. 

2 Generalized algebras 

Starting from the functions fix) = expo; and g(x) = lnx we can construct two 
pairs of operations consisting of a generalized sum and product forming two 
distinct algebras. 
To begin with, we define the following operations 

x®y = f(ln(expg{x)+expg(y))), (8) 

x®V = f(9(x)+9(v)), (9) 

for any x, y € R + , although their extension to negative numbers can be easily 
accomplished. 

Theorem 1. The algebraic structure A = (R + , ffi, <g>) forms an Abelian field 
where sum ffi : R+ x R+ ->• R+ and product : R + x R+ ->• R+ fulfill the 
following proprieties 



1. Commutative : x ffi y = y ffi x ; 

x ®y = y <£> x ; 

2. Associative : x © (y © z) — (x © y) © z ; 

x <x> (y © z) — (x <x> y) ® z ; 

3. Null and identity : x®0 = 0<3)x = x; 

x®l = l®x = x ; 

4. Opposite and inverse : x © (— x) = (—x) © x = ; 

x<E) (l/x) = (l/x)<E>x = 1 ; 

5. Distributive : x © (y © z) — (x © y) © (x © z) 
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where 1/x = /( — g{x)), while the sum with negative numbers is defined as 

x ® {—y) = xQy — /(ln(exp5(x) - expy(y))) . (10) 

Proof. For the sum © we have 

1. Commutative : 

x®y = /(ln(expy(x) + cxpy(y))) 

= /(ln(cxp.g(y) + cxpg(x))) = y © x . 

2. Associative : 

xffi (y © z) = xffi /(ln(expy(y) + expy(z))) 

= /(ln(exp.g(x) + exp.g(y) + expy(z))) 

= /(ln(cxpy(x) + cxpy(y))) © z = (x © y) © z . 

3. Null element : 

xffiO = /(ln(expg(x) + expy(0))) 

= /(In (cxp.g(x))) = f(g(x)) = x . 

4. Opposite : 

x © (— x) = /(in (expy(x) — expy(x))) = /(— oo) = . 

In the same way, for the product © we have 

1. Commutative : 

x y = f(g(x) + g(y)) = f(g(y) + g{x)) = y © x . 

2. Associative : 

x © (y © z) = x © /(y(y) + .g(z)) 

= /(.9(.^)+.9(y) + .gW) 

= /(#(#) + g(y)) © z = (x © y) © z . 

3. Identity element : 

x®l = f(g{x)+g{l))=f(g(x))=x. 

4. Inverse : 

x © (1/x) = f(g(x) + g(l/x)) = /(0) = 1 . 

Finally 

5. Distributive : 

x© (y © z) = x© /(in (expy(y) + expy(z))) 

= /(0(a) +ln(expy(y) +expy(z))) 

= /(ln(cxp.g(x)) +ln(cxp.g(y) + expy(z))) 

= /(ln(exp(y(x)+y(y)) + cxp (y(x) +y(z)))) 

= /(In (exp (.g(x © y)) + exp (y(x © z)))) 

= (x © y) © (x © z) . o 
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It is worthily to observe that the product fulfills the further two relations 

f(x)®f(y) = f(x + y), (11) 

g{x ® y) = g{x) + g{y) , (12) 

that mimic the similar proprieties of the standard logarithm and exponential: 
exp x ■ exp y = exp(x + y) and ln(ccy) = In x + In y. 

A second pair of operations can be defined as follows 

x®y = g{f(x)f(y)), (13) 

x®y = g(exp (in f(x) In f(y))), (14) 

for any x, y G R, where R G (—00, x m ; n ). 

Theorem 2. The algebraic structure A = (R, ®, <§)) forms an Abelian field 
where the sum © : R x R ->• 1?+ and the product ® : RxR^ R + fulfill the 
following proprieties 

1. Commutative : x©y = j/©x ; 

x®y = y®x ; 

2. Associative : x®{y®z) = {x(&y)(&z ; 

x®(y®z) = (x(§y)®z ; 

3. Null and identity : x©0 = 0©x = .t ; 

x®I = I®x = x ; 

4. Opposite and inverse : x©(— x) = (— x)(Bx = ; 

x®(l/x) = {l/x)®x = I ; 

5. Distributive : x(k>(y®z) = (x®y)(B(x®z) . 

where —x = g(l/f(x)), 1/x — g(exp (l/ln/(x))) and / = g(e). 

Proof. For the sum © we have 

1. Commutative : 

x®y = g(f(x) f(y)) = g(f(y) f{x)) = y@x . 

2. Associative : 

x®(y®z) = xffi 3 (/(y) /(«)) = ff (/(x) /(y) f(z)) 

= #(/(z) /(»))§* = (x®y)®2; . 

3. Null element : 

x®0 = g(f(x)f(0))=g(f(x))=x. 

4. Opposite : 

x®(-x)=g(f(x)f(-x))=g(l) = 0. 
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In the same way, for the product we have 

1. Commutative : 

x®y = 5 (exp (in /(a;) ln/(j/))) 

= g(exp (In f(y) In f{x))) = y®x . 

2. Associative : 

x®(y%>z) = x<g)g(exp (ln/(j/) ln/(z))) 

= fir(exp(ln/(x) m/(y) ln/(z))) 

= y(exp (ln/(x) In f(y)))®z = (a:®?/)®,? . 

3. Identity element : 

x®I = g(exp(ln/(x) In /(/))) 

= g{f(x)) =x . 

4. Inverse : 

£(81(1/2;) = .g(exp(ln/(a;) ln/(l/a;))) 
= 9(e) = I • 

Finally 

5. Distributive : 

x®{y®z) =x®g(f(y)f(z)) = <?(exp (in /(a) In (/(y) /(«)))) 
= #( exp ( In /(x) In f(y) + In /(x) In f(z))) 
= g( exp ( In /(x) In /(j/)) exp ( In f(x) In f(z))) 

= g(f(x®y) f(x®z)) = (x®2/)®(x<g)z) . o 

Remarkably, the sum © fulfills the following relations 

f(x®y)=f(x)f(y), (15) 

g{x)®g(y) = g{xy) , (16) 

which are the dual of Eqs. (11) and (12). 

3 Examples 

Let us specialize algebras studied in the previous Section to the case of some 
distributions known in literature. 

3.1 Student distribution 

Consider the following entropic form 

w 
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Its maximization, with the constraints of the normalization and the variance 
a 2 = (2— v)/{2— 3 v), with < v < 2/3, gives the well-know Student distribution 



P{Xi) 



r(£) 



■(2-")r(i-J) 

that can be rewritten as 

p(alj) = (1 + vx£)~ ' v 



2-v 



-l/u 



with Xi = (l + Ho + n 2 x 2 )/{l - v) and x max 
Entropy (17) follows from Eq. (2) by posing 



-l/i/. 



where 



1 



g(x) = - (1 - ar-") , 



is its inverse function. 

The related algebraic structures are generated by the operations 

x © y = v \h+(x, y) — In (2 cosh/i_(.x, y)Y\ 
x®y= (x-" +y~ v - \y 1/v , 



where we posed 



h±(x, y) = 



x -v ± y -v 
2^ 



and 



x(By = x + y — v xy 



1 



xQ$y 



1 — cxp I ln(l — v x) ln(l — v y) 



(18) 
(19) 

(20) 
(21) 

(22) 
(23) 

(24) 

(25) 
(26) 



3.2 Cauchy-Lorentz distribution 

In the v — > 1 limit, Eq. (18) reduces to the Cauchy-Lorentz distribution 

11 1 

P\Xi) 



IT 1 + XJ 1+Xi 



(27) 



with ii = n — 1 + irxf. Although Eq. (27) cannot be obtained from the 
variational problem (6) 1 , we can still derive the corresponding algebras by posing 



/(*) = 



1-x 



and q(x) = 1 , 

yy ' x 



(28) 



x In the v — > 1 limit entropy (17) vanishes. 
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so that 



with 



and 



h+(x, y) — In [2 coshn,_(:r, y)) 

i®y= — -^ — , (30) 

x + y — xy 



h±{X > y) = X ^y> (31) 



x(By = x + y — xy, (32) 

x®y = 1 - exp ( - ln(l - a;) ln(l - y)) , (33) 



respectively. 



3.3 /t-distribution 

As a further example, let us consider the K-entropy [11] that we rewrite here in 
the form 

, W / 1 + |k| 1-|k| \ 



with \k\ < 1. The corresponding distribution, constrained by the normalization 
and by the mean value, reads 

p{Xi)= l-lKlXi + y/l + Ktx?) , (35) 

where £i = —1/(1 — k 2 ) + /io + [i\ X{, with /ig and \x\ the Lagrange multipliers 

whose values are fixed by the corresponding constraint equations and i m i n = 

+oo. 

The related algebras can be obtained by posing 

/ / \i/M 

f(x) = (\k\x+VI + k 2 x 2 ) , (36) 

and 

r l«l _ T -M 
«M = -^p- . TO 

that generate the operations 

x © y = exp I — arcsinh (\ji + (x, y) + In (2 cosh/i_(x, y))]) I , (38) 
x <£) y — exp — arcsinh [sinh (k \nx) + sinh (k lny) ] j , (39) 
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where 



and 



h±(x, y) 



j|«| -I- y\n\ 



;-|«l ip « _ I K I 



4 k 



x©y = x yl + k 2 y 2 + y yl + k 2 x 2 , 
x(E>y = — sinh — arcsinh(Kx) arcsinh(Ky) 



(40) 

(41) 
(42) 



respectively. 



3.4 Zip-Pareto distribution 

As a final example, let us consider the Zip-Pareto distribution given by a simple 
power-law 



p(x) = X 



(43) 



It can be obtained as the limit of the distribution (35) for x 3> 1, with s = 1/|«|. 
In this case, we can derive the corresponding operations although some algebraic 
feature does not hold since these algebras are obtained from the ones introduced 
in the only in the Section 3.3 for large value of x. 
Therefor, the related operations can be obtained formally through the functions 



/(x) = x s , 



and 



9(x. 



= x l ' s 



and are given by 



In ( exp x 1//s + cxp y x l s 



x 93 y 

x®y = (x 1/s +y 1/s ) 
where h±(x, y) = x 1 / 8 ± y 1 / 8 and 



x®y = xy , 

x®y = cxp (s lnx • In y) 



(44) 

(45) 
(46) 



(47) 
(48) 



respectively. 

4 Conclusion 

Summarizing, we have shown that starting from a very general trace-form en- 
tropy one can introduce two Abelian groups whose composition laws allow the 
generalization the well-known algebraic proprieties of the ordinary logarithm 
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and exponential functions to the case of the generalized logarithm and expo- 
nential employed in the construction of a generalized statistical mechanics. In 
particular, we can rewrite Eqs. (11) and (15) in the form of 

p(xi + yj) = p{xi)®p{yj) , (49) 

p(Xi 8 yj) = p{Xi)p{yj) , (50) 

that clarify the relevance of these operations in the manipulation of the gen- 
eralized distributions and their role in the development of the mathematical 
formalism underlying the corresponding statistical theory. 
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The basic element of quantum computer is a qubit that corresponds to a quantum 
two level system. In recent years, low temperature superconductors have been 
utilized in the research of quantum computation, since they intrinsically provide 
the requirement of quantum computation such as a reliable tolerance to 
decoherence, efficient qubit interaction and scalability. In this work, the mercury 
based high temperature superconductors are proposed to be the most possible 
candidate for the bulk flux qubit for the first time due to the presence of 1 0) and 

ll) states at the same time on the Paramagnetic Meissner effect (PME) point. 

The PME leads to develop spontaneous currents in the opposite direction with 
the diamagnetic Meissner current in superconductors at the PME temperature, 
T PME which is referred to the quantum chaotic point [1,2]. From this respect, the 

existence of both the clockwise and anti-clockwise currents at T PME enables to 
design a qubit by the mercury cuprate superconductors. 

Key words: Mercury cuprates, Paramagnetic Meissner Effect, Flux qubit, 
Chaotic Point 



1 Introduction 

Quantum computers have an increasing attention due to their high advantage for 
solving very difficult problems more easily in a short time relative to 
conventional computers. A quantum bit or "qubit", which represents the 
quantum information, is the basis of the quantum computation. Qubit can carry 
data in two quantum states at the same time and is described by a state vector in 
a two level quantum system. There are naturally exist and man-made qubit 
materials such as atomic elements, semi-conductors and superconductors etc. In 
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recent years, superconductors have been extensively investigated by means of 
their capability of being qubits. The performance of the quantum two-level 
system namely qubit is determined in terms of some criteria such as the tolerance 
to decoherence, efficient qubit interaction and scalability. The superconducting 
energy gap between the condensed Cooper pair state and the excited quasi- 
particle state protects the qubit system from unexpected excitations that destroy 
qubit coherence and hence cause decoherence that results in the information loss. 
In this point of view, superconductors can be considered as the most promising 
candidate of condensed matter qubit systems [3]. Superconducting qubits are 
based on the Josephson tunnel junctions that are combined with superconducting 
inductors and capacitors. In scientific literature, Josephson qubit circuits can be 
considered as artificial macroscopic atoms and their Hamiltonian can be 
controlled by applying electric or magnetic fields and bias currents [4]. 
The formation of two level quantum system in superconductors has been 
expressed gradually in the context of energy gap as follows: 

• The quantum energy levels in the superconducting gap, which is located above 
the Fermi energy, can be used by making superconducting inductor-capacitor 
(LC) circuits (Figure l-(a)). 

• The LC circuit behaves as harmonic oscillator so that the energy levels have a 

same spacing value which equals to hl\ln4LC\ . All the quantum energy 

levels can be excited by microwave frequency. This system can not be worked 
as a two level quantum system. 

• In order to achieve two level quantum system, the Josephson junction is added 
to the superconducting LC circuit. In this condition, the spacings between the 
energy levels are not equal anymore due to the phase difference between 
superconducting layers in the Josephson junction. The lowest two quantum 
energy levels namely "qubit" can be manipulated by the resonant microwaves 
(Figure l-(b)). 



J- 




Equally spaced energy levels 



-x- 



\ 

Josephson junction 



Unequally spaced energy levels 




Quantum two-level system 
(qubit) 

(a) LC-circuit without Josephson j unction (b) LC-circuit with Josephson junction 

Figure 1. Schematic energy levels of superconducting LC-circuit with or without 
Josephson junction [5]. 
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One of the superconducting qubits is the flux qubit, which is composed of a 
superconducting loop that incorporates multiple (generally three) Josephson 
junctions (Figure 2). If an appropriate magnetic field is applied to the 
superconducting loop, two superconducting persistent currents in opposite 

direction, which refer to clockwise 0) and anti-clockwise 1) current state, 

become stable at the same time thereby two-level quantum system namely 
"qubit" is realized [5]. 




Superc onduc ting 
Flux Qubit 

Superconducting 

Quantum Interference 

Device (SQUID) 

Figure 2. The SEM (Scanning Electron Microscopy) photograph of the 
micrometer sized superconducting flux qubit made by superconducting metal. 
Arrows indicate the current flow in the two qubit states. 

Two classical persistent current states with opposite direction in the flux qubit 
indicated the symmetric and anti-symmetric quantum superposition of 
macroscopic states [6]. Under the illumination of microwaves corresponding to 
the energy difference between |0) and |l) states, the qubit reiterates between 

absorption and emission of one photon and it oscillates between 0) and 1) 

states coherently. In other words, the quantum superposition of two states is also 
manipulated by resonant microwave pulses and applying strong microwave to 
the system induces hundreds of coherent oscillations [7]. This phenomenon is 
known as "Rabi oscillations" and it is the basis of quantum gate operations. 

2 Mercury Cuprates as a Candidate of Bulk Flux 
Qubit 

In this work, the mercury cuprate high temperature superconductors have been 
investigated by means of bulk flux qubit due to their properties that satisfy the 
general requirement of the quantum computation. In this section, the mentioned 
features related to quantum two level system of mercury cuprates are 
summarized. 

As is known, copper oxide ceramic high temperature superconductors have a 
common structure in which superconducting copper oxide layers are separated 
by thin insulating layers (Figure 3). Copper oxide layers are coupled together by 
Josephson tunneling between adjacent layers. According to the experimental 
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evidences of cuprates such as Bi 2 Sr 2 CaCu 2 8 , Tl 2 Ba2Ca 2 Cu30 1 o and, 
YBa 2 Cii307_ x , the cuprate systems behave like stack of superconductor-insulator- 
superconductor intrinsic Josephson junctions [8]. In this context, 
HgBa 2 Ca 2 Cu 3 08+x (Hg-1223) superconductors can be considered as an array of 
intrinsic Josephson junctions [9]. It is known that the fabricated superconducting 
Josephson junctions are used in the qubit circuits [10,11]. In this respect, since 
the multiply connected intrinsic Josephson junction arrays is an inherent property 
of the mercury cuprates, there is no need to make an effort to fabricate 
individual Josephson junctions for the construction of a qubit. 



£ 



Superconducting copper // 
oxide layer /y 



fjtsuhtting StJi/iT 

' Superconducting copper /? 
oxide iauer jy 

Insulating lu\/ey 



h-nxis 



5 upmvonductittg copper 
oxidt layer 

Iii.wiliiliirft lti\fr-r 



7 



buiieivtiiiitiicting topper 
oxide Inyrr 



Figure 3. The schematic representation of the intrinsic Josephson structure in the 
layered high temperature superconductors. 



The another advantage is the d 2 2 

x -y 



-wave symmetry of the order (or energy 



gap) parameter of the Hg-1223 superconductors [12,13]. According to Taffuri et. 
al, the qubit proposals basically exploit the fact that the Josephson junctions with 
a k -shift in phase can be produced by a d-wave order parameter symmetry. This 
may lead to intrinsically doubly degenerated system, i.e. the systems based on 
Josephson junctions with an energy-phase relation with two minima [14]. This 
condition is intrinsically occurs in mercury cuprates due to the d-wave symmetry 
of its order parameter. 

There have been several problems related to the conventional superconducting 
qubits from fabrication techniques to the decoherence which is based on the 
insulating layer and that is limited to the performance of the qubit [15,16]. In this 
study, bulk Hg-1223 superconductors are proposed to resolve these problems 
easily due to their properties such as inherent Josephson junction structure, d- 
wave symmetric order parameter, occurrence of the plasma resonance mode with 
the infrared or microwave frequency depending on the temperature, the three 
dimensional (spatial) BEC etc [1,9,17]. Since, Hg-1223 sample exhibits three 
dimensional BEC at the Josephson plasma resonance frequency [17], the system 
represents itself a unique macroscopic quantum wave function regardless of the 
insulating material. In this point of view, both the electromagnetic wave cavity 
character of Hg-1223 and the spatial BEC can be considered as a spontaneous 
natural source of forming the coherent temporal oscillations between 
macroscopic quantum states in the system. 
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3 The Paramagnetic Meissner Effect and Flux 
Qubit 

In this work, the bulk flux qubit character of Hg- 1223 superconductors has been 
discussed in terms of Paramagnetic Meissner Effect, which emanates itself both 
d.c. (direct current) and a.c. (alternative current) magnetic moment-temperature 
experimental data. The Paramagnetic Meissner Effect is a special quantum 
phenomenon which is based on the alteration of the orbital current's direction. 
Some low temperature superconductors and very cleanly prepared poly 
crystalline high temperature superconductors exhibit a net paramagnetic moment 
in a certain temperature interval, which is close to T c , under d.c. or a.c. magnetic 
fields [18-27]. This effect is known as Paramagnetic Meissner Effect (PME). 
One of the main explanations of PME is as follows; the It -junctions between 
weakly coupled superconducting grains cause spontaneous orbital currents in 
arbitrary directions and an applied very weak magnetic field (1 Gauss) aligns the 
spontaneous loop currents in such a way that the system gains a net positive 
magnetic moment [18]. 

In this work, the flux qubit character of the optimally oxygen annealed Hg-1223 
superconductors has been examined by the temperature dependence of a.c. 
magnetic measurements (Figure 4). 
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Figure 4. a.c. magnetic moment versus temperature response taken by quantum 
design SQUID magnetometer model MPMS-5S for the optimally oxygen doped 
Hg-1223 superconductor. 

The diamagnetic response of the system to external magnetic field is represented 
by the real part of magnetic moment whereas the paramagnetic tendency can be 
seen from the imaginary part of the magnetic moment in Figure 4. The maximum 
paramagnetic signal has been observed at the paramagnetic Meissner effect 
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temperature (T PME ) of 116K for the optimally oxygen doped mercury cuprate 
superconductor (Figure 4). Since the orbital currents flow in the opposite 
direction above and below TpME > both the clockwise and anti-clockwise orbital 
currents exist at the T PME chaotic point. From this respect, the achievement of 
the maximum paramagnetic signal has a crucial importance for the flux qubit 
investigations. In this point of view, it has been proposed that the mercury 
cuprate high temperature superconducting system can work as a bulk flux qubit 
at the Tpme chaotic point. The term "bulk" is attributed to the fact that this 
phenomenon is realized by the response of the bulk mercury cuprate sample to 
the applied magnetic field. However, it is possible to fabricate the single flux 
qubit with mercury cuprates in the length of 2.3 nm which corresponds to the 
thickness of three intrinsic Josephson junctions in the mercury cuprates*. As is 
known for technical applications three layered system is required for the 
construction of the flux qubit. 

4 Conclusions 

Up till now, some low temperature conventional superconductors such as Nb and 
Al have been used to produce two-level quantum system. On the other hand, 
some high temperature superconductors such as Bi-Sr-Ca-Cu-O, Y-Ba-Cu-O 
etc. have not give good results for qubits due to their high decoherence problem. 
As is known, mercury cuprate family has remarkable features such as intrinsic 
Josephson junction arrays, the spatial resonance that results to resolve the 
decoherence problem in the system with the highest Meissner critical 
temperature. In this context, by utilizing the Hg-1223 superconductors at the 
TpME chaotic point may give some acceleration to the research of the flux 
qubits. 
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Abstract 

In this paper, approximate and/or exact analytical solutions of a class of linear 
and nonlinear eighth-order boundary value problems (BVPs) are obtained by the 
standard and modified homotopy analysis methods, in short, HAM and MHAM 
respectively. Numerical comparisons against the modified Adomian decomposition 
method (MDM) show the reliability of the HAM and MHAM. 
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1 Introduction 

In this work, we consider a class of eighth-order BVP of the form 

yl™\t) = f(t,y), a<t<b, (1) 

with boundary conditions as an even-order derivatives on both edges of the domain 

y(a) = a , y"{a) = a 2 , y {%v \a) = a 4 , y {m \a) = a 6 , 

y(b)=(3 , y"(b)=(3 2 , y^(b) = (3„ i/<*>(6) = ft, (2) 

or with boundary conditions given for the starting point 
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y(a) = a , y'(a) = a ± , y"(a) = a 2 , y'"(a) = a 3 , 

yW(a) = a A , y {v \a) = a 5 , y^\a) = a 6 , y^\a) = a 7 , (3) 

where / is a continuous function on [a, b] and the parameters a,i, (i — 0, 1 . . . , 7) and 
fa, (i — 0, 2, 4, 6) are real constants. 

Eq. (1) describes some hydrodynamic stability problems. When an infinite horizontal 
layer of fluid is heated from below and under the action of rotation, instability sets in. 
When this instability is as ordinary convection, the problem is expressed as a sixth- 
order BVP. When the instability sets in as overstability, the problem is modelled by 
an eighth-order BVP [1]. 

Several numerical methods including spectral Galerkin and collocation methods [2,3], 
sixth B-spline method [4], decomposition method [5], and others have been developed 
for solving the problem of type (1). 

The aim of this paper is to apply the standard homotopy analysis method (HAM) 
[6] and modified homotopy analysis method (MHAM) [7] for the first time to ob- 
tain approximate solutions of the eighth-order BVP (1) directly. The HAM, initially 
proposed by Liao in his Ph.D. thesis [6], is a powerful method to solve non-linear 
problems. In recent years, this method has been successfully employed to solve many 
types of nonlinear problems in science and engineering. 



2 Solution approaches 



For the convenience of the reader, we will first present a brief account of the HAM 

[6] and MHAM [7]. 



2.1 Standard HAM 



To describe the basic ideas of the standard HAM and to achieve our goal for the 
modification of HAM, we consider the differential equations 

N[y(t)]=g(t), (4) 

where A is a nonlinear operators, t denotes the independent variable, y(t) is an 
unknown functions and g(t) is a known analytic functions representing the nonho- 
mogeneous terms. If g(t) = 0, Eq. (4) reduces to the homogeneous equations. By 
means of generalizing the traditional homotopy method, Liao [8] constructs the so- 
called zeroth- order deformation equation 

(1 - q)L[<f>(t; q) - y (t)] = qh {N[<f>(t; q)} - g(t)} , (5) 

where q G [0, 1] is an embedding parameter, % is a nonzero auxiliary operator, L is an 
auxiliary linear operator, yo(t) is the initial guesses of y(t) and 4>(t; q) is an unknown 
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functions. It is important to note that one has great freedom to choose the auxiliary 
objects such as h and L in HAM. Obviously, when q = and q — 1 both 



0(t;O)=t/ o (t) and 0(t; 1) = y(t), 

hold. Thus as q increases from to 1, the solutions <f)(t; q) varies from the initial 
guesses yo(t) to the solutions y(t). Expanding <f>(t; q) in Taylor series with respect to 
q, one has 



-OC 



^t;q)=yo{t)+Y,y m it)q m ) (6) 



where 



Vm 



1 d m (j){t]q) 
to! dq m 



(7) 

q=0 



If the auxiliary linear operator, the initial guesses and the auxiliary parameters h are 
so properly chosen, then the series (6) converges at q — 1 and 



+oo 



0(t; 1) = s/o(t) + X>m(*), 



m=l 



which must be one of the solutions of the original nonlinear equations, as proved by 
Liao [8]. As H = — 1, Eq. (5) becomes 

(1 - q)L[(f>(t; q) - y (t)} + q {N[<f>(t; q)] - g(t)} = 0, (8) 



which is used mostly in the homotopy-perturbation method [9]. 

According to (7), the governing equations can be deduced from the zeroth-order 
deformation equations (5). Define the vectors 



Vn = {yo(t),yi(t),...,y n {t)}. 

Differentiating (5) m times with respect to the embedding parameter q and then 
setting q = and finally dividing them by m\, we have the so-called mth-order 
deformation equation 

L[y m (t) - Xmy m -i(t)] = hR m {y m - 1 ), (9) 

where 
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R ^ m - l] = (ro^T)! d^=l ^ ' ( 10 ) 

and 



0, to<1, 
X- m ~ \ 1, to > 1. 

It should be emphasized that y m (£) (to > 1) is governed by the linear equations (9) 
with the linear boundary conditions that come from the original problem, which can 
be easily solved by symbolic computation softwares such as Maple and Mathematica. 



2.2 Modified HAM 



In this section, a modification of the HAM is established. It is assumed that the 
"coefficients" and/or nonhomogeneous terms g(t) in Eq. (4) can be expressed in 
Taylor series based on a kind of a continuous homotopy mapping with respect to q, 

g{t) -»• <p(t; q) as, 



<p(t;q)='£g m (t)q m . 



m=0 



We also expand the coefficients of the linear or nonlinear equation using the Taylor 
series with respect to the embedding parameter q when the notion of coefficient is 
clear in these equations. 

According to (5), the new zeroth-order deformation equation given by the Taylor 
series expansion is 

(1 - q)L[(t>{t- q) - y (t)} = qh{N[<P(t; q)} - <p(t; q)}, (11) 

and the mth- order deformation equation is 

L[y m (t) - Xmy m -i(t)] = %Rm{y m -\), (12) 

where R m {y m -\) same as in 10 and 



Rm(y 



m—l, 



(to-1)! dq™- 1 

and 



0, TO<1, 

Xm ~ 1 1, TO > 1. 



(13) 



(7=0 
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It should be emphasized that y m (t) (m > 1) is governed by the linear equation (12) 
with the linear boundary conditions that come from the original problem. 



3 Numerical experiments 



To illustrate the effectiveness of the HAM and MHAM we shall consider four exam- 
ples of eighth-order BVPs. 



3.1 Example 1. 

We first consider the linear BVP, 

y^ u \t)=y(t)+g(t), < t < 1, (14) 

with boundary conditions at starting points 

y(0) = l, 1/(0) =0, i/"(0) = -l, y'"(0) = -2, 

yW(0) = -3, |/M(0) = -4, ^)(0) = -5, j/(™>( ) = -6. (15) 

The exact solution of (14) subject to (15) in the case g(t) = — 8e* is 

y (t) = (l-t)e t . (16) 

To solve (14)— (15) by means of MHAM [7], we choose the initial boundary approxi- 
mation 



y Q (t) = l- l t 2 - -t 3 - l t A - -t 5 - — t 6 - — t 7 , (17) 

yuw 2 3 8 30 144 840 ' K J 

and the linear operator 



W;.)] = ^. (is) 

with the property 



E^- 1 



i=l 



(19) 



where q (« = 1, . . . , 8) are constants of integration. 
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Now expand the homotopy (p(t; q) = g(t) in powers of the embedding parameter q 
as follows: 



g(t) = -8e* 


= — 


oo im 

8E^7 


which implies 






<p(t',q) = -8 


oo 

E 

m=0 


-A m - 
ml 



Eq. (14) suggests that we define a nonlinear operator 



N M*> ?)] = 98 ^ i) - M «) ( 20 ) 

Using the above definition, we construct the zeroth-order deformation equation as in 
(11) and the mth-order deformation equation for m > 1 is as in (12) with the initial 
conditions 



2/^(0) = 0, j = l,...,7, (21) 

where 



■f.m—1 

R m (ym-i) = yln-i(t) - y m -i(t) 



(m-l)V 
etc. Now, the solution of (12) for m > 1 becomes 

S/m(*) = X m y m -i{t) + fiX _1 -R m (y m _i). (22) 

We now successively obtain 



Vl m = ^-t 8 + - t 10 + - t 11 + - t 12 

yv ; 5760 3628800 19958400 159667200 

+ ^ t i3 , 5 t 14 H - t 15 (23) 

1556755200 17435658240 217945728000 ' v ; 



Then the series solution expression can be written in the form 

y(t) = y (t)+ yi (t)+y 2 (t) + ---. (24) 
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Hence, the series solution when h = — 1 is 

v (t) ~ l - -t 2 - -t 3 - -t A -£ 5 — £ 6 —t 7 — £ 8 (25) 

yw "2 3 8 30 144 840 5760 ' v ; 

which converges to the closed-form solution (16). 

3.2 Example 2. 

Finally we consider again the non-linear BVP, 

y^\t)=g(t)y 2 (t), < t < 1, (26) 

with boundary conditions with even-order derivatives at the boundary points 

y(0)=y"(0)=y^(0)=y^(0) = l, 

y(l)=y"(l)=y^\l)=y^\l)=e. (27) 

The exact solution of (26) subject to (27) in the case g(t) = e~* is 

y(t) = e t . (28) 

To solve (26)-(27) by means of HAM [6], we choose the initial boundary approxima- 
tion 

1241 12863e 1 , 59 „ 307e „ 1 , 1 . e - 

yJt) = 1 1 H 1 + -t 2 1 3 H 1 3 H 1 4 1 5 H 1 5 

yuv ; 945 15120 2 270 2160 24 90 144 

+— t 6 -— £ 7 +— £ 7 . (29) 

720 5040 5040 V ; 

Now construct the zeroth-order deformation equation as in (5) and the mth-order 
deformation equation as in (9) with the initial approximation (29) and linear operator 
(18) with the property (19), where q (i — 1, . . . , 8) are constants of integration. 

The boundary conditions are 

y m (0) = 0, sC(0) = 0, 2/^(0) = 0, y£\0) = 0, 

y m (l) = 0, iC(l) = 0, i/g o) (l) = 0, i/S i) (l) = 0, (30) 

where 



TO— 1 

RmiVm-l) = yin-l(t) ~ e ~' J2 J/*(*)j/m-l-i(*)- 
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Table 1 

Absolute errors for Example 2. 



t 2-term HAM, % 



-1 3-tcrm MDM 5 



0.25 
0.5 
0.75 



2.16 E-06 
4.88 E-07 
1.86 E-07 



4.91 E-05 
7.04 E-05 
4.98 E-05 



2.711 ■ 

2.712 ■ 


Example 1 

Example 2 

/ \ 
/ \ 


2.713 ^ 


/ \ 




/ \ 


2.714 J 


/ \ 




/ \ 


2.715 ■ 


/ \ 
/ \ 


2.716 ■ 


/ \ 
/ \ 
/ \ 


2.717 ■ 


. ^/ 


2.718 ■ 


^---____ ____---^^ 


2.719 ■ 





-2 



-1.5 



-0.5 



Fig. 1. The 7i-curve of y'(l) given by (14) and (26): 5th-order approximation of y'(l) 
Now, the solution of (9) for m > 1 is the same as (22). 
We now successively obtain 



J/i (*) 



8048999892401/1 



+ 



33075 

22398711220261e 1 -*/i 



2239871 1220261eft 501269004951823e 2 ft 
— + — 



33075 



1058400 



33075 



(31) 



Then the series solution of y(t) is found to be as an approximation with first two 
components 



y(t) = y {t)+ yi (t). 



(32) 



In Table 1 we present the absolute errors of the two-term HAM and three-term MDM 
solutions [5]. Again, in this case HAM is more accurate than MDM [5]. 

The series solutions of Eqs. (14) and (26) given by HAM and MHAM contains the 
auxiliary parameter h. The validity of the method is based on such an assumption 
that the series (6) converges at q — 1. It is the auxiliary parameter h which ensures 
that this assumption can be satisfied. In general, by means of the so-called ft-curve, 
it is straightforward to choose a proper value of h which ensures that the solution 
series is convergent. Fig. 1 show the ^-curves obtained from the 5th-order HAM and 
MHAM approximate solutions of Eqs. (14) and (26). From these figures, the valid 
regions of % corresponds to the line segments nearly parallel to the horizontal axis. 
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4 Conclusions 



In this paper, the standard and modified homotopy analysis methods (HAM and 
MHAM) were applied to solve a class of linear and non-linear BVPs. The HAM and 
MHAM provide us with a convenient way of controlling the convergence of approxi- 
mation series, which is a fundamental qualitative difference in analysis between HAM 
and the other methods. Comparison of the result obtained by the HAM with that 
obtained by the modified decomposition method (MDM) [5] reveals that the present 
method is very effective and convenient. 
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ABSRACT 

In many technical applications, spring-like flexible elements or real springs 
connected in series are used. The applicable range of these components 
determines whether or not the system behavior has a linear or nonlinear 
characteristic. This study is concerned to a system that consists of a mass 
grounded two springs which one of those springs is linear and the other is 
nonlinear. Two methods are studied to analyze the dynamic system behavior. 
One method makes use of a set of Energy Balance Method (EBM) and the 
other is Homotopy Perturbation Method (HPM). The results indicate that the 
present analysis is accurate, and provides us a unified and systematic 
procedure which is simple and more straightforward than the other modal 
analysis. The main objective of present study is to obtain highly accurate 
analytical solutions for free vibrations of a conservative oscillator with inertia 
and static type cubic nonlinearities. 
KEYWORDS: Energy Balance Method, Homotopy Perturbation Method, 

Nonlinear Oscillation, Equation of motion, Nonlinear springs. 



1. INTRODUCTION 

We all know nonlinear functions are crucial points in engineering problems, 
so solving these equations are in the circle of most scientists and engineers' 
priority and requirements. In addition, many physical phenomena are 
modeled by nonlinear differential equations in order to we have more 
opportunities to handle the real objects in our real world. As an example, 
vibration of mechanical systems associated with nonlinear properties is in 
this category. Therefore, scientists tried to solve the problem and find some 
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solutions which finally a number of approaches for solving nonlinear 
equations are emerged for the range of completely analytical to completely 
numerical ones. Besides all advantages of using numerical methods, closed 
form solutions appear more appealing because they reveal physical insights 
through the physics of the problem. Also, parametric studies become more 
convenient with applying analytical methods. Traditional perturbation 
methods which were methods for solving nonlinear equations have many 
shortcomings and they are not valid for strongly nonlinear equations .To 
overcome the shortcomings, many new techniques have appeared in the open 
literature, such as, Delta-perturbation [1], Bookkeeping Parameter 
Perturbation [2], Decomposition [3-4],Homotopy Perturbation [5-12], Energy 
Balance [13-16] and etc. Recently, Telli and Kopmaz [17] attempted to solve 
the motion of a mechanical system associated with linear and nonlinear 
properties using analytical and numerical techniques. It dealt with vibration 
of a conservative oscillation system with attached mass grounded by linear 
and nonlinear springs. The linkage of the linear and nonlinear springs in 
series has been derived with cubic nonlinear characteristics in the equations 
of motion [18]. The general equation of motion can be formed by 
transforming intermediate variables into a set of differential algebraic 
equations and it may be further transformed into a nonlinear ordinary 
differential equation. The resulted nonlinear differential equation was 
separately solved by using the EBM and HPM methods and compared with 
numerical integration solutions using Maple or MATLAB. Moreover, 
analytical solutions are generally required for the validation of numerical 
methods and software's approving. 
2. GOVERNING EQUATION OF MOTION 



linear spring 



Nonlinear spring 



\ — mm — • — ^w^^^^ 



y 



m 



W?W, 



77777777777777777777777777777777777777777777777 

Fig. 1. Nonlinear free vibration of a system of mass with serial linear and 
Nonlinear stiffness on a frictionless contact surface. 



Consider a mechanical system with single-degree-of freedom shown in Fig. 
1, which has a mass m grounded by linear and nonlinear springs in series 
[18-20]. In this figure, the stiffness coefficient of the first linear spring is k 1 , 
the coefficients associated with the linear and nonlinear portions of spring 
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force in the second spring with cubic nonlinear characteristic are described 
by k 2 and k 3 , respectively. Let e be defined as: 

S = k 2 /k J (2.1) 

The case of k 3 > corresponds to a hardening spring while k 3 < 

indicates a softening one. 

Let X and y denote the absolute displacements of the connection point of 

two springs, and the mass m , respectively. By introducing two new variables 
u = y -x , r =x. (2.2) 

Telli and Kopmaz [17] obtained the following governing equation for U and 

r : 

(l + 3eriu 2 )u" + 6eriuu' 2 +C0q(u +eu i ) = 0, (2.3) 

r -x = <;(\ + su 2 )u,y = (\ + ^ + ^su 2 )u, (2.4) 

Where a prime denotes differentiation with respect to time * and 

£ = * 2 /* ls 77 = 7^7, o) 2 = 2 (2.5) 

Eq. (3) is an ordinary differential equation inw .For Eq. (2.3), we consider the 

following initial conditions: 

u(0)=A, w(0) = 0. (2.6) 

3. SOLUTUION PROCUDERS 

Let us consider the general nonlinear oscillators as follows: 

u+N(u,u,u,t) = 0, u(0) = A, zi(0) = 0. (3.1) 

Where N (u ,li ,il ,t ) is a function with the nonlinear term. There exists no 
small parameter in Eq. (3.1), so the traditional perturbation methods cannot 
be applied directly, moreover the equation involves discontinuity. Due to the 
fact that these methods requires neither a small parameter nor a linear term in 
a differential equation, we can approximately solve Eq. (3.1) using these 
solution procedures. In these methods, an artificial perturbation equation is 
constructed by embedding an artificial parameter p = [0,1], which is used as 

an expanding parameter. These technique yields a very rapid convergence of 
the solution series; in most cases, only one iteration leads to high accuracy of 
the solution. These methods provide an effective and convenient 
mathematical tool for nonlinear differential equations. 
3.1 BASIC CONCEPT OF EBM 
In the present paper, we consider a general nonlinear oscillator in the 

Form: 
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u"+f{u{t)) = Q (3-1.1) 

In which U and t are generalized dimensionless displacement and time 

variables, respectively. Its variational principle can be easily obtained: 

r< 1 ,7 (3-1.2) 

J(u) = \ q (--u' 2 +F(u)) dt v ' 

1.71 C 

Where T — is period of the nonlinear oscillator, F(u)= \f(u)du. 

CO J 

Its Hamiltonian, therefore, can be written in the form; 

H = —u' 1 + F («)+ F (A) (3.1.3) 

Or 

1 „ (3-1.4) 

Oscillatory systems contain two important physical parameters, i.e., 

The frequency CO and the amplitude of oscillation. A . So let us consider such 

initial conditions: 

u(0)=A, u'(0) = (3.1.5) 

We use the following trial function to determine the angular frequency CO 

u(t)=Acoscot (3.1.6) 

Substituting (3.1.6) into U term of (3.1.4), yield: 

R (t) = —m 2 A 2 sin 2 m t + F (A cos m t)-F(A ) = (3.1.7) 

If, by chance, the exact solution had been chosen as the trial function, then it 

would be possible to make R zero for all values of * by appropriate choice 
of CO . Since Eq. (3.1.6) is only an approximation to the exact solution, 

r> U 

K cannot be made zero everywhere. Collocation at CO t = — gives: 

4 

\ 2{F{A))-F{A cos op t 3 - 1 - 8 ) 

\ A 2 sm 2 cot 

Its period can be written in the form: 

In (3.1.9) 



2(F(A))-F(A coscot) 
A 2 sin 2 a> t 

3.2 BASIC CONCEPT OF HPM 

In order to, Eq. (3.1) can be rewritten: 

u +\u =u -N (u,u,ii,t). (3.2.1) 

We, therefore, can establish the following homotopy: 
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u +lu = p.(u -N (u,u,ii,t)), p e[0,l]. (3.2.2) 

The homotopy parameter p always changes from zero to unity. In 
case/) = 0, Eq. (3.2.2) becomes the linearized equation ii Q + CO U Q = 0, 

and when it is one, Eq. (3.2.2) turns out to be the original one (Eq. 
(3.2.1)).Applying the HPM solution we expand the solution v, and 1 as a 
coefficient of U , the series of p introduce as follows [9]: 

1 = 0)2 -UliP'h ( 3 - 2 - 4 ) 

Substituting Eqs. (3.2.3) and (3.2.4) into Eq. (3.2.2) and equating the terms 
with the identical powers of p , we can obtain a series of linear equations, 
and we write only the first two linear equations: 

p° : U +CO 2 U =0 (3.2.5) 

p 1 : u\ + co 2 u x ={l + y 1 )u -y/(u ,ii ,u ,t), (3.2.6) 



Where y/(u Q ,li ,U ,t) is a function with the nonlinear term in Eq. (3.2.6). 
The solution of Eq. (3.2.5) is U =A COS COt . Substituting U into Eq. 
(3.2.6), we obtain: 

p 1 : u\ +co 2 u l =(\ + y l )A coscot 

. (3-2.7) 

-y/(A coscot, -Acosincot,-Aco coscot, t) 

For achieving the secular term, we use Fourier expansion series as follows: 
i// (A coscot , -A w sin cot ,—A co 2 cos at ,t) = 

^b 2n+l cos[(2n +l)a)tj =b l cos(cot)+b J cos(3cot) (3.2.8) 

+ ... « b x cos{mt) 
Substituting Eq. (3.2.8) into Eq. (3.2.7) yields: 

p l : u^co^^^ + r.-b^Acosicot) 

For avoiding secular term, we have: 
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l + v.-h = 

11 ' (3.2.10) 

Setting p = 1 in Eq. (3.2.3), we have: 

l = ( ° 2 -^ (3.2.11) 

Substituting Eqs. (3.2.11) into Eq. (3.2.10), we can achieve the first-order 
frequency of Duffing equation, Eq. (3.2.6), as follow: 

®HHPM=Jb 1 - (3-2-12) 



4. APPLICATION OF SOLUTUION PROCUDERS 
4.1 APPLYING EBM 

In Eq. (2.3) , Its Variational principle can be easily obtained: 

./(«)= P u 1 1+ — £?]u 2 +« 2 (— u 2 + —£U 4 ) \dt (4.1.1) 

Its Hamiltonian, therefore, can be written in the form: 

H = —li 2 J 1 + — £J]U 2 J + co 2 (— u 2 H — su 4 ) 

(4.1.2) 



2 V 2 J " 2 4 

1 2,2 1 



(4.1.3) 



= —ft),, ^4 H — o„ £^4 
2 ° 4 ° 

or 

R (t) - —li 2 1 + — e n u 2 \ + ©„ 2 (— u 2 + — eu 4 ) 
2 { 2 J " 2 4 

--«„ 2 ^ 2 --co 2 e A 4 = 
2 ° 4 ° 

Oscillatory systems contain two important physical parameters, i.e. the 

frequency co and the amplitude of oscillation, A. So let us consider such 

initial conditions: 

u(0) = A, ii(0) = (4.1.4) 

Assume that its initial approximate guess can be expressed as: 

u(t) - Acoscot (4.1.5) 

Substituting Eq. (4.1.5) into Eq. (4.1.3), yields: 

R(t) = -(-Acosma)tf\ l + -£7](Acoscot) 2 \ + co 2 (-(A coscot) 2 

-£(Acoscot) 4 ) — co 2 A 2 -- 
4 2 ° 4 

Which trigger the following results: 



(4.1.6) 



+ ^£(Acoscot) 4 )--co Q 2 A 2 — co 2 eA a = 
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0), 



M 



A sin cot 



-(—(A cos at) 1 + —e(A coscot) i ) + —A 2 + — eA* 
2 4 2 4 



In — er\ (A coscot)' 



K 



If we collocate at COt — — , we obtain: 
4 



cq tJ(4 + 3A 2 sii)(4 + ?>A 2 e) 
4 + 3A st] 
Its period can be written in the form: 
2x(4 + 3A 2 eri) 

a> ^j(4 + 3A 2 £ ri)(4 + 3A 2 £) 



(4.1.7) 



(4.1. 



(4.1.9) 



(4.2.1) 



4.2 APPLYING HPM 

Eq. (2.3) can be rewritten as the following form: 

[■■ 9 • 9 9 ^ 9 "1 y* 

-3usrju -6srjuu -oOqSu -00qU+u =0, 

^[0,1], 

Substituting Eqs. (3.2.3) and (3.2.4) into Eq. (4.2.1) and expanding, we can 
write the first two linear equations as follows: 

p° : U +C0 2 U =0 (4.2.2) 

p : u\ + co u l =-3uQrj£u —6ri£u ( fiQ-(D £u 

(4.2.3) 



•(i+ri-«o) M o> 



Solving Eq. (4.2.2) gives: W =^4 COSft)^ .Substituting w into Eq. (4.2.3), 
yield: 

p 1 : u\ + a 2 u , = 9 A 2 T]£6) 2 cos 3 at - 6i]£a 2 A 3 cos at 

(4 2 4) 
+ (l + Y\ ~ °>l )A cos at - a^sA 3 cos 3 at , 

For achieving the secular term, we use Fourier expansion series as follows: 
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9 A ^sof cos 3 at - drjso/A 3 cos at - a^sA 3 cos 3 at 

= Z Z '2» + l COS [( 2 "+ 1 ) ft;f ] 

= b x cos(<Bf ) +b } cos(3at ) + . 

3A s i 2 2\ , -, 
« 1 77ft) -q, lcos((Uf)H 



Substituting Eq. (4.2.5) into Eq. (4.2.4) yields 
I A 2 s 



U , + CO u . 



(r)t 



)+(i + r, -o>l) 



x A cos(«() 
Avoiding secular term, gives: 
3A 2 s 



Yi 



-(col-ria> 2 )+(a>l-l) 



From Eq. (3.2.3) and setting p — 1 , we have: 
Comparing Eqs. (4.2.7) and (4.2.8), we can obtain: 



3A 2 e 



CO 



(a>l -T]co 2 ) + co l 



Solving Eq. (4.2.9), gives: 

CO 



0y J(4 + 3A 2 £r])(4 + 3A 2 £ ) 
4 + 3A erj 
Its period can be written in the form: 

27t(4 + 3A 2 st]) 



co ^j{4 + 3A 2 £T])[4 + 3A 2 s) 



(4.2.5) 



(4.2.6) 



(4.2.7) 



(4.2.: 



(4.2.9) 



(4.2.10) 



(4.2.11) 



5. RESULTS AND DISCUSSIONS 

To illustrate and verify accuracy of these approximate analytical approaches, 
comparisons of angular frequencies for different parameters via numerical 
and other approaches is presented in Table. 1. The parameter £ is linearly 

dependent on the coefficient of nonlinear spring force k 3 as given in Eq. 

(2.3). The latter can be positive or negative depending on whether the 

nonlinear spring has hard or soft-spring properties. The results for 0) n is 

numerically obtained from Eq. (2.3) using the Runge-Kutta [18] numerical 
integration method in combination with the bisection method. The results 
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for CO LP , and (0 HB are solutions of Eq. (2.3) using the second-order of 

Linearized Perturbation (LP) method [20] , and harmonic balance (HB) 
technique [17], respectively. 

Table 1 

Comparison of frequency corresponding to various parameters of system 



No. 


m 


A 


a 


*1 


K -, 


CO Lp [20] 


(0 HB [17] 


®HPM 

~ ®EBM 


CO„ [17] 


1 


i 


0.5 


0.5 


50 


5 


2.220197 


2.220239 


2.220265 


2.220231 


2 


i 


2 


0.5 


50 


5 


3.134986 


3.257248 


3.162277 


3.175501 


3 


i 


2 


0.5 


5 


5 


1.838180 


1.726619 


1.889822 


1.903569 


4 


i 


2 


0.5 


5 


50 


2.144360 


2.145708 


2.192645 


2.195284 


5 


3 


5 


1 


8 


16 


** 


1.176927 


1.612706 


1.615107 


6 


3 


5 


1 


10 


5 


** 


1.052717 


1.739775 


1.749115 


7 


3 


10 


2 


12 


16 


** 


** 


1.545360 


1.545853 


8 


3 


30 


5 


15 


5 


** 


** 


1.731282 


1.731382 


9 


10 


200 


5 


5 


250 


** 


** 


0.707107 


0.707107 


10 


10 


100 


10 


5 


25 


** 


** 


0.707106 


0.707106 


11 


1 


0.5 


-0.5 


50 


5 


2.038254 


2.038207 


2.038315 


2.038209 


12 


2 


2 


-0.1 


10 


10 


1.444007 


1.458194 


1.434860 


1.446389 


13 


3 


4 


0.02 


30 


10 


1.320867 


1.336111 


1.313064 


1.318370 


14 


10 


5 


0.01 


8 


16 


0.705078 


0.706817 


0.703731 


0.705412 



Invalid numerical solutions in complex values. 

Also, then percentage errors between the presenting methods (EBM and 
HPM) and other approximate approaches (LP and HB) is shown in Table 2. 
As wee can see in this table, wee can find that in many instances, the error 
percentages of the first order approximation of presenting methods are less 
than the second order of LP, except examples in rows 1- which the 
percentage errors are equal to presenting methods -,11, 13 and 14. 
Note that in some cases which exist in rows 5-10, LP method could not to get 
any result, while the presenting methods yield the perfect results with the 
maximal error 0.53398 %. Also, for HB solution, the presenting methods 
errors are more less that HB, except examples in rows 1- which the 
percentage errors are equal to presenting methods- 11 and 14. Similar to LP, 
HB too not achieves any results which are existed in the rows 7-10. The first 
order approximation of EBM and HPM for the 

parameters m = 3, A -10, S = 2, k l —\2, k 2 =l6 is 0.03189 %, and 

for other cases in rows 8-10, is 0.00%. To further illustrate and verify the 
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accuracy of the presenting analytical approach, comparison of EBM and 
HPM with other approximate methods and numerical solution [18] are 
presented in Figs. 2 (a-b). Apparently, it is confirmed that the analytical 
approximations shows excellent agreement with the numerical solutions. 

Table 2 

Comparison of error percentages corresponding to various parameters of 
system 





m 


A 


£ 


*. 


K -, 


Kp-ffl, 


«HB " ^n 


\®HPM =EBM ®n \ 




m n 


No. 


co n 


oa n 




1 


i 


0.5 


0.5 


50 


5 


0.00153 


0.00036 


0.00153 


2 


i 


2 


0.5 


50 


5 


1.27586 


2.57430 


0.41644 


3 


i 


2 


0.5 


5 


5 


3.43507 


9.29570 


0.72170 


4 


i 


2 


0.5 


5 


50 


2.31970 


2.25829 


0.12021 


5 


3 


5 


1 


8 


16 


** 


27.1301 


0.14866 


6 


3 


5 


1 


10 


5 


** 


34.8206 


0.53398 


7 


3 


10 


2 


12 


16 


** 


** 


0.03189 


8 


3 


30 


5 


15 


5 


** 


** 


0.00 


9 


10 


200 


5 


5 


250 


** 


** 


0.00 


10 


10 


100 


10 


5 


25 


** 


** 


0.00 


11 


1 


0.5 


-0.5 


50 


5 


0.00221 


0.00010 


0.00520 


12 


2 


2 


-0.1 


10 


10 


0.16469 


0.81617 


0.00520 


13 


3 


4 


0.02 


30 


10 


0.18940 


1.34568 


0.40247 


14 


10 


5 


0.01 


8 


16 


0.04735 


0.19917 


0.23830 



' Invalid numerical solutions in complex values. 
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f \ ° o J \ 




Fig. 2. Comparison between approximate solutions for different parameters. 

6. CONCLUSION 

Energy Balance and Homotopy perturbation methods are applied to nonlinear 
oscillators which are useful in so many branches of sciences such as: fluid 
mechanics, electromagnetic and waves, telecommunication, civil and its 
structures and all so-called majors' applications, etc. The Energy Balance 
Method is a well-established method for the analysis of nonlinear systems, 
can be easily extended to any nonlinear equation. We demonstrated the 
accuracy and efficiency of the presenting method with some strong nonlinear 
problems. We can suggest HPM as strongly nonlinear method and EBM as 
novel and simple method for oscillation systems which provide easy and 
direct procedures for determining approximations to the periodic solutions. 
Eventually, this paper suggests to readers to apply the methods for solving 
nonlinear oscillations because of their accuracy, reliability and simplicity. 
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The paper present extensions of some results developed for absolute stability of 
the system with parametric uncertainty structure to the fractional order interval 
control systems (FOICS). Nyquist envelopes of FOICS whose numerator and 
denominator polynomials are fractional order polynomials with interval 
uncertainty structure, are calculated using the geometric structure of the value set 
of fractional order interval polynomials (FOIP). Absolute stability of the system 
is analyzed using Nyquist envelopes in the light of Lur'e, Popov and Circle 
criterion. A numerical example is included to illustrate the benefit of the method 
presented. 

Keywords: Absolute stability, fractional order control system, parametric 
uncertainty, Nyquist envelope. 



1 Introduction 

The real world systems can be described by fractional order differential 
equations more adequately than the integer order one [1, 2]. Therefore, in recent 
years considerable attention has been given to the fractional order control 
systems (FOCS) due to the better understanding of fractional calculus. As a 
result, some important studies dealing with the applications of the fractional 
calculus to the control systems have been done in [3-6]. This field of research is 
still new and there is not much work dealing with nonlinear FOCS with 
parametric uncertainty. The frequency domain analysis of systems is an 
important topic in control theory. There are some powerful graphical tools in 
classical control, such as the Nyquist plot, Bode plots and Nichols charts, which 
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are widely used to evaluate the frequency domain behaviours of systems. 
Motivated by the results especially the Kharitonov and the Edge theorems [7, 8] 
obtained in the parametric robust control, there have been several studies on the 
computation of the frequency responses of control systems under parametric 
uncertainty [9]. However, these results are related to the integer order control 
systems with parametric uncertainty. Therefore, extensions of these results to 
FOCS with parametric uncertainty will be very important. 

The robust stability analysis of a control system in the presence of uncertainties 
is important and well-developed subject in control theory. The well-known 
absolute stability problem [10] which was formulated in the 1950's is an 
important stability problem regarding nonlinear systems. The robust absolute 
stability for systems with parametric uncertainty was studied in [11-13]. The 
main idea of this approaches are based on the boundary results developed in 
parametric robust control. 

The purpose of this paper is to present extensions of the methods for absolute 
stability analysis of integer order systems to the nonlinear fractional order 
control system. The Nyquist envelope of fractional order control system with 
parametric uncertainty structure is calculated. Based on the Nyquist envelopes, 
the robust versions of Lur'e, Papov and Circle criterion are derived for nonlinear 
FOCS with parametric uncertainty. 

The paper is organized as follows: In Section 2, the computation of Nyquist 
envelope is given. Absolute stability is discussed in Section 3. A numerical 
example is given in Section 4. Section 5 includes concluding remarks. 



2 Nyquist Envelope of FOITF 

The numerator and denominator polynomials of a fractional order interval 
transfer function (FOITF) are a FOIP of the form, 

P(s,q) = q s a ° +q x s ai + q 2 s" 2 +q^ +--- + q n s a « (1) 

where a < a\ < ■■■ < a n are generally real numbers, q = [q$ <?i,<?2 >•••,<?«] is 
the uncertain parameter vector and the uncertainty box is 
Q = {q : qi e[^,-,^j],i =0,1,2,. ..,«}. Here q i and q { are specified lower and 

upper bounds of i* perturbation q { , respectively. Thus, a FOITF can be 
represented as, 

G(s,a,b)- — — - - - — (2) 

D(s,a) aoS Po +a{S Pi +a2S P2 + ... + a n s P " 
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where a <a\ < ...<a m and B < Pi <....< P n are generally real numbers, 

a=[ciQ,a\,...,a n ] and b = [bQ,b\,...,b m ] are uncertain parameter vectors, 

A = {a : a,- e [a,- , a,- ], z = 0,1,2,. ..,«} and B = {b:b t elb^bj], i = 0,1,2,. ..,/«} are 

uncertainty boxes. It is first shown that the value set of the family of polynomial 
of Eq. (1) can be constructed using the upper and lower values of uncertain 
parameters. Then, using the geometric structure of the value set the Nyquist 
envelopes of FOITF represented by Eq. (2) can be computed. For FOIP of Eq. 
(1), substituting s = ja gives, 



•PCM q) = go (hr + J k 0i )® a ° + ■ ■ ' + In ( k nr + j k ni >"" 

= (q k 0r co a ° +--- + q n k nt .co a ") + j(q k 0j co a ° +■■■ + q n k ni co a ") 



(3) 



where k [r and k^ , / = 1,2,..., n are constants. From Eq. (3), it is clear that the 
uncertain parameters appearing both in the real and imaginary parts are linearly 
dependent to each other. The value set of such a polynomial in the complex 
plane is a polygon. Thus the corresponding polytope of a family of Eq. (1) in the 

coefficient space has 2 n+ ' vertices and (n + l)2 n exposed edges since the 

polynomial family has (n + 1) uncertain parameters. For example, the 

uncertainty box in the parameter space and image of the exposed edges in the 
complex plane for a polynomial of the form of Eq. (1) with 3 uncertain 
parameters are shown in Fig. 1 . 




qiqiqi 
exposed 
edges 



Uncertinity box Q 
(a) 




max. 

mag. 

v 6 

^max. phase 
min phase 
►Re 



Fig. 1: For a polynomial of the form of (1) with 3 uncertain parameters 

a) Uncertainty box in the parameter space b) Images of exposed edges in the 

complex plane 



Using the upper and lower values of the uncertain parameters, all the 2 
vertex polynomials of P(s, q) can be written in the following pattern 



«+l 
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v l0) = <7os a ° +qi_s ai +q2_s ai + --- + q JL s a " 
V2(^) = ?o^ ao +£l^ a ' +<?2? a2 +--- + qn_s a " 

v (n+l) (s) = q s a ° +q l s" 1 + q 2 s" 2 +--- + q n s a " 



(4) 



From these vertex polynomials the exposed edges can be obtained. For example, 
the vertex polynomial V\ (s) and v 2 (s) have the same structure except the 

parameter (<7 ) is its lower value (q^) in v^(s) and its upper value (<7 ) in 
v 2 (s) . Thus one of the exposed edges can be expressed as 
e(vj , v 2 ) = (1 - X) vj (s) + X v 2 (s) where X e [0,1] • The numerator and 
denominator polynomials of FOITF of Eq. (2) are in the form of P(s, q) of Eq. 

(1). Therefore, the results given above can be used to obtain the Nyquist 
envelope of FOITF. Consider the transfer function given in Eq. (2), and let 
«l,« 2 ,...,« 2 „ + i and d\,d2,—,d 2 n+\ be the vertex polynomials of N(s,b) and 

D(s, a) polynomials respectively. Define the sets N v and N E , which contain 
the vertices and edges of N(s,b), as N v = {«i,« 2 ,...,« 2 ,„+i } and 
N E ={ne\,nei,...,ne. m } . Similarly define D v and D E for the D(s,a) as 

D v = {d\,d2,—,d 2 n+\} and D E = {de\,de 2 ,---,de „} . Define the extremal 
system as, 

D E (s) D v (s) 

where N v , N E , D v and D E are defined above. Thus, at s = jco, 
dG(ja>,a,b) a G E (ja>) where G E is defined in Eq. (5) and 3 denotes the 
boundary [14]. 



3 Absolute Stability Analysis 

In this section, the robust versions of classical absolute stability criterion namely, 
Lur'e, Popov and Circle criterion are obtained for FOCS with parametric 
uncertainty using the boundary results explained in previous section which is 
dG(ja>,a,b) a G E (ja>) . The proofs of the theorems given below are omitted in 
the paper due to the space limitations. 
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Theorem 1: (Lur'e Criterion) if G(s,a,b) of Fig. 2 is a stable transfer function 
and the nonlinearity <j> belongs to the sector [0, k[] then the condition for 
absolute stability is defined for G E given in Eq. (5) as, 



1 



-+Re[G E (ja))]>0, Vo>0 



(6) 



Theorem 2: {Popov Criterion) if G(s,a,b) of Fig. 2 is a stable transfer function 
and <p is a time-invariant nonlinearity, which belongs to the sector [0, k „ ] , then 

the condition for absolute stability for G E given in Eq. (5) is that there exist a 
real number such that , 



1 



-Re[(l + 9jo))G E (ja>)]>0, Vo>0 



(7) 



Theorem 3: (Circle criterion) if G(s,a,b) of Fig. 2 is a stable transfer function 
and <p is a time-invariant nonlinearity, which belongs to the sector [k\ , £2 ] , then 
the condition for absolute stability is that the Nyquist plot of G E (s) of Eq. (5) 
stays out of the circle C which is centered on the negative real axis at the point 
(— (&1 +&2)/2&iA:2,0) and cutting the negative real axis at -\lk\ and — 1/&2 
where k\ > , k~, > and k\ < k 7 . 



a 



G(s,a,b) 



Fig. 2: A fractional order control system with nonlinear feedback perturbations. 



4 A Numerical Example 



In this example the Nyquist envelope and robust Lur'e, Popov Circle criterion 
for Fig. 2 with the following transfer function is studied. 



0.9 



G(s,a,b) ■ 



N(s,b) _ b$+b\s 

Dii n\ ~ , 0.8 , 2.2 , 3.1 

U\S,U) Clft + Cl\S +CI2S + CI3S 



(8) 
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where, a e [0. 4,0.8] , ci\ e [2,3] , a 2 e [3,6] , a 3 = 1 , b e [l,1.2] , b\ = 1 . 
Thus, the transfer function has four uncertain parameters. It can be seen that the 
N(s,b) has one uncertain parameters. Therefore N(s,b) have 2=2 vertex 
polynomials and 1x2 = 1 exposed edge. D(s, a) have 3 uncertain parameters. 
So, there are 2 =8 vertex polynomials and 3x2 = 12 exposed edges for 
D(s,a) . The vertex polynomials of N(s,b) are n l (s) = l + s ' and 

n 2 (s) = 1.2 + s ' . Thus, N v =\n x ,n 2 ) an d N E = {nej } = {e(ni, n 2 )} • The 
vertex polynomials of D(s, a) are 

di(s) = 0.4 + 2s - 8 + 3s 22 + s 3A , d 2 (s) = 0.8 + 2s ' 8 + 3s 2 ' 2 + s 3A 

d 3 (s) = 0.4 + 3.? °' 8 +3s 22 +s 3A , d 4 (s) = 0.8 + 3s°* +3s 22 + s 3A (9) 

d 5 (s) = 0.4 + 2.? 08 + 6s 22 + s 3A , d 6 (s) = 0.8 + 2s°* + 6s 22 + s 3A 

d 7 (s) = 0.4 + 35 08 + 6s 22 +s 3A , d s (s) = 0.8 + 3.? 08 + 6s 22 + s 3A 

Thus, D v ={dy,d 2 ,---,d%) and the set of exposed edges of D(s, a) is 
D E =\de\,de 2 ,....,de\ 2 } = 

e(d x , d 2 ), £(0?! , <i 3 ), 2(0?! , d 5 ), e(rf 2 > <^4 X e (d 2 , d 6 ), e(d 3 , d 4 ),] (10) 

e(fi? 3 , fi? 7 ), e(fi? 4 , rf 8 ), e(fi? 5 , d 6 ), e(fi? 5 , o? 7 ), e(d 6 , J 8 ), e(d 7 , fi? 8 )J 

Using explanations in section 2, Nyquist envelope of the system can be 
calculated. Using the theorem 1 and Fig. 3, the robust Lur'e gain is computed as 
k t = 0.8558 . From theorem 2 and Fig. 4, the robust Popov gain is calculated as 
k = 16.1390 • From Fig. 5, the radius of the smallest circle centered at (-1, 0) and 

touching to the Nyquist envelope is 0.43. Using theorem 3, the robust absolute 
stability sector for circle C is calculated as [ki,k 2 ] = [0.8749,1.7544]. 



5 Conclusion and Remarks 

In this paper, the absolute stability problem of the fractional order control system 
whose numerator and denominator are in the form of FOIP, has been studied. 
Nyquist envelope of the system is obtained. Absolute stability is analyzed using 
Nyquist envelope of the system and new robust Lur'e, Popov and Circle criterion 
have been obtained. These results will be important for the stability analysis of 
uncertain nonlinear fractional order systems. It can be concluded that extensions 
of the results obtained for integer order control systems is possible for FOCS. 
Further results can be obtained in this direction. 
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5 2 2.5 3 



Fig. 3: Lur'e criterion 




Fig. 4: Popov criterion 

[1.0 




Fig. 5: Circle criterion 
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Abstract 

We study the flow of Stokes fluid surrounding solid suspen- 
sion. The suspension is periodically distributed and made of an 
heterogeneous viscoelastic material with short memory. By ho- 
mogenization methods, we show that the limit behavior of the 
mixture is that of a viscoelastic medium with fading memory. 
Key Words: Homogenization; multi-scale method; Short mem- 
ory; Stokes fluid. 

1 Formulation of the problem 

Let Y = [0, Zi[x[0, Z 2 [x[0,/ 3 [ (h > 0, i — 1,3) be the reference cell.. Let 
Y s an open subset (Y s C F) with sufficiently smooth boundary, locally 
in one side of its boundary, and Yf — Y — Y s . R 3 is cover in a periodic 
manner by cells obtained by translating eY, e > 0. Let Q be an open 
bounded and connected subset of R 3 . The fluid (respectively the solid) 
part denoting by fij (respectively Q £ s ) is the translates of eYf (respec- 
tively sY s ) in Q. One supposes that dfi £ s D dQ = 0. 
In the solid part the strain tensor is given by 

<iH = <*ijkh e kh(w) + a i!kh—Q t — , i 1 ) 

where ekh (v) = \{-^r + g^r) is the deformation tensor. The coefficients 
a< ijkh anc i a }jkh are respectively the elasticity and visco-elasticity ones, 
and are such that 

a ijkh\ x ) = a ijkh\~) 5 x ^ "s) ' = 0, 1, 
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with a\ j kh being Y— periodic, bounded and measurable in Y s and satis- 
fying the usual conditions of symmetry and ellipticity. Note that the 
functions a l ^ kh are eY — periodic. 

We denote by u £ and p £ respectively the fluid velocity and the fluid 
pressure, w £ the solid displacement, and / the exterior forces. 

We shall consider Q £ the following system: 

in tt £ f x]0,T[, 
inQ £ f x]0,T[, (2) 

/j,z = I~3 tnQ £ s x]0,T[, 

with the initial and boundary conditions: 



dt 


fj,Au £ 


= f- 


Vp' 


divu £ 


= 






d 2 w\ 

at 2 


- °k 


M) 


= fi 



dt ' 



ondfl £ s x]0,T[, 



^ = a £ ] {w £ )n 3 +p £ n l1 i = 1, 3 ondQ £ s x}0,T[, (3) 

u £ = ondQx]0,T[, 



u £ (0) = inVL £ f 

w £ (0) = w' £ (0) =0 inn 



(4) 



n being the exterior unit normal on dVt £ s and \x > is the viscosity of 
the fluid. 

One supposes that 

/GL 2 (0,T,(L 2 (fi)) 3 ). (5) 

Using (3) 1 , one extends w £ at the whole £1 by: u £ = %^ on fH. The 
system Q £ has the following variational formulation: 

T2 (w £ ,v) {m +fif t (Vw £ ,Vv) {m) + {aj £ kh e kh (^) , eij (v)) ^ 



+ (a^efcft (w £ ) , eij (v)) {om = (i»(o,n) Vw e K, 



w £ (x, 0) = on Q 

dw' 

dt 

with 



dwE f x ,Q) = 0onfl, 



(6) 
(7) 



V e = Iv E (H% (fi)) 3 , divv = 0onn £ f \. 

Using the Faedo Galerkin method (see [8], [1]) and some priori esti- 
mates, one proves the following: 
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Proposition 1 Under the previous hypothesis there exists a unique so- 
lution of the problem (6) (7) such that: 



w e eL°°(0,T,(H*(n))% 

- G L 2 (0, T, K(fi)) 3 ) n L-(0, T, (L 2 (fi)) 3 ), (8) 

\\W \\ t ooln t t ill / n\\;i\ S? C 



dw 

- c u \y,± ,\i 

'" £ lL-(0,T,(//i(n))3) 

where c is strictly positive constant independent of e. 

2 Multiscale methode 

In the following, one use Saint Jean Paulin and Cioranescu's process [3]. 
One looks for a formal asymptotic expansions of the form: 

u £ (x,t) = u°(x,y,t) + eu 1 (x, y,t) + e 2 u 2 (x,y,t) + ... 
w £ (x, t) = w°(x, y, t) + ew 1 (x, y, t) + e 2 w 2 (x, y, t) + ... (9) 

p £ (x,t) =p°(x,y,t) +ep 1 (x,y,t) + e 2 p 2 (x,y,t) + ..., 

where y = x/e and u\ w\ pp are smooth functions Y — periodic in the 
variable y. Substituting (9) into (2).. (4) , and identifying the coefficients 
of the powers of e, one shows that u° and w° are independent of y. Be- 
cause of the transmission conditions, looking for u l and w l requires us to 
take the Laplace transform with respect to time (denoted^) . Extending 

w° and w 1 at the whole £1 by u l = ^- (/ = 0, 1) on VLf, one looks for w 1 

and p° with the form (A G C) 

p°(x,y,X)=r kh (y,X) d 1 ^(x,X). 

If one denotes by nf h (y) = y h 5 ki and A ijim (y, X) = a° ijlm (y) + 
\a\ji m (y) , one proves (see [1]) the following: 

Proposition 2 There is a unique {^ kh ^ r kh ^ e (#* {Y) 3 x L 2 (1/)) 
solution of the local system 

{ -vXA y (- X kh + ***) = -*£ onY> 
cfe (— x kh + K kh ) =0 onl} 

-£^WL ("X** + ***) =0 onF s (11) 

/iA^- (-xf 1 + 7if h ) % - r H ni- 
-A^eL (~X kh + K kh ) n 3 = indY s , 



such that J Y x kh dy = 0. 
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By using Fredholm alternative one proves that w° is solution of the 
following equation (see [1] or [3]) 

X 2 w^(x,p)-q l]kh (X) & ^^ = f l (x) mfi,V*G{M} (12) 

w° (x,p) = ondQ, 



where 



q ijkh (\)= "' I' J¥f 9m 9m V , (13) 

+ J Ys A apim e y ap ( X kh - n kh ) e lm ( X ij - tt") dy } . 



Proposition 3 If ReX > is sufficiently large, the coefficients qijkh are 
coercive, holomorphic and 

\Qijkh(X)\ <poly\X\. 

3 Convergence-Energy method 

Theorem 4 Under the previous hypotheses and if ReX > is suffi- 
ciently large 

w e _i w * weakly in (Hq (Q)) , (14) 

where w* G (Hq (Q)) fl (H 2 (Q)) is the unique solution of (12) (13). 

Proof. The same as in [3], but for the pressure one doesn't use the 
extension proposed by L.Tartar in the appendix of [9], but the one pro- 
posed in [7] , defined by: 

f P £ ~ ioT /n* P £dx on ^ f 

f = \ i / ti as ( 15 ) 

which insure the continuity of the stress tensor on fluid-solid interface, 
and have the mean value equal to zero, and the following properties (see 

[7]): 

\7p £ = Vj3 e inQ £ f , and Vp e = in Q £ s . 
\\P 6 \\l 2 <q) — c > c cons tant independent of e . 



than up to a subsequence, one has: p e — *■ p* weakly in L 2 (Q) . m 

Remark 5 One hasp 6 G T>' (]0, T[, fi £ r) (see [12]) , but under the Laplace 
transform the problem Q £ becomes a stationary problem for which there 
exists a unique p £ G L 2 (f2^) (see[12]). Then p £ is well defined. 
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By using the proposition 3, the Theorem 1, and by applying the 
inverse Laplace transformed to (12) one deduces the following (see [1]) . 



Lemma 6 Under the previous hypotheses, w* is the solution of the equa- 
tion 

^ ~ E <*** * ^t k = f* «""> i = M, (16) 

jkh 

where Cijkh is the inverse Laplace transformed of qijkh, an d (*) is the 
convolution product. 

Remark 7 The equation (16) is the Q £, s homogeneous equation, which 
is of a viscoelastic medium with fading memory. 
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Abstract 

This paper applied, He's Variational Approach Method (VAM) to solve the non-natural vibrations and 
oscillations. We find this method (VAM) works very well for the whole range of initial amplitudes and does not 
demand small perturbation and also sufficiently accurate to both linear and nonlinear physics and engineering 
problems. Some examples are given to illustrate the effectiveness and convenience of the method. He's energy 
balance method as approximate method and Runge-Kutta's [RK] algorithm was also implemented to solve the 
governing equation through a numerical method. Finally, the accuracy of the solution obtained by the 
approximate method (VAM), has been shown graphically and compared with that of the numerical solution. 

Keywords: Variational Approach; Nonlinear Oscillators; Mathematical Pendulum; Runge-Kutta's 
algorithm; Energy balance 

Introduction 

Nonlinear oscillation in engineering and applied mathematics has been a topic to intensive research for 
many years. Nonlinear oscillator models have been widely considered in physics and engineering. Many authors 
used various analytical methods for solving nonlinear oscillation systems. The traditional perturbation methods 
have many shortcomings, and they are not valid for strongly nonlinear equations. [1,2]. To handle the nonlinear 
problems, many new mathematical methods have appeared in open literatures recently, for example: Lindstedt- 
Poincare [3] Parameterized Perturbation Method, Homotopy Perturbation Method [4,5]. Parameter-Expanding 
(Expansion) [6] , Energy Balance Method [7-9], Harmonic Balance Method [10], Variational Iteration Method 
[11], and also Variational Approach Method [12,13]. In this paper, we will show how to solve the problems of 
nonlinear oscillators by a new variational approach proposed by He [12], which is an easy, effective and 
convenient mathematical tool and analytical formulas for the period and periodic solution. 

In this paper, At the first, we describe basic idea of he's variational approach method and then Runge- 
Kutta's [RK] algorithm will be introduced to solve the governing equation [14]. The VAM will be applied to the 
Mathieu-Duffing equations. Finally, The frequency of the oscillator obtained by He's Energy balance method 
and numerical solution is given to demonstrate the validity of the proposed method (VAM). 

The comparison shows the efficiency of these methods. As we can see, the results presented in this Letter 
reveal that the method (VAM) is very effective and convenient for nonlinear oscillators. 

1. Basic idea of He's Variational Approach Method 

He [12] suggested a variational approach which is different from the known variational methods in open 
literature. Hereby we give a brief introduction of the method: 

u"+f(u) = (0 

Its variational principle can be easily established using the semi-inverse method 



J(u) = J u' 2 +F(u) \dt 

Where T is period of the nonlinear oscillator, /p. = f ■ Assume that its solution can be expressed as 
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u(t) = Acos(cot) (3) 

Where A and CO are the amplitude and frequency of the oscillator, respectively. Substituting Eq.(3) into 
Eq.(2) results in: 

J (A , co) - \ A co sin cot + F (A cos cot) at = — A co sin (cot ) + F (A cos (cot )) dt 

io \ 2 J co J » l. 2 ' y (4) 

1 2 ton 2 1 rnll 

- - — A co sin t dt + — F (A cos t ) dt 

2 Jo a Jo 

Applying the Ritz method, we require: 

— = (5) 

dA 

K = (6) 

dco 

But with a careful inspection, for most cases He find that 

^—=-—A 2 \ sin 2 tdt - F (A cos (at ))dt <0 ( - / - ) 

dC0 2 Jo £y 2 Jo v v >> 

Thus, He modify conditions Eq.(5) and Eq.(6) into a simpler form: 

£-° <8) 

From which the relationship between the amplitude and frequency of the oscillator can be obtained. 

2. Basic idea of Runge-Kutta's method (RKM) 

Here we apply the fourth-order RK algorithm to solve governing equation subject to the given boundary 
conditions. RK iterative formulae for the second-order differential equation are [14]: 



M '(,+i) = M \ "• (^i + 2£ 2 + 2^3 + k 4 ), u (i+i) =u i + At 



"'' + ~6~( k[ +kl+k ^ 



(9) 
Where A^ is the increment of the time and k l ,k 2 ,k i and k 4 are determined from the following formula: 



r ( ■ \ t „( At At . At 7 

K, -t [t.MM. , K 1 =/ t. -i ,«. H ,11- H K, ,. 

1 v ' ' " 2 \ ' 2 2 2 

, A At At ■ 1 a 2, • A/ "1 , f A A . 1 A 2j . . , "J ( 10 ) 

^3 = J ^i "' ' M , "' U t , — At k l ,U i H « 2 , K 3 =/ t t + At , M ; +A^ « ; + — A? K 2 , « ; + At K 3 , 

The numerical solution starts from the boundary at the initial time, where the first value of the displacement 
function and its first-order derivative is determined from initial condition. Then, with a small time increment 
[At], the displacement function and its first-order derivative at the new position can be obtained using (3). This 
process continues to the end of time. 

3. Applications 

In this section, we will present three examples to illustrate the applicability, accuracy and effectiveness of 
the proposed approach. 
4.1. Example 1 

In this example, we consider the following nonlinear oscillator [1]: 

— l 2 +r 2 6 2 \6 + r 2 66 2 + rg6cos(6) = Q < n ) 

With the boundary conditions of: 
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0(0)= A, 6(0) = 



(12) 



In order to apply the variational approach method to solve the above problem, the approximation 

COS#«l 6 1 + — 6 4 isused. 

2 24 

Its variational formulation is: 



J(0)=\ 



T 14 f \ 



2/52 1 „2/i2 A2 



ve L — r L e L e L +-r g e L — rger + — gr e° \dt 

o l 24 2 2 8 144 ' 



(13) 



Choosing the trial function 0(t) = A COS(cot) into Eq.(13) we obtain 



J(A,o))=[ 
J( 



774 




/ 2 (A(osin(<»t)) r 2 {A cos(cot)^ (A&>sin(&>t)) 

+ — rg(Acos(a>t)j — r g (A cos(cot)) H g r(A cos(cot)) 



dl 



(14) 



The stationary condition with respect to A reads: 

8J r r/ Y i 

dA 



/ coAsin (cot)-2r coA sin (cot)cos (cct) + rgAcos (cot) — rgA cos (cot)-t rgA cos (cot)ldt-O (15) 

Jo ^ 12 2 24 J 



Or 

dJ__ t"l 2 (_l 
dA "Jo 1 12 



r*l 2 ( 1 ,2 . . 2 . 2 ~ 2 2,3 .2, 2 . , , 2 . 1 .3 4.1 ,5 f.lj, n ,, r s 

/ Asm tea -2r w A sin tcos t+rgAcos t — rgA cos H rgA cos t \dt = (16) 

Jo 12 2 24 v y 



Then we have ; 

2 J 



fij 



^2,1 ,(3 4,1 5 6 

r P" ^4 cos ? — rgA cos t H r e" ^4 cos ? 

2 24 



c* 



f*H 1 ,2, . 2 , , ~ 2 ,3 • 2 . 2 , 

— / ^4«« ?+2r ^4 «« ?co5 t 
Jo I 12 



(17) 



^ 



Solving Eq. (17), according to 69 , we have: 



&> = 



! \rg (l92-72A 2 +5A 4 



6A 2 r 2 +l 2 



(18) 



Hence, the approximate solution can be readily obtained: 

f i ; r - A 



0(t)=Acos 



! jrg {\92-12A 2 +5A 4 } 



6A 2 r 2 +l 2 



(19) 



For comparison of the approximate solution, frequency obtained from solution of nonlinear equation with the 
Energy Balance method is: 



CO, 



LliM 



Jt r g (288 -108.4 2 + 7,4 4 



12 



6^V + / 2 



(20) 



The numerical solution (with Runge-Kutta method of order 4) for nonlinear equation is: 
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6=y 

y =- 



r 2 6u 2 + rg0cos(0) 

-l 2 +r 2 9 2 
12 



(9(0)=A 
y(0) = 



(21) 



For the following value parameters, we compared the numerical solution and Energy Balance method with the 
variational approach method in Figs (1-3): 
1=2.5, r=0. 5, g=10, A=l 
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Fig. 1 . Comparison of displacement ( 6 ) of the 
VAM solution with the EBM and RKM solution 



Fig. 2. Comparison of velocity ( 6) of the VAM 
solution with the EBM and RKM solution 




Fig. 3. Comparison of frequency corresponding to various parameters of amplitude (A) 

1=2.5, r=0. 5, g=10 



4.2. Example 2 

We consider the mathematical pendulum, the differential equation governing for the free oscillation of the 
mathematical pendulum is given by [1]. 

§_„,., 
r 



-n 2 cos (0)sin (8) + ^-sin (6)= 



(22) 



With the boundary conditions of: 
0(0) = A, (9(0) = 



(23) 
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In order to apply the variational approach method to solve the above problem, the approximation 

cos6>«l--6> 2 + — # 4 and sin#«#--# 3 isused. 
2 24 6 



Its variational formulation can be readily obtained as follows: 

J{6)=\ 

J( 



u I 2 2 6 48 1152 2r 24 r 



(24) 



Choosing the trial function 6(t) = A COS(o)t) into Eq.(24) we obtain 

. — (Acosin(cot)) — Q 2 [A cos (cot)) 2 +-D 2 [A cos (cot)) Q 2 (A cos(cot)) 

t / a \ f 2 2 6 48 

J(,4,&>) = 

° +— *— Q 2 (A cos(cot)f +(-) — U cos(aiO) 2 -(— ) — U cos(aiO) 4 
^ 1152 V v " 2 r V V /; 24 r V V /; 

The stationary condition with respect to A reads: 

f 2 1 

-A co 1 sin 2 (cot)- D. 2 A cos 2 (at) + -Q. 2 A 3 cos 4 (cot ) --Q. 2 A 5 cos 6 (cot ) 

3 8 



dJ__ r r/4 
dA "Jo 



O. 2 A 7 cos 8 (cot ) + —A cos 2 (cot)- -^-A l cos 4 (cot) 



144 



6 r 



A =0 



dt (25) 



(26) 



Or 



a/__ p/ 2 
&4 "Jo 



^ t i ^ 

-A co 2 sin 2 1 -CI 2 A cos 2 t + -Cl 2 A i cos 4 t Cl 2 A 5 cos 6 t 

3 8 

+ — Q 2 A 7 cos*t + ^-Acos 2 t--^-A i cos 4 t 
V 144 r 6 r 



aft =0 



(27) 



Then we have ; 

f */2 



CO 



Q 2 Acos 2 1 + -Q 2 A i cos 4 1 --Q 2 A 5 cos 6 t + — Q 2 A 7 cos ii t + ^Acos 2 1 --^A\os 4 1 !,-// 



144 



(x/2 

sin ' 
Jo 



t dt 



6 r 



(28) 



Solving Eq. (28), according to 6) , we have: 



w = — J-9216Q 2 +4608Q14 2 -720QV + 35QV +9216— -1152 —A 2 



96 



(29) 



Hence, the approximate solution can be readily obtained: 



0(t)=Acos 



1 ' -9216Q 2 +460m 2 A 2 -720£l 2 A 4 +35Cl 2 A 6 +9216^--U52^-A 2 t 



96 



(30) 



For comparison of the approximate solution, frequency obtained from solution of nonlinear equation with the 
Energy Balance method is: 

V6~ 



co, 



■LlSM 



-1536Q 2 +768Q 2 ,4 2 -U2C1 2 A 4 + 5Cl 2 A 6 +1536 — -192 ^-A 2 



(31) 



96 v r r 

The numerical solution (with Runge-Kutta method of order 4) for nonlinear equation is: 
6 = y <9(0)=A 

y = D. 2 cos (9)sin (9)-^-sin (9) y (0) = 



(32) 



For the following value parameters, we compared the numerical solution and Energy Balance method with the 
variational approach method in Figs (4-6): 
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Fig. 4. Comparison of displacement ( ) of the VAM 
solution with the EBM and RKM solution 
Q =1, r=5, g=10, A=0.5 




Fig. 5. Comparison of velocity (0) of the VAM 
solution with the EBM and RKM solution 
Q =1, r=5, g=10, A=0.5 




Fig. 6. Comparison of frequency corresponding to various parameters of amplitude (A) 

Q =1, r=5, g=10 



4.3. Example 3 

The motion of a particle on a rotating parabola. The governing equation of motion and can be expressed as 

5 



u + au [u +uu\ + bu+cu + d u 







With the boundary conditions of: 
u(0)=A, u(0) = 



(33) 



(34) 



Its variational formulation can be readily obtained as follows: 



J(u)=( 
Jo 



T,4 ( 1 .7 1 



: 2. . 2 



1 



1 



1 



u au u H — bu H — cu H — du \dt 

2 2 2 4 6 



Choosing the trial function 0(t) = A COS(o)t) into Eq. (35) we obtain 






TIA 





— (Ae;sin(fi;t)j — a (Acosm^cotu (Acos(atf)j +— b(Acos(cotu 



+— c(Acos(W)) +-d (Acos(<y^)) 



4 v v n 6 

The stationary condition with respect to A reads: 



dt 



(35) 



(36) 
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dJ f r/4 



f (-A a) 2 sin 2 (a>t)-2aa> 2 A i sin 2 (ot)cos 2 (at)+bAcos 2 (ax)+cA 3 cos 4 (a)t)+dA 5 cos 6 (cot))dt = (37) 



Or 

8J_ _ r*l 2 

8A "Jo 
Then we have; 

•k/2 



{-A co 2 sin 2 t -2aa> 2 A 3 sin 2 t cos 2 t +bAcos 2 t +cA i cos A t +d A 5 cos 6 t ) dt =0 



2 _ JO 



\bAcos t+cA cos t+dA cos t)dt 



•*/2 



A sin t+2aA sin tcos t\dt 



n 

Solving Eq. (39), according to CO , we have 



a>- 



1_ Sb+6cA 2 +5dA 4 
2V o4 2 +2 



Hence, the approximate solution can be readily obtained: 



0(t)=Acos 



1 Sb+6cA 2 +5dA 4 



aA 2 +2 



(38) 



(39) 



(40) 



(41) 



For comparison of the approximate solution, frequency obtained from solution of nonlinear equation with the 
Energy Balance method is: 



1 12b +9cA 2 +7dA 4 



CO, 



'EBM 



S' 



iA 2 +2 



(42) 



The numerical solution (with Runge-Kutta method of order 4) for nonlinear equation is: 
u — y u (0)=A 

1 

y 



= — I a u u +bu +cu +du I y (0) = 

l + au v ' 



(43) 



For the following value parameters, we compared the numerical solution and Energy Balance method with the 
variational approach method in Figs (7-9): 




Fig. 7. Comparison of displacement {6) of the VAM 
solution with the EBM and RKM solution 
a=0.1, b=0.2, c=0.3, d=0.4, A=l 
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Fig. 8. Comparison of velocity ( 6) of the VAM 
solution with the EBM and RKM solution 
a=0.1, b=0.2, c=0.3, d=0.4, A=l 
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Fig. 9. Comparison of frequency corresponding to various parameters of amplitude (A) 

a=0.1, b=0.2, c=0.3, d=0.4 
4. Conclusion 

In this paper, the variational approach method has been successfully used to study the nonlinear vibrating 
equations. The method, which is proved to be a powerful mathematical tool to study nonlinear vibrating 
equations, can be easily extended to any nonlinear equation. We find that the variational approach method is 
very effective, convenient and adequately accurate in engineering problems. 

These examples have shown that the approximate analytical solutions are in excellent agreement between of 
two other methods. The obtained results from this method have been compared with those obtained from Runge- 
Kutta's method (RKM) and Energy Balance method (EBM). VAM can be easily extended to any nonlinear 
equation for the analysis of nonlinear systems. 
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Abstract 

The purpose of this paper is to present the efficiency of the application of 
the system dynamics simulation modelling in investigating the behaviour dynamics 
of the diesel engine complex system. The marine diesel engine is defined by a set of 
non-linear differential equations, i.e. by a continuous simulation model of a higher 
order and the so-called equations of state. At the same time, the simulation model is 
discrete as it strictly satisfies the chosen value of the fundamental integration time 
step DT. The paper presents a mathematical model of the system consisting of a 
marine diesel engine model, which forms the basis for designing a system dynamic 
qualitative model (mental-verbal, structural and schematic model) and a quantitative 
model (system dynamic mathematical and information simulation model). A scenario 
of mixed propulsion states has been presented. Parameters obtained with the aid of 
the hardware simulator Kongsberg ERS-L1 1 MAN B&W-5L90MC-VLCC Version 
MC90-IV have been used in conducting the simulation. 

The results presented in the paper have been derived from the scientific research 
project „ SHIPBOARD ENERGY SYSTEMS, ALTERNATIVE FUEL OILS AND 
REDUCTION OF POLLUTANTS EMISION" supported by the Ministry of Science, 
Education and Sports of the Republic of Croatia. 

Keywords: 

Simulation, System Dynamics, Diesel Engine, Simulator, Heuristic Optimisation. 

1. Introduction 

As there are a large number of various diesel engines in use, it appears that 
designing a universal model applicable to each individual type of engine would be 
very useful and effective, particularly in the case of designing complex mathematical 
models of diesel engines that include all essential sub-processes: 
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- description of the working medium (fuel, air), 

- mechanical system dynamics, 

- cooling system, 

- lubrication system, 

as well as their mutual interactions. 

However, such a complex model is not suitable for the computer-supported 
simulation modelling of a diesel engine. Other sub-processes of the universal model 
are indirectly involved through the values of the various parameters that have been 
defined for given stationary states. 

Some of the features of the diesel engine operation process have a discrete quality 
(injection process, ignition, burning and combustion of the air and fuel mixture) so 
that a discrete model of the engine is undoubtedly more exact. Since in high-speed 
diesel engines the time of discretisation (injection period) is much shorter than the 
dominant time constants of the very process, the discrete model of the engine closely 
approaches the continuous one, so that only the latter will be analysed in this paper. 
Figure 1. shows a generic scheme of a marine turbocharged diesel engine. The 
following basic functional units can be noticed: 

- engine mechanism (M), 

- exhaust gas receiver (KIP), 

- turbine (T) and the compressor (K) of the turbocharger, 

- scavenge air receiver (KZ), 

- high-pressure fuel pump (VTSg). 

Each of the above functional units has been allocated input and output variables, 
variables of states and disorders, which are relevant for the model. They connect the units 
into a unique multivariable system. 
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Figure 1. Generic scheme of a marine diesel engine 
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Where: 
M - engine, 
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KIP - exhaust gas receiver, 

T - turbine, 

K - compressor, 

KZ - scavenge air receiver, 

VTSg - high-pressure fuel pump, 

Q - angular speed of the engine crankshaft (KV), 

G r - amount of the exhaust gas from the engine, entering the KIP, 

p r - exhaust gas pressure in the KIP, 

p r - exhaust gas density, 

G T - amount of the exhaust gas flowing through the turbine, 

Q T - angular speed of the turbocharger, 

Gk- amount of air that the turbocharger supplies to the KZ, 

p k - air pressure in the receiver, 

pk - specific air mass in the KZ, 

X - regulator action, 

q g - amount of fuel supplied to the engine by VTS. 



2. Computer simulation model for a marine diesel 

engine 

2.1.System dynamic mathematical model for a marine diesel 

engine 

The system dynamic mathematical model for a turbocharged diesel engine can be 
defined by the expression: 

d 2 (p^ d(pT DH k DH | d% T s k s dOC D T u a k u 

dt 2 " dt T H 2 T H 2 dt T H 2 T H 2 dt T H 2 D T H 2 



where: 

d 2 (p= D2FI - acceleration of the angular speed of the engine crankshaft (KV) 

d cp= D1F1- angular speed change rate of the engine crankshaft (KV) (speed gradient) 

Tdh= TDH- time characterising the sluggishness of the engine as a regulated object 

T H 2 = TH2- square of the time characterising the sluggishness of the engine as a 

regulated object 

T s = TS- time characterising the engine sluggishness 
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d % =DKAPA- speed of moving the rack lever high - fuel pressure pump (VTS) 

% = KAPA- relative movement of the rack lever of the fuel pressure pump (VTS) 

k s = KS- coefficient of the engine gain 

d a D = DALFAD - change rate of the relative consumer load 

OCd= ALFAD- relative change of the consumer load 

T u = TU- time characterising the generator sluggishness 

k u = KU- coefficient of the gain of the external engine load 

<p= FI- relative change of the angular speed of the KV 

k DH = KDH- factor depending on the self-equalisation coefficient and engine gain 

coefficient 

ALFAD- external engine load 

SLOPE - subroutine of the first derivation (KAPA and ALFAD) 

2.2.System-dynamic structural model for marine diesel engine 

Based on the described mental-verbal model, it is possible to make a structural 
diagram as shown in Figure 2. 

TU KS 




Figure 2. Structural model for a marine diesel engine 

There are several feedback loops (KPD) in the observed system: 

1. KPD1(-):D2FIDT2(+)=>DFIDT(+)=>FI=>D2FIDT2 

2. KPD2(-):FI()=>DISKl(+)=>KAPAl(+)=>KAPA(+)=>D2FIDT2(+)=> 
DFIDT(+)=>FI 
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3 . KPD3(-) :FI(-)=>DISK 1 (+)=>KAPA 1 (+)=>KAPA(+)=>DKAPADT(+)=> 
D2FIDT2(+)=>DFIDT(+)=>F1 

2.3. System-dynamic flowchart diagram of a marine diesel engine 

The flowchart diagram has been created in line with the previously made mental- 
verbal and structural models, as shown in Figure 3. 
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Figure 3. Flowchart diagram of a marine diesel engine with UNIREG regulator 
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3. SIMULATION SCENARIOS OF THE MARINE 
DIESEL ENGINE MODEL 

3.1. Simulation scenario of the start-up of an idling marine diesel 
engine - starting 



The marine diesel engine is started at TIME=0 at zero load. 

The diesel engine system is fitted with an electronic universal (UNIREG_DISK1) 
regulator. After a series of scenarios, we have obtained coefficients of the electronic 
universal PID regulator for the start-up of the idling marine diesel engine. The 
coefficients have been obtained with the aid of the heuristic optimisation. The latter 
implies the use of all familiar methods, including the ones that cannot be expressed 
in a mathematically exact way, so that expertise in modelling is necessary. Heuristic 
optimisation in system dynamics involves the "retry and error" method, a method 
that could be described as trying to obtain results gradually, i.e. "step by step" 
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Figure 4. KPP=20, KPI=0.8, KPD=1.5 
Relative change of the crankshaft angular speed 

Comments on the obtained results from the Scenario: 

The behaviour dynamics of an idling marine diesel engine is entirely in accordance 
with its model, i.e. with the second order differential equation. The revolution speed 
regulation has been performed by the electronic universal PID regulator whose 
elements' coefficients have been changing. The heuristic optimisation of the PID 
regulator parameters has been carried out, resulting in the following combination of 
coefficients: 
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KPP=20, KPI=0.8, KPD=1.5 

This combination entirely meets the criteria of the revolution speed of a marine 
diesel engine. The same results have been obtained in the Kongsberg hardware 
simulator at the University of Split. 

4. CONCLUSION 



The presentation and the results of the simulation of the system-dynamic 
models for a marine diesel engine lead to the conclusion that applying System 
Dynamics, a modern scientific discipline, in the research of behaviour dynamics of 
complex ship systems is an exceptionally effective, rational, and prospective 
methodology. It is extraordinarily useful in education of both engineering faculty 
students and graduate engineers of all profiles as it provides a cost-effective, fast and 
accurate method of acquiring new insights and skills in the field of engineering 
systems and processes. This brief presentation gives to an expert all the necessary 
data and the opportunity to collect further information on the same system using a 
fast and scientific method of investigation of a complex system. 

Which means: 

Do not simulate the behaviour dynamics of complex systems using the research 

method of the "black box", because the education and designing practice of complex 

systems has confirmed that it is much better to simulate using the research approach 

of the "white box", i.e. the System Dynamics methodology. 
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Abstract 

One of the recently developed approaches for controlling chaos is the minimum 
entropy control technique. In this method an entropy function based on the Shannon 
definition, is defined for a chaotic system. The entropy of the system is a function of 
control action and it has been shown that by applying appropriate control action to 
the chaotic system the entropy of that system can be minimized which means that the 
chaotic behavior be stabilized [7]. In this paper the particle swarm optimization 
technique is used for minimizing the entropy function of the system from which the 
appropriate control action is obtained. The application of this technique is studied in 
two case studies: The chaotic logistic map which is controlled by an error feedback 
controller and the chaotic Henon map which is controlled by a delayed feedback 
controller form. Simulation results show very good effectiveness of this method in 
chaos elimination. 
Keywords: chaos, PSO, minimum entropy control, delayed feedback, error feedback 
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1. Introduction 

There are considerable number of chaotic systems in nature and the engineering 
world. Researchers and engineers who are dealing with the chaotic systems, have 
tried to develop effective methods to control chaotic behavior in such systems 
especially in the recent decades. The problem of chaos control is first introduced by 
Ott et al. [5] who demonstrated that a significant change in the behavior of a chaotic 
system can be made by a tiny adjustment of its parameters. In general, control of 
chaos can be carried out by changing the physical parameters of the system or by 
means of some physical inputs to the system such as forces, torques, etc [2]. In fact 
controlling of chaotic systems means controlling of their behavior in a way that they 
show a regular behavior. The typical purpose in controlling of chaotic systems is 
stabilizing the unstable periodic orbits (UPOs). Since 1990, when the OGY method 
for controlling chaos was proposed [5], many control techniques have been 
introduced. In 1992, Pyragas presented a linear delayed feedback control law [10]. 
Also several nonlinear control methods such as feedback linearization [1,4], variable 
structure control [6,9,13] and feedback linearization in discrete time systems [3,14] 
have been developed. One of the control techniques for the chaotic systems is the 
minimum entropy control method which is based on the stochastic concept of 
entropy for chaotic maps. In this method an entropy function is defined for the 
system as a measure of irregularity of the chaotic map. Salarieh and Alasty [7] used 
the definition of entropy in the sense of Shannon and developed an entropy 
minimization approach for controlling chaos. One important advantage of this 
method is that there is no need for mathematical model of the system and only the 
measured states of the system are enough for calculating the control action. They 
used the gradient descent algorithm for minimizing the entropy function. The 
gradient descent algorithm usually has trouble with local minimums of functions and 
cannot pass over them easily. As a result, it may not be an effective minimization 
tool to be used in the minimum entropy control method. 

In this paper, the particle swarm optimization (PSO) technique is used for 
minimizing the entropy function of the chaotic system. This optimization technique, 
has exhibited remarkable results in various optimization problems and resolved the 
problem of being trapped in local minimums to some good extent. Despite its 
simplicity over the other optimization methods, the PSO technique has presented 
satisfying performances, particularly in dynamic problems. In this paper, the 
minimum entropy control method based on the PSO algorithm, is applied for 
stabilizing the first order fixed points of the Logistic map and the Henon map. In the 
first case an error feedback controller and in the second example a delayed feedback 
controller is used while in each case the feedback gain is obtained from the minimum 
entropy strategy via PSO algorithm. 

2. Problem statement 
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Consider the following nonlinear map which generates a chaotic motion 

x(n + 1) = f(x(n), u(n)) (1) 

where x(n) is the state vector, u(n) is the control action and / is a nonlinear map. If 
the fixed point of the chaotic system is denoted by x F , it would satisfy the following 
equation 

x F = f(x P , 0) (2) 

The purpose of controlling the chaos in such a system is to obtain a control law u(n) 
that stabilizes the fixed point of the nonlinear map, x F . To achieve this goal, the 
entropy minimization technique is used to design a stabilizing feedback controller. 
According to this method the control action u(n) is designed such that the entropy of 
the chaotic system be minimized. The chaotic system will show a regular and stable 
behavior if its entropy is minimized [7]. Hence, the entropy of the system can be 
considered as an objective function for minimizing. 

The entropy function of a chaotic system in the sense of Shannon could be defined as 
follows [7] 

E(u) = - J p(x ,u)lnp(x ,u)dx ^ 

where E is the entropy, p is the probability density function and Q is a D- 
dimensional region in which the state variables lie (D is the dimension of the state 
variables). If p is not known, it is usually estimated by numerical methods. In the 
minimum entropy control technique the region Q is divided to N sub-regions Q; , 
i = 1,2, ... , N. Thus, each new state generated from Eq. (1), i.e. x(n + 1), lies in one 
of these sub-regions. Then the probability density function in the N iter lh iteration 
may be defined as follows 

p(x,u) = Pi(x,u) = — — , if x G Q; (4) 

"iter 

where N t is the number of points (states) lie in sub-region Q. t and N iter is the number 
of all points in region Q which is equal to the number of iterations of Eq. (1), that is, 

"iter Zji=1 jv i- 

Using Eq. (4) the entropy function of the system can be written as 

N 

E(u) = ~y P t (x, u) In P t (x, u) (5) 
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Now we must produce a control action u so that the entropy function of Eq. (5) is 
minimized. We use the two forms of error feedback and delayed feedback for the 
control action. The error feedback form is u(n) = <p(x(ii) — x f ,jx) and the delayed 
feedback form is u(ri) = <p(x(ri) — x{n — 1),jx). In each form ji is a controlling 
parameter which is to be determined from the PSO algorithm. 

2. Particle swarm optimization (PSO) technique 

Particle Swarm Optimization or PSO is an optimization technique introduced by 
Kennedy and Eberhart [8] in 1995. This method was inspired from some patterns of 
natural life such as swarms of bird or fish trying to find food. 

This optimization algorithm begins with an initial population of particles with 
random positions and velocities. In the next iterations every particle (bird) updates its 
position by information it gets from other particles of the group. The information 
consists of the best position obtained by the same particle until that iteration (P(, est ) 
and the best position among all positions obtained by all particles until that iteration 
(9 best)- Thus, in each iteration the position of each particle (which can potentially be 
a solution of the problem) changes by adding a combination of the following terms: 

• Current velocity of the particle (inertia term) 

• Motion toward the best position of the particle (Pbest) (cognitive term) 

• Motion toward the best position among all particles (gbest) (social learning 
term) 

Therefore, if the position and velocity of particle i are denoted, respectively, by 
%i = ( x iii x i2i —,Xi D ) and V t = (y^.v^, ... ,v iD ) , (D is the dimension of the 
solution), then its velocity and position are updated as follows [12] 

^i.t+l = w Vi.t + c l r l,tVbest,i,t ~ Xi,t) + c 2 r 2,t\9best,t ~ ^i,t) (6) 

X ilt+1 = X ix + k V lit+1 (7) 

where t is the iteration number, a> is the inertia weight, r lt and r 2t are random 

numbers between and 1, c 1 and c 2 are constants and k is the constriction 

coefficient. Suitable values of quantities a), c t , c 2 and k may be depended on the 

problem. 

The algorithm consists of the following steps: 

1. Initialization: generation of a population of particles with random D- 
dimensional positions and velocities using a uniform probability distribution 
function. 
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2. Evaluation: computation of fitness value (objective function) for each 
particle. 

3. Comparison: for each particle its fitness value is compared with its best 
fitness value obtained in previous iterations (the fitness value of P best ) and 
if the new position has better fitness value (for example less fitness value in 
a minimization problem), P^est is replaced with the new position. Also, the 
fitness value of each particle is compared with the best fitness value of the 
group obtained until the previous iteration (the fitness value ofg best ) and if 
the particle has better fitness value, gbest is replaced with that particle's 
position. 

4. Convergence: if a sufficiently good fitness value is achieved or a maximum 
number of iterations is reached, the algorithm could be stopped. Otherwise 
it will continue to step 5 . 

5. Updating: calculating of new velocity and position of each particle from 
Eqs. (6,7) and returning to step 2. 

4. Description of case studies and simulation results 

Suppose a chaotic map under control has the equation: 

x(n + 1) = f(x(ri)) + u(n) (8) 

For controlling of this map we use the error feedback control law for the control 
action in the form of: 

u(n) = ji(n)[x(n) — x F ] (9) 

and the delayed feedback control law in the form of: 

u(n) = ii(n)[x(n) — x(n — 1)] (10) 

The position X in Eqs. (6,7) is replaced by jJi{n). The PSO algorithm is applied in the 
offline form in all simulations in this paper. The control procedure is as follows: 
In each iteration, we have N pso control parameters \x (according to N pso birds). Each 
H(n) is substituted in Eq. (9) or Eq. (10) to produce the corresponding u(n). Then, 
u(n) is substituted in Eq. (8) to generate x(n + 1). Afterwards, the entropy function 
E(n + 1) is calculated. After that the corresponding entropy of ally's is computed, 
Pbest an d gbest are obtained. Then the control parameters (pi's) are updated from Eqs. 
(6,7). The new control parameters are used to generate x(n + 1) again and this loop 
repeats/ times. In each repetition g best is updated and after/ th repetition of the loop, 
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^(n) is set equal to the last updated gbest an d x(n + 1) and E(n + 1) are computed 
based on it. The same approach is applied for obtaining x(n + 2) and etc. / is an 
arbitrary parameter .It is better for / to be chosen small enough for reducing 
computations time. The initial values of fi's are taken randomly in the initialization 
step of the PSO algorithm. 

4.1. Stabilizing the 1-cycle fixed point of the Logistic map 

Consider the Logistic map as given below 

x(n+ 1) = Xx(ri)(l -x(ti))+u(n) (11) 

For A = 3.7 the behavior of this system without applying control action u(n) is 

chaotic. The 1-cycle fixed point of this system is x F = 0.72973. 

In the two simulations in this paper the inertia weight is chosen in the form of a 

decreasing function d)(t + 1) = k M .co(t) where t represents the iteration number 

and k M is a positive constant between and 1 [11]. 

Fig. (1) shows the stabilizing of the 1-cycle fixed point of the Logistic map using 

error feedback control form of Eq. (9). For the first 200 iterations the control action 

is not applied to the system. In this case, the constriction coefficient k is set equal to 

1. c 1 and c 2 are set equal to 2. k M is chosen equal to 0.95. The initial value of at is 

w(l) = 0.95. The number of particles of the algorithm is N pso = 30. / = 5 is 

chosen. The region Q is the interval [0,1] which is divided to N sub-region Q; = 

[—,-], i = 1,2, ...,N, when N = 20 [7]. 
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Figure 1 : Stabilizing the 1-cycle fixed point of the Logistic map using error feedback 

controller. 

As seen from Fig. (1), after applying control action, the chaotic behavior of the 
system gradually vanishes in about 20 iterations. The entropy of the system begins to 
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decrease after the controller begins to apply. Finally the control action u(n) becomes 
zero when x(n) = x F . 

4.2. Stabilizing the 1-cycle fixed point of the Henon map 

Another example of a chaotic map is the Henon map given by the following 
equations: 



x(n + 1) = 1 — ax(n) 2 + by(n) + u(n) 
y(n + 1) = x(n) 



(12) 



The behavior of the map depends on two parameters a and b. For values of a = 1.4 
and b = 0.3 (canonical values of the Henon map) the behavior of the map is chaotic. 
The region Q in this case is the interval [—1.5, 1.5] which is uniformly divided to 
N = 20 sub-regions. The 1-cycle fixed point of this system is x F = y F = 0.63135. 
Moreover, in calculation of the entropy function of the Henon map only 250 last 
points (states) of the system are considered for reducing of the computations time. As 
a result, the entropy decreases more rapidly with respect to the previous cases. 
By using the delayed feedback control law of Eq. (10) (Pyragas method) for the 
control action and substituting in Eq. (12), the following equation is obtained: 



x(n + 1) = 1 — ax(n) 2 + bx(n — 1) + fi(n)[x(n) — x(n — 1)] 



(13) 



In this case, in the first 500 iterations the system is uncontrolled. The results of the 
proposed approach for this case are shown in Fig. (2). 





400 600 

Number of iterations 









0.6 




- 


0.4 




- 


0.2 




■ 







- 





Figure 2: Stabilizing the 1-cycle fixed point of the Henon map using delayed feedback 

controller. 
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The parameters of the PSO algorithm are: k = 1 , c r = c 2 = 2.05 , N pso = 35 , 
k a = .98, <d(1) = .98 and/ = 1. The stabilization of the fixed point of the Henon 
map is achieved about 25 iterations after the controller begins to work. The entropy 
becomes zero after about 220 iterations. 

5. Conclusions 

The entropy minimization approach for controlling chaos and stabilizing the fixed 
points of chaotic systems is implemented by using PSO algorithm as a minimization 
tool. Two control techniques are used: the error feedback and the delayed feedback 
(Pyragas) method. In both methods the PSO algorithm is used to produce an 
appropriate feedback gain such that the corresponding control action be able to 
decrease the entropy of the system. The proposed method is applied for stabilizing 
the 1 -cycle fixed points of the Logistic map and the Henon map. Simulation results 
of the studied cases show that the proposed approach has a good effectiveness on 
eliminating chaos and regulating the behavior of a chaotic system by conducting it 
toward its fixed points. The high ability in finding the global extremum of a function 
and good functionality in dynamic problems, made the PSO algorithm able to show 
very good results as a minimizing tool in the minimum entropy control technique. 
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Abstract 

Nephrons in the kidney interact via different mechanisms that in- 
volve mutual readjustments in the distribution of the blood flow. At 
the same time, the flow of blood controls the dynamics of the indi- 
vidual nephron, including its ability to produce complex nonlinear 
oscillations, synchronization of various internal modes, and deter- 
ministic chaos. In order to better understand a variety of phenomena 
that are specific to this type of coupling we have studied a system of 
two interacting Rossler oscillators with a coupling that reproduces 
essential aspects of the biological mechanism. We have performed 
detailed one- and two-dimensional bifurcation analyses of the 1:1 
resonance tongue in this system. These analyses have disclosed an 
unusual substructure with cascades of period-doubling bifurcations 
unfolding along the edges of the tongue. This structure is typical of 
interacting period-doubling systems. However, while associated with 
the so-called C-type critical behavior, it appears that the bifurcation 
structure has not previously been examined in detail. 

Keywords: Nephron, resource coupling, Rossler system, resonance, synchroniza- 
tion, bifurcation analysis. 

1 Introduction 

The human kidney contains approximately 1.2 million functional units, called 
nephrons. Each of these units possesses a certain ability to protect its own func- 
tion against fluctuations in the arterial blood pressure by regulating the flow 
resistance of the incoming arteriole. As experiments on anesthetized rats have 
shown [2, 1], this regulation tends to be unstable and produce interacting os- 
cillatory modes, period-doubling bifurcations, and other complicated dynamic 
phenomena in the tubular pressures and flows. The nephrons interact with one 
another through different mechanisms of which the so-called vascular propagated 
coupling involves waves of muscular contractions that travel along the common 
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structure of blood vessels. This coupling tends to produce in-phasc synchro- 
nization among the interacting nephrons. An alternative mechanism, denoted 
hemodynamic coupling, arises from the simple fact that as one nephron reduces 
its incoming blood flow, more blood will flow to its neighbors. This mecha- 
nism generally causes the interacting nephrons to show out-of-phase oscillations 
in their pressures and flows. Both in-phase and anti-phase synchronization of 
neighboring nephrons have been observed experimentally [3]. 

Figure 1 shows a sketch of two nephrons with their afferent arterioles branch- 
ing off from a common larger arteriole. Under the control of a variety of regula- 
tory feedback mechanisms, water and salt filtered out from the capillary system 
in the glomerulus is processed as the fluid flows through the tubular system. 
As mentioned above, interaction between the nephrons arises from the influence 
that contraction of the afferent arteriole of one nephron has on the blood flow 
to neighboring nephrons. 

Despite its simplicity, the hemodynamic coupling is of significant interest 
both from a theoretical point of view and in view of its relevance to a range 
of other systems, including coupled electronic oscillators [12] and coupled pop- 
ulation dynamic systems [13]. The peculiar aspect of this interaction is that it 
is mediated directly through variations in the supply (or distribution) of those 
resources that cause the individual subsystem to oscillate or, in other words, the 
coupling takes place through a main bifurcation parameter rather than through 
the system variables as for the more commonly studied diffusive coupling. 

The purpose of the present paper is to examine some of the bifurcation phe- 
nomena that are characteristic for the resource distributed type of coupling. 
The hemodynamic interaction between neighboring nephrons is almost imme- 
diate such that the, displacement of the blood flow away from one nephron 
immediately leads to an increasing blood flow to its neighbors. Besides involv- 
ing regulation of a main bifurcation parameter, the coupling between our two 
Rosslcr oscillators should therefore be designed such that growing oscillations 
in one system leads to declining amplitudes in the other. 

To better understand the generic aspects of this type of coupling, we have 
performed detailed one-and two-dimensional bifurcation analyses of a pair of 
coupled Rosslcr systems with resource mediated coupling. These analyses have 
revealed an unusual structure with cascades of period-doubling bifurcations that 
unfold along the edges of the resonance tongues. This structure is related to the 
so-called C-type criticality [5, 6]. It appears, however, that a detailed bifurcation 
analysis of the structures has not previously been performed [8] . 

2 Coupled Rossler systems 

Detailed mechanism-based modeling is often possible for physiological systems, 
and over the years we have developed increasingly advanced models of the blood 
flow regulation for the individual nephron [1, 7]. We have used these models to 
study both the synchronization of neighboring nephrons [3] and the interaction 
of a large number of nephrons in a so-called nephron tree [10]. This physiology- 
based modeling approach has the advantage of providing significant insight into 
the biological processes and their mutual interaction. However to shed light on 
some of the more generic phenomena it is obviously preferable to choose a sim- 
pler system, even if it has no direct physiological interpretation. Hence we shall 
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System I 

Tubulo-Glomerular- 
Fccdback oscillator 




anching of arteriole into 
smaller afferent arterioles 



System II 

Tubulo-Glomerular- 
FeeJback oscillator 




Figure 1: Sketch of two interaction nephrons with their afferent arterioles 
branching off from a common larger arteriole. Coupling between the nephrons 
arises from phenomena that play out via the vascular system that connect them. 
At the same time this system provides the individual nephron with the flow of 
blood it needs to maintain its complicated dynamics. 



consider a system of two coupled Rossler oscillators where the coupling is in- 
troduced via the parameter a that can be considered as a main control of the 
dissipation of the individual oscillator. To a certain extent the Rossler system 
displays a dynamics similar to the dynamics of our more detailed physiological 
models: For part of the time the Rossler system exhibits a relatively fast ex- 
panding oscillatory dynamics close to the (x, y)-plane. This may be interpreted 
as representing the relatively fast so-called myogenic oscillations that arise in 
the blood flow regulation from periodic contractions of the smooth muscle cells 
surrounding the afferent arteriole. When the amplitude of these oscillations be- 
comes sufficiently large, the trajectories are folded back towards the unstable 
equilibrium point to start a new outwards spiral. This may be interpreted as 
representing the slower component of nephron oscillations that arise through a 
feedback from variations in the sodium concentration in the tubular fluid [9, 2]. 
Our system thus takes the form: 



Xi ■■ 


= -2/1 - «i 






2/i : 


= x\ + a[l — a{x% - 


x\ -c)]yi 


(1) 


z\ '- 


= b+ z 1 (xi — c) 






X 2 = 


= -WJ/2 - z 2 






m = 


- lox 2 + a[l — a(x\ 


- x 2 - c)]y 2 


(2) 


Z 2 = 


= b + z 2 (x 2 -c) 







II 



where the parameter values throughout this paper are taken to be a = 0.057258, 
b = 0.2 and c = 5.7. w is a bifurcation parameter that controls the frequency 
of system If. The value of a is defined as the mean value between the Hopf 
bifurcation point and the first period-doubling. As described above the coupling 
takes place via the variable y, and the coupling term for system 1 take the form 



a e //2/i = a[l - a(x 2 -x x - c)]y x , 



(3) 
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Figure 2: The period-doubling cascade to chaos in two coupled Rossler systems 
together with the fraction of time spent at different values of a e ff and the time 
evolution of a e // at two different situations: (u>,a) = (1.001,0.2) (gray) and 
(u>,a) = (1.2,0.2) (black). 



where a is a coupling parameter and a e ff niay be considered as an effective, 
time-dependent value of parameter a. When Ax — x^ — x\ > c the effective a in 
system 1 reduces linearly and thus the rate of change in y due to the coupling 
change non- linearly by a e //j/i. In accordance with our previous comments, this 
type of coupling may be called a resource mediated coupling [11], since param- 
eter a may be considered to describe the flow of resources that maintain the 
dynamics of the system. The system may be interpreted as a single Rossler sys- 
tem, where a is oscillating over the period-doubling cascade and eventually into 
the chaotic region. This is illustrated in Figure 2. The top panel of this figure 
shows a one-dimensional bifurcation diagram for the single Rossler system with 
a as parameter. The middle panel shows two examples of the fraction of time 
that the effective a on average spend at specific values for a period two orbit 
at (u, a) = (1.001,0.2) and for an ergodic torus at (u),a) — (1.2,0.2). Note, 
that the period two orbit shows four spikes, two at the maxima and two at the 
minima, where the rate of change of a e // is slow. The lower panel shows the 
time evolution of a e ff for the two cases. 

3 Bifurcation analysis 

Continuation methods represent a unique tool to follow bifurcations and thus to 
understand how the two systems interact. We have applied this method to study 
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the resonnance and synchronization mechanisms in the 1:1 Arnold' tongue. Fig- 
ure 3 shows the main bifurcations with the coupling parameter a and the forcing 
frequency 10 as bifurcation parameters. For low values of a the system is in a 1:1 
resonant state and saddle-node bifurcation (labelled SN^ and SN^) form the 
borders of the tongue. As a increases two different bifurcations occur, depending 
on u>. At the borders of the resonance zone, period-doubling bifurcations take 
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Figure 3: Main Arnold' tongue (1:1) with part of the bifurcation structure. The 
torus bifurcation inside the tongue give rise to quasi-periodic dynamics. It is 
terminated by saddle node bifurcations (SWj) of a period-2 cycle, which exist 
only in the region above SN2,t- Period-doubling bifurcations are drawn with 
thick lines. 

place, while around the center a torus bifurcation (Ti) leads to the formation 
of an ergodic torus. The torus is later destroyed by the birth of a period-2 cycle 
in the saddle-node bifurcations (SN^t and SN^ T ). The saddle-node bifurca- 
tions extend towards the borders of the resonant region and become the new 
borders for the 2:2 resonant region. At the point of contact between PDi and 
SNi a new saddle-node bifurcation is born, which becomes the border for the 
pcriod-2 cycle that co-exist with the pcriod-2 cycle emerging at S'A^.t- Figure 
4 shows the bifurcations along the dashed line at u = 0.9955. Starting from the 
period-1 cycle a period-doubling bifurcation (PDi) takes place, and the period-2 
subsequently undergoes a second period-doubling at (P-D2). The period-4 then 
suffers a cusp bifurcation (SN4) and leaves the cascade to follow a second period- 
doubling cascade (labelled with superscript 2). The new attractor undergoes a 
full period-doubling cascade to chaos (not shown). A third attractor co-exist 
in the range a > 0.19. This is the cycle that terminated the torus mentioned 
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Figure 4: Bifurcations on the stable branch of the 1:1 resonance cycle along the 
dashed line at u> = 0.9955 in Figure 3. 



-7 



y 









- 




PD 2/~''" 


stf: 






V^ C 




" 


^57—- 


— < & 






- 











.1 0.15 0.2 0.25 0.3 0.35 0.4 

a 



Figure 5: Bifurcations on the unstable branch of the 1:1 resonance cycle along 
the dashed line at u> = 0.9955 in Figure 3. Note, that in this figure saddles 
are drawn with solid lines, doubly unstable nodes are dashed lines and triply 
unstable nodes are dotted lines. 
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above. It is born as a period-2 cycle. The first period-doubling (PDf) taking 
place on this 2-cycle behaves in an unusual way, but this is likely to be due the 
Poincare section chosen, i.e. the projection of the orbit. The further evolution 
shows a period-doubling cascade to chaos. 

The looping of the period-doubling PD\ is typical for systems, where a 
parameter is replace by a variable that span over a period-doubling cascade 
and similar loops of other higher period-doublings exist. As we follow the stable 
period-1 cycle it undergoes a period-doubling at (a) and turns into a saddle. 
The saddle then undergoes a period-doubling at (b) and turns into an unstable 
node. The remaining two intersections with PD\ take place on the unstable 
branch of the period-1 cycle. Figure 5 shows the bifurcations on the unstable 
branch. Similar, as for the stable branch, the 1-cycle undergoes two succesive 
period-doublings at (c) and (d). 

4 Conclusion 

The coupling used here is a first attemp to approach the mechanisms involved 
in the coupling between nephrons. Although the study is preliminary it has 
brought valuable information on the bifurcation structure. This may be useful 
in interpreting a larger study of a complete nephron tree with physiologically 
more correct models. The dynamics of the two Rossler systems with the special 
resource coupling are out of phase for all parameter ranges explored, because of 
the symmetry of the coupling. The bifurcation structure show a termination of 
a period-doubling cascade followed by a second period-doubling cascade, due to 
a cusp bifurcation. A co-existing period-doubling structure was also found. 
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Forced vibrations of duffing equation with damping is considered. Recently 
developed Multiple Scales Lindstedt-Poincare (MSLP) technique for free 
vibrations is applied for the first time to the forced vibration problem in search of 
approximate solutions. For the case of weak and strong nonlinearities, 
approximate solutions of the new method are contrasted with the numerical 
simulations. For weakly and strongly nonlinear systems, frequency response 
curve of MSLP method and numerical solutions are in good agreement. 

Keywords: MSLP Method, Lindstedt Poincare method, Multiple Scales method, 
Numerical Solutions, Forced Vibrations, Strongly Nonlinear Systems. 

1 Introduction 

Perturbation methods are well established and used for over a century to 
determine approximate analytical solutions for mathematical models. Algebraic 
equations, integrals, differential equations, difference equations and integro- 
differential equations can be solved approximately with these techniques. The 
direct expansion method (pedestrian expansion) does not produce physically 
valid solutions for most of the cases and depending on the nature of the equation, 
many different perturbation techniques such as Lindstedt-Poincare technique, 
Renormalization method, Method of Multiple Scales, Averaging methods, 
Method of Matched Asymptotic Expansions etc. are developed within time. 
One of the deficiencies in applying perturbation methods is that a small 
parameter is needed in the equations or the small parameter should be introduced 
artificially to the equations. Nevertheless, the problem solved is a weak nonlinear 
problem and it becomes hard to obtain an approximate solution valid for strongly 
nonlinear systems. 
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There have been a number of attempts recently to validate perturbation solutions 
for strongly nonlinear systems also. Hu and Xiong [1] contrasted two different 
approaches of Lindstedt-Poincare methods using the duffing equation. First, they 
solved the equation with classical method and then they made a slight 
modification in the expansions. Instead of expanding the transformation 
frequency, they expanded the natural frequency and obtained solutions with 
excellent convergence properties for the duffing equation. The time histories of 
solutions agree with the numerical solutions for arbitrarily large perturbation 
parameters. In a similar paper, the approximate and exact frequencies are 
contrasted for the duffing equation [2]. The case of vanishing restoring force was 
also treated for the same equation [3]. The periods obtained are contrasted with 
the exact period with good convergence properties for large parameters. 
While a complete review of the attempts to validate perturbation solutions for 
strongly nonlinear oscillators is beyond the scope of this work, a partial list will 
be given. Among the many developed methods, Linearized perturbation method 
[4-6], parameter expanding method [7, 8], new time transformations as 
modifications of Lindstedt-Poincare method [9-11], iteration methods [12, 13] 
are some examples. 

Very recently, Pakdemirli et al. [14] proposed a new perturbation method to 
handle strongly nonlinear systems. The method combines Multiple Scales and 
Lindstedt Poincare method with a frequency expansion suggested in references 
[1,2]. The justification for combining both methods is that Multiple Scales is 
better in determining transient solutions while Lindstedt Poincare method may 
be better under some circumstances in determining steady state solutions [15]. 
The new method, namely the Multiple Scales Lindstedt Poincare method 
(MSLP), is applied to free vibrations of a linear damped oscillator, undamped 
and damped duffing oscillator. It is shown that exact analytical solution can be 
retrieved by the new method for the linear damped oscillator. For undamped and 
damped duffing oscillators, results of the new method are in good agreement 
with the numerical simulations for strong nonlinearities. 

In this work, MSLP method is applied for the first time to a forced vibration 
problem. Primary resonances are considered in this study. The expansions of 
natural and external frequencies to obtain valid solutions are nontrivial and the 
outline of the method is given for the forced vibrations of a duffing equation 
with damping. Frequency response curve of MSLP is contrasted with direct 
numerical simulations. For weakly and strongly nonlinear systems; result of 
MSLP and numerical solutions are consistent with each other. 



2 Multiple Scales Lindstedt Poincare Method 

In this section, the forced vibrations of the damped duffing oscillator 

u + coq u + 2e 2 jUii + sau 3 = s 2 f cos Clt (1) 
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will be treated with recently developed Multiple Scales Lindstedt Poincare 

method [14] for the first time. 

First, the time transformation 

t = cat (2) 

is applied to Eq.(l) 

co u" + oo u + 2e jucw' + eau =s /cos — T (3) 

CO 

Note that a time transformation involving r - Dt instead of © would not be 
appropriate. Prime represents derivative with respect to time variable x. Fast and 
slow time scales are 

T =t, Ti = sx, T 2 = s 2 x (4) 

Using 

-^— = D 2 + 2sD D 1 + s 2 (D 2 + 2D D 2 ) + ... (5) 

dr 

where D„=5/5T n and substituting the expansions 

U=U (T ,T i ,T 2 ) + £u 1 (T ,T u T 2 ) + £ 2 u 2 (T Q ,T l ,T 2 ) + ... (6) 

coq -co 2 - eco x - e 2 co 2 (7) 
into Eq.(3) yields after separation 

0(1): co 2 D 2 u + cv\ = (8) 

0(e): co D M] + co U\ - -2co Z) Z)]M + co^uq - au (9) 

7 9 "? 9 9 9 

a) D u 2 +co u 2 = -2m DqD^u x - co (D 1 + 2D D 2 )u Q + co^ x 

0(e 2 ): " , , Q (10) 

+ co 2 u - 2/jcoDqUq - 3au u l + /cos — T 

co 

Note that following [1,2], in Eq. (7), instead of transformation frequency, the 

natural frequency is expanded. The solution at the first order is 

m = Ae' T ° + cc = a cos(T + /?) (11) 

This solution is substituted into the right hand side of Eq.(9) and secular terms 
are eliminated 

-2ieo 2 D l A + eo l A-3aA 2 A=0 (12) 

In MSLP as outlined in [14], first 0^=0 is selected and if the frequency 
correction is real, this choice is admissible. If o>i turns out to be complex, then 
DiA^O which implies ©1=0 and secularities are eliminated by choosing DjA. A 
complex ©i implies that there is amplitude variation and LP method fails to 
produce physical solutions [16]. The method allows switching back and forth 
with MS and LP type of eliminating secularities thereby augmenting the 
advantages of both methods. For Eq.(12), selection of 

ZV» = 0=> A=A(T 2 ) (13) 

produces 

- 3 7 

&>j = 3aAA = — aa (14) 

which is suitable because ©i is real. The solution at order s is 
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a ,3 3iT 



'* -a 3 cos(3r +3^) 



(15) 



8ft) z 32ft> z 

For the last order of approximation, the nearness of excitation frequency to the 
transformation frequency is expressed as follows 

D. = (o{l + s 2 a) (16) 

Substitution of Eqs.(ll), (15) and (16) into the right hand side of Eq.(lO) and 
elimination of secularities yield 



■2ia> 2 D 7 A + G) ? A-2uio)A-^—A 3 A 2 +^e i ' jT2 = 

8ft> 2 2 



(17) 



D 2 A cannot be selected as zero, since a> 2 would then be complex. Therefore the 

admissible choice is 

co 2 =0 (18) 

and 



• 2ia> 2 D 7 A - luicoA - -^ A 3 A 2 + $- e iaTl = 
8ft> 2 2 

1 



(19) 



The polar form A = — ae' p is substituted, real and imaginary parts are separated 



D 2 a = 



— i 

CO 



J_ 
2co 2 



-sin y 



3« 4 / 
D 2 y = a j-a H r-cos/ 

256o 2aw 



(20) 
(21) 



where 

Y = <tT 2 -P (22) 

For steady state solutions, D 2 a=0, D 2 y=0 and elimination of y between Eqs.(20) 
and (21) yields 



3a z 



256ft) 4 



-a ±, 



f 



4a 2 co 4 



From Eq.(16), frequency-response relation is 



where 



\ + £' 



^a*±. 



f 2 



256ft) 4 



4aW 



2 3 2 

ft) = 1 |ft) +s — aa 



(23) 



(24) 



(25) 



Eq.(25) is obtained by substituting Eqs.(18) and (14) into Eq.(7). The 
approximate solution is 



u = a cos(Q? -/) + £ 7 a cos[3(Q? -y)] + 0{s ) 

32ft) 2 

The amplitude and phases are governed by 



(26) 
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a - e \ - jua H sin^ I (27) 



2a> 

3a 1 
256a> s 2aw 



( 1 2 r \ 

2 3a 4 J 

y = s aa r-a + cosy 

I ?<^,7 3 



(28) 



3 Comparisons with the Numerical Solutions 

Frequency response relations obtained by MSLP method will be contrasted by 
direct numerical integrations of the equation. For perturbation solutions to be 
valid, the correction term should be much smaller than the leading term. For 
MSLP method, the requirement is 

^4«1 (29) 

32a> 

For strong nonlinearities, a should be arbitrarily large. For MSLP method, taking 

the limit yields as follows 

ea 2 sua 1 , ,„„ 

lrm -a = — 7 T = — «1 (30) 

«^»32» 2 U 2 ^ 3a 2 ") 24 

32 a> +e — a 

which satisfies the perturbation requirement for arbitrarily large nonlinearities. 
Frequency response relations are contrasted with the numerical simulations as a 
next step. In Figure 1, all parameters are selected within the preordered range 
with a weak nonlinearity (a=l). As expected, frequency response curve of 
MSLP method and numerical solutions are in good agreement. The numerical 
simulation results are obtained by integrating the original Eq.(l) and determining 
the steady state amplitudes by taking a sufficient interval of time history. 
Numerical results are labeled by dots on the graphs. In Figure 2, the cubic 
nonlinearity is increased substantially (a=100). Result of MSLP and numerical 
solutions are consistent with each other. Taking a=1000 in Figure 3 still shows 
the same trend, that is MSLP and numerical simulations being in good 
agreement. 
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Figure 1- Comparison of frequency response curve of the MSLP Method and 
Numerical Simulations (Represented by dots) (s=0.1, a=l, f=5, (B =2.5, u=0.5) 




Figure 2- Comparison of frequency response curve of the MSLP Method and 
Numerical Simulations (Represented by dots) (e=0.1, ot=100, f=5, a>o=2.5, 
u=0.5) 




Figure 3- Comparison of frequency response curves of the MSLP Method and 
Numerical Simulations (Represented by dots) (s=0.1, a=1000, f=5, a>o=2.5, 
H=0.5) 
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3 Concluding Remarks 

The new perturbation technique combining the Multiple Scales and Lindstedt 
Poincare method developed in [14] is applied to forced vibrations for the first 
time. Primary resonances are considered in the study and frequency expansions 
are outlined for the new method. Approximate solutions and frequency response 
curves are derived for the new Multiple Scales Lindstedt Poincare method. To 
test the solutions, direct numerical integrations of the equations are done. 
For weakly and strongly nonlinear systems, frequency response curve of the 
MSLP method are contrasted with numerical solutions. Comparison of the 
obtained results with numerical simulations provides confirmation for the 
validity of MSLP method. 

A further study would be to apply this new technique to partial differential 
equations. The nonlinearities arising in partial differential equations are 
classified using a suitable operator notation and general solution algorithms were 
developed for the models previously [17-19]. 
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Abstract 

The objective of this paper is to construct explicit travelling wave so- 
lutions involving parameters of the cupling Boiti-Leon-Pempinelli system 
. When the parameters are taken special values, the solitary waves are 
derived from the travelling waves. 
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1 Introduction 

In this letter we consider the cupling Boiti-Leon-Pempinelli system 

^ty v^ V'x/xy < ^xxx 

Vt = v xx + 2uv x 

Seeking the exact solutions of the nonlinear partial differential equations play 
an important role in the nonlinear problems. A number of this methods have 
been developed such as the tanh-method [1,2,3,4,5], homogeneous balance[6,7] 
method. The objective of this paper is to use a method which is called the jr- 
expansion method [8,9, 10, 11] .The main idea of this method is that the traveling 
wave solutions of non-linear equations can be expressed by a polynomial in ^ 
where G = G(£) satisfies the second order linear ordinary differential equation 
G" + AG" + fiG = 0, where £ = x + ly — wt.The paper is arranged as follows. 
In Section 2, we describe briefly the ^--expansion method. In Sections 3, we 
apply the method to the cupling Boiti-Leon-Pempinelli system. In Section 4 
some conclusions are given. 
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2 Description of The ^-expansion method 

Suppose that a nonlinear equation, say in two independent variables x and t, is 
given by 

P(u,U x ,Uy,U t ,Utt,U xt ,U xx ,- ■ •) = (1) 

where u — u(x,y,t),v = v(x,y,t) is an unknown function, P is a polynomial 
in u = u(x,y,t),v — v{x,y,t) and its various partial derivatives, in which the 
highest order derivatives and nonlinear terms are involved. In the following we 
give the main steps of the ^--expansion method. 

step 1: Combining the independent variables x and t into one variable £ = 
x — vt, we suppose that 

u(x, y,t) = w(£), v = v(x, y, t), £ = x + ly — wt (2) 

The travelling wave variable (2) permits us to reduce Eq.(l) to an ODE for 
u = m(£), namely 

P(u, u', lu', -wu', u", l 2 u", w 2 u", • • •) = (3) 



step 2:Suppose that the solution of ODE (3) can be expressed by a polyno- 
mial in ^T as follows 

"(0 = a m (^) m + ■■■, (4) 

where G — G(£) satisfies the second order LODE in the form 

G" + AG' + ixG = (5) 

a m , • • • , A and [i are constants to be determined later, a m ^ 0, the unwritten 
part in (4) is also a polynomial in "=j , but the degree of which is generally equal 
to or less than m — 1 , the positive integer m can be determined by considering 
the homogeneous balance between the highest order derivatives and nonlinear 
terms appearing in ODE (3). 



step 3:By substituting (4) into Eq. (3) and using the second order linear 

G 



ODE (5), collecting all terms with the same order of ^L together, the left-hand 



side of Eq. (3) is converted into another polynomial in ^ . Equating each coef- 
ficient of this polynomial to zero yields a set of algebraic equations for a m , • • • , A 
and ix. 

step 4: Assuming that the constants a m , • • • , A and /i can be obtained by 
solving the algebraic equations in Step 3, since the general solutions of the sec- 
ond order LODE (5) have been well known for us, then substituting a mi ■ ■ ■ , v 
and the general solutions of Eq. (5) into (4) we have more travelling wave solu- 
tions of the nonlinear evolution equation (1). 
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3 cupling Boiti-Leon-Pempinelli system 

In this section we consider the cupling Boiti-Leon-Pempinelli system as 

^ty ylA V>x)xy i ^V X xx 

Vt = v xx + 2uv x (6) 

Using the wave variable u(x,y,t) = w(£) and v(x,y, t) = i>(£) where £ = x + 
ly — wt carries the BLp system Eq.(6) into asystem of ODEs 

-wlu" = 2l(uu')' - Iv!" + 2v'" 
-wv' = v" + 2uv' (7) 

By integrating twice the first equation above we find 

v' =-(lu'- lu 2 -wlu) (8) 

Substituting Eq.(8) into the second equation of Eq.(6), we obtain 

u" - 2u 3 - 3wu 2 - w 2 u = (9) 

Integrating (8) and taking the integral constant be zero, we have 

v = -lu- / (lu 2 + wlu)d£. (10) 

Suppose that the solution of O.D.E (9) can be expressed by a polynomial in 
(^=r) as follows: 

Where G — G(£) satisfies the second order LODE in the form 

G" + AG" + [iG = (12) 

ao,oti,- • • ,X and fx are to be determined later. Considering the homogeneous 
balance between u" and u 3 in Eq.(9) we required that 3m = m+2 then m = l.So 
we can write (11) as 

Ql 

u(£) = ai(— ) + a (13) 

And therefore 

(~1I SI/ S~1I 

u 3 = a?( — ) 3 + 3a 2 iao ( — ) 2 + 3a ia 2 ( — ) + a 3 (14) 

u 2 =a 2 { — ) 2 + 2a iao { — ) + a 2 (15) 
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By using (12) and (13) it is derived that 

u" = 2ai( — ) 3 + 3aiA( — ) 2 + ( ai \ 2 + 2a lf j,)( — ) + a^ (16) 

By substituting (13) — (16) into Eq. (9) and collecting all terms With the same 
power of (^-) together, the left-hand side of Eq. (9) is converted into another 
polynomial in (%-). Equating each coefficient of this polynomial to zero, yields 
a set of simultaneous algebraic equations for ai, chq, w, A, fi as follows: 

2ai - 2a? = 

3«iA — 6a 2 ao — 3w«i = 
a\\ + 1<x\[x — 6a.ia Q — 6waia — w a\ = 
aiA/K — 2«q — 3uia — w a = 
Solving the algebraic equations above by using the maple, yields 

a 1 = ±1 

Oi = l, ao=^A±iv/-A 2 -4 M (17) 

w = zp-^-A 2 -4/x 
By using (17), expression (13) can be written as 

^)-(§) + 2 A± ^V / -A 2 -4 M (18) 

Where £ = x ± (|\/— A 2 — 4fi)t. Eq. (18) is the formula of a solution of Eq. 
(9). On solving the Eq. (12), we deduce after some reduction that 

9L = I / A 2_4 x ( gij*nfe|vg - 4 M £ + C 2 cos/tf ^/A 2 - 4^ _ A 
G* ~ 2 M X C lC osh\yJ\ 2 - 4^ + C 2 sinh\ y jX 2 - 4/i£ 2 

where Ci and C2 are arbitrary constants. Substituting the general solutions of 
Eq. (12) into (18) we have three types of travelling wave solutions of cupling 
Boiti-Leon-Pempinelli system (6) as follows: 

When A 2 - 4/j, > 

u(0 - l^nHVx^t + c 2 co S qyw^t ± j^^- 

2 V C lC osh^X 2 - 4/4 + C 2 sinh\^\ 2 - 4/< 2 V 

Where £ = x ± (§\/— A 2 — 4/i)t. Ci and C2,are arbitrary constants. And by 
Substituting (19), into (10) we have solution of v. 
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In particular, if C\ ^ 0, C 2 = 0, A > 0, /j, = ,u become 



u{0 = Xtgh^±^Xi 



When A 2 - 4/i < 



«(0 = ^ V4A* - A 2 x (— 2 : 2 =-) ± -V-A 2 - 4/i (20) 

2 Cicos^V 4 /"- A 2 £ + C^nlA/4/i- A 2 £ 2 

Also in this case we obtain v by substituting (20), into (10). 
When A 2 - 4/i = 

where C\ and Ci are arbitrary constants. 
And for a.\ = —1 we have 

a = - l -\± l -^-^-A^w = -h T \^-\ 2 -^ (21) 

By using (21) we obtain three types of travelling wave solutions of the cupling 
Boiti-Leon-Pempinelli system (6) as follows When A 2 — 4/i > 

MO - -^VA 2 -4 M x(- 2 . 2 ^^ =-)-A±-v/-A 2 - 4 M 

2 C\cosh\ y/X 2 - 4/z£ + C 2 sinh±y/\ 2 - 4/i£ 2 

(22) 
Where £ = a; — (— §A =F \\/ ~ A 2 — 4/i)£. Ci and C*2,are arbitrary con- 
stants. And by Substituting (22), into (10) we have solution of v. 

In particular, if C\ 7^ 0, C 2 = 0, A > 0, /i = ,u become 

u (£) = -\tgh-\£ -\±-\i 

When A 2 - 4/i < 

1 / o ,-C x sin\ J A^i - A 2 £ + C 2 cos W4a« ~ A 2 ? N 1 / , , N 

M (0 = -^v / 47^A^x( -i ^Jl_^^\ 1 2 yi^; )-A±- v /-A 2 -4 / x(23) 

2 CicosgV 4 /^- A 2 C ^-G^n^v^M -A 2 £ 2 
When A 2 - 4/i = 

-c 2 



«(0 = 



Ci + c 2 c 



where C\ and C2 are arbitrary constants. Also in this cases we obtain v by sub- 
stituting u into (10) 
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4 Conclusions 

These equations are very difficult to be solved by traditional methods. The per- 
formance of this method is reliable, simple and gives many new exact solutions. 
The ^--expansion method has its own advantages: direct, concise, elementary 
that the general solutions of the second order LODE have been well known for 
many researchers and effective that it can be used for many other nonlinear 
evolution equations. 

References 

[1] E.G. Fan, Extended tanh-function method and its applications to nonlinear 
equations, Phys. Lett. A 277 (2000) 212-218. 

[2] W. Maliet, Solitary wave solutions of nonlinear wave equations, Am. J. 
Phys. 60 (1992) 650- 654. 

[3] E.J. Parkes, B.R. Duy, An automated tanh-function method for nding soli- 
tary wave solutions to nonlinear evolution equations, Comput. Phys. Com- 
mun. 98 (1996) 288-300. 

[4] M.L. Wang, X.Z. Li, Applications of F-expansion to periodic wave solutions 
for a new Hamil- tonian amplitude equation, Chaos, Solitons and Fractals 
24 (2005) 1257-1268. 

[5] K. W. Chow, A class of exact periodic solutions of nonlinear envelope equa- 
tion, J. Math. Phys. 36 (1995) 4125-4137. 

[6] M.Wang,phys.lcttcr. A 216(1995)67. 

[7] L.Wang, Z.Zhu, Y.Wang .phys.letter. A 260(1999) 55 

[8] A. Bckir, Application of the -expansion method for nonlinear evolution 
equations, Phys. Lett. A 372 (2008) 3400-3406. 

[9] M.L. Wang, X.Z. Li, J.L. Zhang, The -expansion method and travelling 
wave solutions of nonlinear evolution equations in mathematical physics, 
Phys. Lett. A 372 (2008) 417-423. 

[10] S.Zhang, J.L. Tong, W. Wang, A generalized -expansion method for the 
mKdV equation with variable coecients, Phys. Lett. A 372 (2008) 2254- 
2257. 

[11] J. Zhang, X. Wei, Y. Lu, A generalized -expansion method and its appli- 
cations, Phys. Lett. A 372 (2008) 3653-3658 



271 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.6, NO.3, 272-279, COPYRIGHT 201 1 EUDOXUS PRESS, LLC 



Solving Fractional Disturbance Equation 
of Distributed Order Using the *^a -Transform 



A.Aghili and A.Ansari 

Department of Mathematics, Faculty of Sciences 

University of Guilan, P.O.Box 1841, Rasht, Iran 

armanaghili@yahoo.com, alireza_1038@ yahoo.com 



Abstract 

In this article, authors introduce the C A -transform and derive the complex inversion formula and a 
convolution theorem for the transform. Furthermore, the fundamental solution of the Cauchy type fractional 
diffusion equation on fractals is given by means of the C A -transform in terms of the Wright functions. 
Also, the Cauchy fractional disturbance equation with continuous or discrete distribution of time fractional 
derivative is introduced and by using the C 2 -transform its solution is expressed in terms of the Laplace 
type integral. 

Key words: The C A -transform, Fractional derivatives, Fractional diffusion equation, Fractional 
disturbance equation, The Wright function 
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1 Introduction 

We consider the Laplace-type integral transform called the C A -transform as follows 

C A {f(x);p}= rA'(x)e-^ A(x) f(x)dx, (1) 

O 

where, f(x) is piecewise continuous and of the exponential order (i.e. \f(x) < Me ) for some 

constants C, M , and p is complex parameter. Also, $, A are invertible and increasing functions 

respectively with boundary condition ^4(0) = . 

By the definition (1), it is obvious that, theC A - transform is a generalization of the following well known 

transforms. 

i) The Laplace transform [21] (in the case $(x) = A(x) = X, and the abscissa of convergence C ) 

C{f(x);p} = F(p)= r e -"J(x)dx, 

Jo 

1 r*c+ioo 

f{x) = — / F(p)e"'dp } c = »(p) > c . 

ii) The Mellin transform [ 21] (in the case<&(:r) = —X, A{x) = ln(x) ) 

M{f(x);p} = F(p)= / x»- l f{x)dx, 

Jo 

1 r*c+ioo 

f(x) = — j F(p)x-"dp, c = »(p). 



(2) 



(3) 
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iii)The /^-transform 1 [1-3], [30,31,32] (in the case $(x) = A(x) = X 2 ) 

4{/0*0;p}= / 2xe- px f(x)dx, 

*J 

1 4-,' (4) 

/(ar) = — / F(Jpy dp, M(p 2 ) > c. 

In recent years, Mainardi et al. [14,19], Gorenflo et al. [10,1 1,12], [17, 18] and other researchers have 
investigations on the diffusion- wave type equations and other equations of this type with constant 
coefficients containing fractional derivatives (in the Riemann-Liouville or Caputo sense) in time and/or in 
space to describe the models of anomalous transport in physics. They applied the joint transform method to 
boundary value problems to find the fundamental solutions of these equations in terms of higher 
transcendental functions such as Fox H-function and the Wright function[26-29].. 

For the linear partial fractional differential equations (LPFDEs) with non-constant coefficients the 
existing integral transform methods (such as the joint Laplace-Fourier transform) are not applicable, 
therefore, importance of the C. -transform for solving some fractional-type equations with non-constant 

coefficients is emphasized. 

In this work, we focus our attention on the LPFDEs with non-constant coefficients which occur in 
physical phenomena such as fractional diffusion on fractals and fractional disturbance and can be easily 
solved by applying the C, -transform by choosing the appropriate A(x) . Furthermore, effectiveness of the 

C, -transform for solving these LPFDEs in terms of the A 8 -derivatives is treated. 

In this regard, in section 2, we derive a new inversion formula for the d, -transform in terms of the 

Bromwich's integral. Two theorems in the C, -transform of the A 8 .-derivatives and the convolution 

property are also established. These properties can be useful for obtaining the solutions of fractional 
diffusion on fractals and fractional disturbance. 

In sections 3 we find the fundamental solution of the fractional diffusion equation on fractals introduced 
by Giona and Roman [9,22] by applying the C 0+1 - transform (/3 > 0) . These solutions can be expressed 

0+i 
in terms of the higher transcendental functions of the Wright type 

In section 4, a fractional disturbance equation of distributed order is introduced and by using the C 2 - 

Laplace transform (as a special case of the d, -transform) the fundamental solution of this equation is 

given as an integral representation in terms of the Laplace type integral. Finally, in section 5, the main 
conclusions are drawn . 

2 Some Properties of the C A -Transform 

In this section, we establish theorems on the C A -transform which can be useful for solving LPFDEs. First, 
we derive a complex inversion formula for this transform in terms of the Bromwich's integral. 

Theorem 2.1 (The Complex Inversion Formula for The C, -transform) 

Let F(Q (p) ) be analytic function of p (assuming that F($> (p) ) has not the branch point) except at 
finite number of poles and each of poles lies to the left of the vertical line 9^tp = C . If 
F($ _1 (p)) — > as p — > OO through the left plane 9^p < C , and 



1 Yurekli and Sadek introduced this transform and showed the Parseval-Goldstein theorems involving the L^ -transform and the 

Laplace transform can be used to yield identities involving several well-known integral transforms and infinite integrals of 
elementary and special functions. Also, authors applied this transform to solve some systems of ODEs , PDEs and singular integral 
equations with the special kernels[l-2]. 
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C A {f(x);p} = F(p) = rA'(x)e-^ A ^f(x)dx 

*J 



then 

£>a{F{p)} = Si?) = ^~ f C+l0C n^\p)y A{x) dp . (5) 

Proof: By definition of the C. -transform (1) and letting $(p) = r , we have 
F($-\r)) = r A'{x)e- rA{x) f{x)dx 

*J 

now, by setting t = A{x) in the above relation, we obtain 

/IOC 

F($- 1 (r))= f e-' t f(A-\t))dt = C{f(A-\t))-r}. 

Jo 

At this point, by the complex inversion formula for the Laplace-Transform and setting back 
A~ (t) = X,r = p, we get finally 

/(x) = -^f' :+ '>($- 1 (p))e' M % 

2,711 " c-soo 

Theorem 2.2 (The C. -transform of A 8 -derivatives) 

Let /, / ,...,f n ~ ' are continuous functions with piecewise continuous derivative f on the interval 
X > Oand if all functions are of exponential order e as X — ► CO 

(i-e. \f(x)\ < Me mm ) for some constants c,M , then for n = 1,2,... 



A*{^/(*);P} = *"(p)Ai{/(x);p} -$- 1 (p)/(0 + ) 

-$"- 2 (p)(,<5,/)(o + ) — (,rV)(o + ) 

where the A 8 -derivative operator is defined as follows 

1 d 
A x ~ A\x) dx 

and by notation 

C 2 c c 1 d 2 A"{x) d 

J: = t 6„ t 6, - 



(6) 



AxAx A'\x)dx 2 A'\x)dx 

the A 6 T -derivative for any positive integer power can be found. 

Proof: Using the definitions of the C A -transform (1) and the A 8 X -derivative, by integration by parts, we 

obtain 

£AaSJ(x);p} = re-^ AM f(x)dx = e-*^f(x)\-+<f>(p) f°° A'(x) e -^ A ^f(x)dx. 

Since / is of exponential order e as X — > 00 , it follows that 

lim e-* {p)A{x) f(x) = 

x— J- 00 

consequently 

c A { A sj(xy,p}^^(p)c A {f(^p}-f(o + )- 

Similarly by repeated application of the above relation once again, we get 
C A { A 8lf{x)-p) = t>(p)£ A { A 8J(x);p} - ( A/)(0 + ) 

= &(p)£ A {f(x);p} - $(p)/(0 + ) - ( A 8JW), 
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and by repeating the above scheme for A S"f(x) , we can readily arrive at (6). 
Theorem 2.3 (The Convolution Theorem for The C, -transform) 

If F(p) , G(p) be the C A -transform of the functions f[x),g(x) respectively, then 

F(p)G(p) = C A {f * 9} = C A {j o X A'(t)g(t)f(A-\A(x) - A{t)))dt] (7) 

Proof: Using the definition of the C A -transform for F{p) , G{p) , we have 

F(p)G(p) = ( rA\y)e-^ A ^f{y)dy){ /"* ' A'(t) e -*^g(t)dt) 
Jo Jo 

= P r A'(y)A'(t)e-^ AW+A ^f(y)g(t)dydt. 

Now, by substitution A(t) + A{y) = A{x) and changing the order of integration in the double integral 
,we get 

F{p)G{p) = {^ A\x)e^ )A ^dx£ A\t)g{t)f{A-\A(x) - A{t)))di] 
= C A {£ A'(t)g(t)f(A-\A(x) - A(t)))dt}. 

In view of the theorems of the C, -transform expressed in this section we may apply this transform to 
LPFDEs in the next sections. 



t D« + u(x,t) = -Cx- p \ ' ; , C > OJ > 0,0 < a < -, (8) 



3 The time-fractional diffusion equation of single order on fractals 

In connection with initial-value problems in fractals, Giona and Roman [9, 22] state the partial fractional 
differential equation in the Riemann-Liouville sense [13,21,23] in the form 

^M C>0J>0,0<a< 1 -. 

dx ~2 

with Cauchy type initial and boundary conditions as 

t D^- l u{x, + ) = f{x) , u(0,t) = 0, x,teR + , (9) 

x p+1 

since, the equation (8) is a LPFDE with non-constant coefficients we set A[x) = ^(p) ~ P' + 

(3 + 1 

in the integral (1) and apply this new integral transform (the C fi+1 -transform) in space and the Laplace 
transform in time as follows 

poo 

C{u(x,t);s} — u(x,s) — I e~ st u(x,t)dt, 3?s > 

Jo 

,,0+1 
0+1 x 

P°° Q ~P 0+1 

C x , ui {u(x,t);p} = u(p,t) = I ore /3+1 u(x, t)dx, $lp > 0. 

0+1 

Then ,by using the Laplace transform of the Riemann-Liouville derivative (A.8) and the £, 0+1 -transform 

J+i 
of the equation (8), we obtain 

£{ t D"u(x,t);s} = s a u(x,s) - t Dy U (x,0 + ), 



'0+"'V~><y>"J - -v-j-y t ~ + 

„3+l„- 



£ j +l {u(x, t);p} = p f + u(p, t) - u(0, t) 

0+1 

where by utilizing the Cauchy type initial conditions (9) ,we arrive at 
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l_ 

s" +Cp" 



^{P,s)= <t , „ a+1 F{p) (10) 



where F(p) is the C lt+i -transform of the initial condition /(x) . 

At this point, by considering the complex inversion formula for the C , j+1 -transform (5) and the 

J+i 
convolution theorem (7), we obtain 



j pc+ioo A p 

U(X,S^ "~ 



- r + '°°^yp,s)e"^dp = lcJ +1 {-J—}*f(x) = V S "^ +1) */(a 

TT1, J c-too (. ± S , (. 



2mJ^ C * w :*_ + p C 

C 

where the convolution of the two functions /, g for the C a+l -transform ,can be expressed by the 
relation (7) as follows 

f*g= \'t p <mfCW +x -t p+i )dt. 

*J 

„ x fM 
—s 

Now, in regard to the inverse Laplace transform of the functions e via the Wright functions 

-"— 1 x lM 

1 f t V ' ' C(J3 + 1) h 

we get the explicit solution of the Cauchy type problem (8)-(9) as follows 

u(x,t) = f X T G a (x^ - T 0+ \t)f(T)dT, (11) 

where the Green function G" is given by [19,21] 

G"(x,t) = —W(-a,0; r), (12) 

V ; Ct V C(J3 + 1) ^ 

provided that the integral on the right-hand side of (1 1) is convergent. 

4. The time-fractional disturbance equation of distributed order 

The earlier idea of fractional derivative of distributed order was developed by Caputo [4-6] and later, 
Umarov et.al [25] and Gorenflo et al. [19] study the fractional diffusion equation of distributed order by 
analyzing some interesting cases of the order -density function. In this paper by the notion of fractional 
derivative of distributed order, we consider a generalization of Shankar equation [24] which estimates 
disturbances at an inviscid interface. The following equation 

f 1 b(a)[ c t D*u(x,t)]da + IMM = f( x ) t x,t> 0,6(a) > 0, f b(a)da = 1 (13) 
Jo x dx o J 

is called the fractional disturbance equation subject to initial and boundary 
conditions u(x, 0) = u(0, t) — and the order-density function b(pt) which enables us to determine the 

intensity of disturbances. 

In order to solve the equation (13), we extend the approach by Naber [20] and Mainardi et al.[12] to 
find a general representation of the fundamental solution related to a generic order-density function b(a) . 
In this respect, by applying the Laplace transform with respect to t , 

£{ c t D e >u{x,t);s} = s a u(x,s) - u(x,0 + ) 
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and the £ 2 -transform (by the notion (4) we call the C 2 -transform as the C^ -transform) with respect to 
X and setting n = 1 in (6) 

4IA u 0M);p} = p 2 u(p,t) - u(0,t) 

we obtain 

( I b(a)s a da)u(p, s) + p u(p,s) — F(p) 

*J o 



'0 

from which 



u(p,s)= — ^/ 2 , 3Js,3Jp>0 (14) 



g(g) 

5( 5 ) + p 2 
where F(p) is the /^ -transform of the function f(x) and 

5(s)= f 1 b(a)s"da. 
J 

By inverting the /^-transform of (14) ,we get the remaining Laplace transform as the following 

expression 

u(x,s) = f(x)*e- x2B(s) (15) 

where the convolution of the two functions /, g for the C^ -transform by (7) can be written as 

/ * g = r2tg(t)f(Jx 2 -t 2 )dt. (16) 

o 

By virtue of Titchmarsh's theorem for inversion of the Laplace transform [7] of the function 
U^XjS) = e~ x ^ ,we have the following 

1 poc 

u 1 (x,t) = I e" rf 3{« 1 (a;,re" r )}(ir, (17) 

ttJo 

In order to simplify the above relation (17), we need to evaluate the imaginary part of the function 
—ii 1 (x,re' n ) (i.e. — ^{e -1 }) along the ray s = re", r > where the branch cut of the function 



8 is defined 



In this regard ,by writing 

B(re 17 * ) = p cos 77r + ip sin 771", 



p = p(r) = \B(re m )\ 

7 = 7(r) = — arg[i?(re m )] 

TV 

Substitution of the above relation in the equation (17) leads to the following 

I /*»00 2 

uAxA) = - e~ H - x " cos( ^ sm(x 2 ps\u(^))dr 



I /*»00 2 

h (x, t) = - e~ H - x " cos( ^ sm{x 2 p sin(7T7)>i? 

7T Jo 



and finally by using the convolution product given by relation (16) u(x, i) is expressed as an integral 
representation 

u(x,t) = -f(x) * { f °V rf - lV ° sM sin(3; 2 psin(7r7))(ir} 

77- Jo 

(18) 

= - / e- rt dr I e~ (x ~ T )/Jcos( ^ ) sin((a; 2 - T 2 )psm(7ij))f(r) dr 

■ji Jo Jo 

provided that the integrals on the right-hand side of (18) are convergent. 
The explicit solution (18) of the time-fractional disturbance equation of distributed order (13) can be 
simplified in particular cases. For example if we set b(a) = 8{a — 72.) , < n < 1 

the time-fractional disturbance equation of distributed order (13) is converted to time -fractional disturbance 
equation of single order n , so that 
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B(s) = s" , p = p{r) = r"', 7 = n 

and the desired solution u(x, t) (18) takes the form 

u (x,t) = -f(x) * { I e _rt - s r cos(M) sin(a;V sin(mr)>M . (19) 

-3-V 

Since, the inverse Laplace transform of e in (1 5) can be easily obtained as the Wright functions 

£- 1 {e"* v } = -W(-n,0;-x 2 r") 

the relation (19) can be written as follows [ 19, 21] 

u(x, t) = — f X W(-n, 0; -(x 2 - T 2 )t-)f(r)dr. (20) 

Tit JO 

5 Conclusion 

This paper provides some new results in the area of fractional calculus. In this work a new integral 
transform ( C, - transform) was implemented to solve 

1- Cauchy type fractional diffusion equation on fractals 

2- Cauchy fractional disturbance equation with continuous or discrete distribution of time fractional 
derivative. 

It may be concluded that the C A transform method is very powerful efficient technique in finding exact 

solution for P.F.D.Es. 

Although the C, transform method described in this paper is well - suited to solve the 

time fractional diffusion equations in terms of higher transcendental functions, the method could lead to a 
promising approach for many applications in applied sciences. 
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Abstract 

In this paper we discuss a classical maximum principle for weakly coupled 
second order homogeneous elliptic systems 

n 

Lu + Au = in fl <^R 



Where L fu(x)J = V a tj (x) - — - — + V a t (x) , a tj = a n 

j 

is a second order real elliptic operator, u=(ui, U2, ..., u„) , and A is ann xn matrix 
with entries which are all complex valued functions. 

We find a sufficient condition for the classical maximum principle which 
extend the result of Winter and Wong [14] for A being negative semidefinite to a 
more general form of A. 

We also prove uniqueness theorems for various boudary value problems with 
bounded and unbounded domains, and extend the generalized maximum principles 
obtained in [1] to nonhomogeneous elliptic systems. 
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1. Introduction 

Generalized maximum principles for weakly coupled second order elliptic 
systems have been obtained by Dow [2], Hile and Protter [5], and Wasowski [13] 
under different conditions on the coefficients. 

In [1] we find a generalized maximum principle for second order homogeneous 
elliptic systems, in this paper we extend these results to nonhomogeneous elliptic 
systems. Also we prove uniqueness theorems for various boundary value problems as 
applications of the maximum principles . 

Consider a second order operator 

t r / \i X"™ 1 / \ OH ^"H . . Oil /1 1 . 

L [u(x)J = 2_, a m x ) ^ — ^ — + £_, ai(x) ,aij = aji (l.l) 

U=l OXjOX i=i OX; 

j 
in a bounded domain Q in R n . We assume that L is elliptic in Q, i.e., for all x eQ and 

z\\y=( yi ,y 2 ,...,y n ) eR n \{0}. 

a ij {x)y i y j >0 (1.2) 

holds, we also suppose that the coefficients ay and a, are bounded and real- 
valued functions in Q. 

Now consider the following weakly coupled second order elliptic system, 

Lu s (x) + a S k (x) Uk(x) = , s = 1,2, ..., n in Q, 

or in matrix from, 

Lu(x) + A(x) u(x) = in £2 (1.3) 

Here A(x) = (a s k (x)) is an n xn complex matrix function and u is 
a C 2 [ n x l] complex vector function. 

Associated with (1.3) the following characteristic equation of^4, 

\AI-A\ =0. 

In [1] we use the idea of Liapunov's Second Method to find a generalized 
maximum principle for a class of weakly coupled second order homogeneous elliptic 
systems. 

Lu + Au = in Q czR" 
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Where L is the second order elliptic operator 

r / \7 X"™ 1 / \ O 14 ^"H . . Old . X J 

L [u(x)j = 2_> a m x ) ^ — 5 — + L_> Ui ( x ) a — ' a v = a fi> u = ( Uh U2 ' ■••' Un > ■ 

ij=l OX, OX i=i ox t 

J 



Theorem (1.1): Assume that there exists a constant complex matrix B > such 
that 

A*(x)B+BA(x) <0, xeQ (1.4) 

2 

Then for all solutions ue C (Q)nC (Q.) of (1.3) there exist a constant k> 
such that 

llwll <k llwll _ (1.5) 

o,n o,dC2 v ' 



Here k = (X n / Xi) 2 , where Aj and X n are the smallest and biggest eigenvalues 



ofB, respectively. 



Theorem (1.2): Let A(x) = g(x) I + D in (1.3), where g(x) <0 in Qand D is a 
constant matrix over C. Assume that none of the eigenvalues ofD has a positive real 
part, and moreover that the elementary divisors ofD corresponding to eigenvalues 
with vanishing real part are linear. Then there exit a constant k> such that for all 

solutions ueC (D)nC(Q.) of (1.3). 

\\u\\oo ^ k \\u\\o,ca. 



From the proof of Theorem (1.1) , and from Protter and Weinberger [9], we 
have the following maximum principles for system (1.3),[1]. 
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Theorem(1.3): ifueC (Q)n C(Q) is a solution of (2.3), and ifu Bu attains a 
maximum in Qfor some positive definite matrix B such that A (x) B+BA(x) is negative 
semidefinite in Q, then u is a complex constant vector in Q. Moreover, if A (x) B+ 
BA(x) is negative definite at some x eQor, if A (x) is invertible for some x eQ then 

u= in D. 

Theorem (1.4): Let u e C (D) n C (Q) be a solution of 2.3 Suppose that u Bu 
^ M in Dand that u Bu= M at a point P ed Qfor some positive definite B such that 
A B+ BA is negative semidefinite. Here M is a nonnegative constant. Assume that P 
lies on the boundary of a ball in fi, and that the outward directional derivative du/dv 

exists at P. Then 



d\ u* Bu 



dv 



2Re 



u B 



du 

dv 



2 Re 



B' u 



d 



B' u 



\ 



J 



dv 



> atP 



Unless u is a complex constant vector such that u Bu = M; equivalently, 



d 



B' u 



dv 



>0 



atP 



Unless u is constant and \B 2 u\ = M 2 



2. The Classical Maximum Principle 

In this section we will consider the case k=l in (1.5) for any matrix ^4 ,which 
corresponds to the classical maximum principle. 
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Theorem (2.1): 

(a) A sufficient condition that: 

\\u\\o,n ^ \\u\\o,dn 

2 

holds ,for all solutions ue C (Q)nC (Q.) of (2.3) is 
A*(x) + A(x)<0. 



(2.1) 



(2.2) 



(b) Assume that the variable matrix A=A(x) in (1.3) is normal (i.e., A (x) A(x) 
= A(x) A (x), xeQ), and all its eigenvalues have nonpositive real parts for allxeQ. 

2 

Then (2.1) holds for all solutions ue C (D)nC (Q.) of (1.3) . 

Proof, (a) By choosing B=I in Theorem (1.1), (1.5) with k=l (i.e., 2.1) 
follows from the condition (2.2) 



(b) suppose 



Aj(x) fo(x), ..., Xn(x) 



are all the eigenvalues of A(x). Since A(x) is normal, there exists a unitary 
matrix U(x) such that 



U (x) A (x) U(x) 



'*• ft) 



* ft) 



X n(x) 



Therefore, by the assumption, 



* . . . , * 



U (x) (A (x) + A(x)) U(x)-- 



2ReX ft) 



2 Re 1 (x) 



: A(x) <0. 



Hence A + A = UAU <0; and then( 2.1) follows from (a). □ 



Example: For the system 
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Lu(x) + 



a(x) b(x) 
c(x) d(x) 



u(x) = o, 



Where a, b, c, and d are complex - valued functions, by Theorem(2.1), the classical 
maximum principle( 2.1) holds if 

r 2R{a} b+c 



a 


b 


+ 


a 


b 


= 


c 


d_ 




c 


d_ 





which is equivalent to 

Re {a} < 0, Re {d} < 0; and 

|b + c | 2 < 4 Re {a} Re {d} 



(b+c) 2R{d} 



<0 



(2.3) 



3. Applications 

As applications of the maximum principles in sections 1,2, we will prove 
uniqueness theorems for various boundary value problems. 

As a first example, consider the following mixed boundary value problem with 
bounded domain : 



Lu (x) + A(x) u(x) =f(x) in £2 czR" 



u(x) = gj (x) 



on r, 



...(3.1) 



(3.2) 



du(x) 



dv 



+ a(x)u=g 2 (x) on T 2 



where v = v(x) is a given outward direction on 71, and 71 



dQ_ 



Theorem (3.1): Suppose that ui and U2 satisfy (3.1) and (3.2) in a bounded 
domain in D czR" and A satisfies the assumption of Theorem (1.1) assume that each 
point of T2 lies on the boundary of a ball in Q. IfL is elliptic as defined by (1.1) and 
a(x) >0 on T2, then ui = U2, except when a=0, 7; is vacuous and A(x) is singular for 
all x € D, in which case ui - U2, is a complex constant vector. 

Proof: Define u = U1-U2. Then u satisfies 
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Lu + Au = in Q, 



u = o 



du 

dv 



+ au 



on r p 



on r, 



(2.1) 



(3.3) 



Choose positive definite B, as in the proof of Theorem( 1.1), such that 
A B + BA is negative semide finite, and let v = u*Bu; then we have 

v ( x )^ max v &)> Vxefi ■ (3-4) 

yedQ 

If v is not a constant, by Theorem(1.3), a nonzero maximum of v must occur at 
a point P on r 2 ; and by Theorem(1.4), 



Re 



u*B 



du 

dv 



>0 



at P. 



Hence 



Re 



u*B 



du 

dv 



\ 



+ au 



J 



atP e r 2 



Which contradicts the boundary condition (3.3). Thus v =u*Bu must be a constant. 

From (3.4), by the proof of Theorem(1.3), u must be a complex constant vector. Then, 

from (1.3) and (3.3), we know that u = 0, i.e., Ui = u 2 , in D, except when a= 0, 

7~} is vacuous, andA(x) is singular for xe O.U 



Remark: Besides having applications to some boundary value problems with bounded 
domain Q, the maximum principle we obtained in sections 1,2 can be used to 
establish uniqueness theorems for various boundary value problems with unbounded 
domain Q czR n . In this case, the point oo is called the exceptional boundary points; 
and an appropriate growth restriction on the solution at oo is required. Moreover, by 
using a recent result of Hile and Yeh [7], we even obtain uniqueness for the boundary 
value problem with an exceptional boundary at /"is less than n-1. 

As another example, we have uniqueness for the following boundary value problem 
with unbounded domain HczR": 
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Lu (x) + A(x) u (x) =f(x) in fi, 
u (x) = g(x) on dQ, 



(3.1) 
..(3.5) 



\u(x)\ is bounded in Q. 

Theorem (3.2): Let Q be an unbounded domain contained inside a cone, let L be 
given in Q. by (1.1), with 

a, (x) = S(r ) as x —> oo in fi, 

i = 1, ..., n, (r = lxl), 

and with the uniform ellipticity condition 

8 \y\ 2 <a tj (x) ytyj <A \y\ 2 , x e Q y eR n , 

holding for some positive constant 8 and A.Suppose ui and U2 satisfy (3.1), (3.4) in Q. 
and matrix A satisfies the assumption oftheorem(l.l). 

Then ui = U2 in fi.. 

Proof: Let u = uj- U2 and v = u*Bu, where B, as in Theorem (1.1), is positive definite 
such that A *(x) B + B A (x) is negative semidefinite for all x eQ. .Then v is 
nonnegative, and the proof of Theorem (1.1) gives: 



Lv = - u * (A*B + BA)u + 2 ct .. B Vl u. B /2 u>0 in Q 



v(x) = ondQ, 

v(x) is bounded in Q 



Hence, by the Phragmen- Lindelof principle [6], 



Urn v(x) = , 



as x —> co in fi. 



Therefore, the maximum principle in Theorem(l.l) implies that v = in fi, 
i.e., ui = U2, in fi. 

4. An Extension of Maximum Principles to Nonhomogeneous Elliptic System: 

In sections 1 ,2 we obtained maximum principles for some homogeneous elliptic 
systems. Now we extend these results to the nonhomogeneous elliptic system. 
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Lu(x) + A (x) u (x) =f(x), xe D ...(3.1) 

Under the restriction of A being a real matrix function such that: 

T 

C, A £<- c | Q\ in Q, for some c > 

and for any C, eR n , Miranda [8] obtained a bound for solutions of the elliptic system 
(3.1): 

IMIft/2 ^||w||o,^f2+ C \\f\\o,n. 

In this section we obtain a similar result for more general complex matrix function A 
in the elliptic system (3.1). 

Theorem (4.1): Suppose, for A = A(x), there exist two complex constant matrices 

B > 0, E > such that A (x) B + B A (x) <— E. Then for all solutions 

u eC (D)nC(Q.) of (3.1), there exist positive constants ki and k2 such that: 



\u\\ ,a < ki \\u\\o,ea+ k 2 \\f\\o,a (4.1) 



a v z - l 



2 \/2 9 0/2 

Here ki 



vAy 



2 /T 
and k 2 = 77 , where Aj and X n are the smallest and 

0/2 



biggest eigenvalues ofB respectively, and jui is the smallest eigenvalue of EB~ . 
Proof: Define v= B 2 u; i.e., u=B~ /2 v . First we will prove that (for v), 

\\v\\ ,a <ki \\v\\o,x2+ k\\f\\ .a k >0 (4.2) 

It is sufficient to show that at an internal relative maximum of |v| 

forof|v| = \B 2 u\ =Bu.u), 

\v(x)\<kf(x)\ (4.3) 

We assume v(x) * at such a maximum; otherwise the inequality is trivial. 
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At a relative maximum of Ivl = Bum, we have 



8x, 



\v\2 = 2 Re (Bu.uk) = 0, 



and the matrix of second derivatives is negative semidefinite; i.e. 



5 M 

dx i dx K 



[2 Re (Vi . v k + v.Vi k ) | < 0. 



Hence, 

Re (Bu.Uk) = Re (v.v0 = 0, 
[Re (v t . v k + v.vus) ] <0. 

n~x.ii 

Since (auj > 0, we have that 

ciik (vt .Vk + Re (v.v ik )) <0. 
Into this inequality we substitute the system (3.1) and Re (Bu.Uk) = to get 

> cijk v t Vk + Re (Bu. ciik Ujk) 
= ciik Vi Vk + Re [Bu.(- at Uj-Au +J)J 
= a ik Vi v k - V2 (A *B + BA) u. u + Re (Bu. J) 



Therefore 



X* |v| 1/1 >-Re(Bu.j) > a ik Vi v k - V2 (AB + BA) u. u 



> V2 Eu. u = V2 (B' /2 EB' /2 ) v.v 



Since B~' /2 EB~' /2 and EB 1 have the same eigenvalues, it follows that 

An 



1/2 |v| l/I > ^ |v| 2 
2 



and then (4.3) holds with 



2 X 7 



M\ 
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Hence we have proved (4.2). 

By using (4.2) and substituting v = B'A u, we have 

fa{ 2 \\u\\o,n < xj \\ u \\o.aa + * I l/lk i3. 

so (4.1) holds with 



f i \ 



k,= 



4 



vAy 



and k 2 = — jy = y O. 

n 



A\ jU^A 



From the liapunov lemma [1], the following theorem is easily obtained. 

Theorem (4.2): Assume that A(x) = r(x) I + A in (3.1), where r <0 in Dand each 
eigenvalue of the complex constant matrix A has negative real part. Then for all 

solutions u eC (D)nC(Q.) of (3.1), there exist positive constants ki and k2 such that 
(4.1) holds. 

Theorem (4.3): (a) A sufficient condition that 

\\u\\ ,a ^\\u\\o, ( n+ C l \\f\\ ,n (4.4) 

holds, for all solutions ueC (D)nC(Q.) of (3.1), is 

A*(x) +A(x) <-2cqI< 0, for some co eR (4.5) 

(b) Suppose that the variable matrix A = A(x) is normal, and all its eigenvalues 
{/^(x)}"^ have uniformly negative real parts in Q; i.e., Re fa. (x) < - Co < in Q, 

for 1 <i <n. Then (4.4) holds for all solutions u eC (D)nC(Q.) of (3.1). 

Proof: (a) By choosing B = I in Theorem(4.1), the inequality (4.4) follows from the 
condition (4.5). 

(b) Since A(x) is normal, there exist a unitary matrix U(x) such that 
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U*(x) fA*(x) + A(x)J U(x) 
2 Re X x (x) 

2Re/L„(x) 

Hence A *(x) + A(x) <- 2 Co I; and then (4.4) follows from (a)n. 

5. Concluding Remarks 

1. The condition (3.2) is also necessary for the proof of the classical 

maximum principle by the method imposed here. 

2. Theorem (3.1) contains the result of winter and Wong [14] for real 

negative semidefinite A =A (x, u, Vu) as a special case; one may view, for 
given u, A (x, u (x), Vu (x)) as a matrix function Aj (x). 
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Abstract 

A non-linear diffusive partial differential equation has been considered, Tanh method solution 
has been used to obtain a traveling wave solution for the considered equation. 

1. Introduction 

In recent years, quite a few methods for obtaining explicit traveling wave solutions of non-linear 
diffusion equations have been proposed. A variety of powerful methods such as Tanh method 
and Sine-Cosine method were used in the analysis of these problems. In this paper we has been 
considered the non-linear diffusion partial differential equation 

au xx ~ u tt + uu x~ bu + du" = 

Tanh method has been used to solve this equation. Stability of the resulting solutions has been 
discussed using stability rules after transforming the equation into a system of linear differential 
equations. 

2. Traveling wave technique 

The considered equation is 

au xx ~ u tt + uu x -bu + dv? = (1) 

To find a possible traveling wave solution (by transforming the partial differential equation into 
an ordinary differential equation) we introduce the independent wave variable t, = x - ct that 
leads to the following ODE: 

(a-c-)-u© "+u(t ) yu£) - b«g) + d«£) 3 = (2) 

For more details about traveling wave technique refer to [4]. 
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3. Tanh method solution 

Tanh method introduces the solution of (2) as F(Y); where F(Y) = Z^= c , a„F" ; Y = tanh((j,^). 

Considering F(Y) as a solution we can replace(2) by: 



Li 2 (a - c 2 ) (1-Y 2 )((1-Y 2 ) F(Y)')' + li((1-Y 2 )F(Y)' F(Y) - b F(Y) + d F(Y) 3 = (3) 



Balancing the most non-linear term with the highest derivative term results in 

3 N = N+2 => N = 2/(3 - 1) => N = 1 

F(Y)= a c . + a 1 Y;Y = tanh(^) (4) 

Substituting F(Y) into equation (3) leads to the following equation: 

Li 2 (a- c-) (1-Y 2 )[(1-Y 2 )( a t )]'+ u^) (1-Y 2 )( a c +a,Y) + 



b(a c . + aj Y) + d (a c . + a t Y) 3 = (5) 



Expanding and collecting like terms leads to the following values of the constants: 



/ =0 = — ( - K / - - 4- b -J- ^V' 1 " 8 '^"^ 2 ^- 

i«0 U, ttj b d { 'l\ 2(a-c 2 ) 3(a-c^Pd 9(a-c^d 



+ ->l-Q(a-c^)d J-- -+- — + * \.. a ; ),and 

2 » v \' 2(c-c 2 j 8',.a-c 2 ,l 2 d 8',<3-c 2 J 2 d y 



J b b b. l-8(c-c 2 lcf . 

, , r _|_ I \ ^ * \ 

" " -\ 2(o-ff 2 ) e(.a-c 2 "j 2 d 9(a-c 2 J 2 d ' 

Substituting the values of flg, ttj and [x into (5) gives the following form of the solution: 



1 / 1, J h b b^l-3(a-c 2 "jd 



v(Q= M-i\i-;^ + ^^ + 



a-c 2 ~\ S(.a-c 2 ) 2 d 8(a-c 2 J 2 d 
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+ ^l-8(a- C i)d 



+ 



bJl-Q(a-c 2 "\d 

+ — ' - - - - 



\l 2(a-c 2 } 3(a-c 2 ) 2 i S(g-c 2 J 2 l£ 



tanh ( 



+ 



fc^'l-S(a-c 2 ]d 



%l 2(a-c 2 ] 8(a-c 2 J 2 d 8(a-c 2 } 2 d 



(0) 



(6) 



Or the following form in 3D 



bd 



+ 



b*/l-8fo— c 2 )d 





2(a-c 2 } 3(a-c 2 J 2 d 3(a-c 2 ] 2 tJ 



+ 



* v 'l-8(a-c 2 )d 



fc h^/l— S(o-«? 2 )d 

^ 2(a-c 2 j ' 9(a-c 2 ) 2 ri e(.a-c 2 ~) 2 d 



+ ■ 



- I — ; — 7: + ~ — 



b\ l-8(a-c 2 ~\d 

s ■ 



\l 2(0-^3 8''a-c 2 J 2 d 8(a-c 2 ) 2 d 

For more details about Tanh method refer to [3]&[5] 



(x-ct)) 



(V) 



4. Stability 

Now let us discuss stability of (1), first we rewrite it as a system of differential equations by 

bx dX* 



letting x = u, y = — ; therefore — = y, — 

d^ d(, d^ 

The equivalent system becomes: 

i. :■: 



xy 



a-e a ) (a-c 1 ) (a— e*) 



dZ 



y 



AX 



xy hx 

77+ 7T— " 

a-e 1 ') (a-c 1 ') (a-c 1 } 



The equilibrium points are (x, y) = (0,0), and (*,3 T ) = [ f~ , 
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The Jacobian matrix of the system will be: 




J = 



y b 3dA r " 

(a-c 2 ) (a-c 2 ] (a-c 2 j 



V 



""N 



(a-^ ) 



J 



Let us concentrate on the equilibrium positionf J- ,0 



\y 



■L, 



For i- j the Jacobian matrix becomes: 

\A d 



J = 







-2b 



(a-c 2 ] 



V 



1 "> 



i 1 ^ 



(a- C 2 ] 



J 



--.b __ I b 



sab sbc 2 
d (a-c 2 ) — -^i d(a-c 2 ) 2 (a-c 2 ) (a-c 2 ) 

2 



The eigen values of J are a = 

We now have the following three cases for the eigen values 



(8) 



Case 1) The eigen values are real when: 



Soli 



Sbc. 



d(a — c z ~) 2 (a— c 2 ) (a—c 2 '~) 



+ - — >0 => - > 8(a-c L ),and b >0 



Case 2) The eigen values are negative real when case 1 is satisfied, and 

-^r — - <0 =^> - \b <0 =^> \1? > => b >0 (If a > c 2 ), or b < ( if a < c 2 ) which is 

1 

not the case; since b<0 leads to -< 8(a - c - ); which means that the eigen values are not 
real, and this contradicts easel. 
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Case 3) The eigen values are imaginary with negative real parts when: 



£i 



d(a— e 1 ) 1 (a—c" 



<0 => - < 8(a-c : ),b>0, anda>c : 



Thus as result we have: 



1) The critical point I- ,, J is anode point of the system if 7 > 8(a-c), andb>0. 



2) The critical point |- , I is a spiral sink of the system if - < 8(a-f^% andb>0. 



Let us now use a table to organize some values of the constants a, c, b, and d in order to use 
Mathematica software to plot the solution in stable cases depending on the above study and 
results of stability. 



Case 


a 


B 


c 


d 


1 


1 


1 


0.5 


1/10 


2 


3 


1 


2 


1 



Case 1 -2D 



Case 1- 3D 



-15 -10 -5 



5 ID 15 
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Case 2 -2D 



Case 2 - 3D 




-15 -10 -5 



-0.5 



5 10 15 




-0.5 



Fore more details about stability refer to [1] &[2]. 



References: 

[1] Abualrub, M.S. (1998). An Analysis to the Traveling Wave Solution of a diffusive Model of an 
Epidemic. Tamkang Journal of Mathematics, Vol. 29, No. l,pp. 65-68. 

[2] Burton, T. (1991) The nonlinear wave equation as a Lienard equation. Funkcialaj Ekvacioj, 
Vol. 34, 529-545. 

[3] Malfliet, W. (2004), The tanh method : a tool for solving certain classes of nonlinear evolution and 
wave equations, J. computational and applied mathematics , 529-541. 

[4] Wazwaz, A. M. (2004). Traveling wave solutions for the reaction-diffusion equations. 
International Journal of Applied mathematics, Vol. 16, no.4, pp. 497-505. 

[5] Wazwaz, A. M. (2004). The tanh method for traveling wave solutions of nonlinear 
equations.Appl. Math. Comput, 154, no 3, pp. 713-723. 



313 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.6, NO.4, 314-323, COPYRIGHT 201 1 EUDOXUS PRESS, LLC 



A STUDY ON SOME NEW q-INTEGRAL INEQUALITIES 

W. T. Sulaiman 

Department of Computer Engineering 

College of Engineering 

University of Mosul, Iraq. 

waadsulaiman(S>hotmail.com 



Abstract. Many new q-integral inequalities are presented via 
new ideas. 

2000 (MSC): 26D15 

Key words : Integral inequality. 

1 . Introduction 

For < q < 1, the q-analog of the derivative, denoted by D is defined by 
(see[6]) 

W = MzM .^o. (i.i) 

x- qx 
Whenever f'(0) exists, D q F(0) = f'(0), and as q->l, the q-derivative reduces 
to the usual derivative. 

The q-analog of integration from to a is given by (see[7]) 

jf(x)d q x = a(\-q)^f(aq k )q k , (1.2) 

(I *=o 

provided the sum converges absolutely. On a general interval [a, b] , the q-integral is 
defined by (see[2]) 

b b a 

\f(x)d q x = \f(x)d q x- \f(x)d q x. (1.3) 

a 

The q- Jackson integral and the q-derivative are related by the fundamental theorem of 
quantum calculus, which can be stated as follows (see[l 1, p.73]) : 

If F is an anti q-derivative of the function / namely D F = f , continuous at 

x = a, then 

/> 

\f{x)d q x = F(b)-F{a). (1.4) 

a 

For any function / we have 
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D q jf(t)d q t = f(x). (1.5) 

a 

For b > and a = bq" ,ne.N, we denote 

[a,6] ? = {&$* : < k < n] and (a,b] q = [aq~ l ,b] q . (1.6) 



In [4] the following results were proved 

Theorem 1.1. If f(x) is a non-negative and increasing function on [a,b] q and 

satisfies 

(a-l)r-\qx)D q f{x)>/3(/3-\)f' 3 -\x)(x-ay- 2 (1.7) 

for a >l and f3>\, then 

b fb Y 

\f a (x)d q x>\ \f{x)d q x 



p 

(1.8) 



J 



Theorem 1.2. If fix) is anon-negative and increasing function on [bq" +l " ,b]and 
satisfies 

(a-l)D q f(x) > f3(J3-\)f p - a+ \q m x)(x-ay- 2 (1.9) 

on [a,b] q and for a,/3>\, then 

b fb y 

\r(x)d q x>\\f(q'"x)d q x . (1.10) 

Theorem 1.3. If f(x) is a non-negative function on [0,6] and satisfies 

h b 

\f\t)d q t>\t P d q t (1.11) 

X X 

for x g [0,6] and ft > 0, then the inequality 

\r +fi it)d q t>\t a f p {t)d q t (i.i2) 



holds for all positive numbers a and j3. 

The aim of the present paper is to give good generalization for the above results. In 
fact we give the following 

2. Results 

We start with the following key lemma 

Lemma 2.1. Let p>\, f,g,f>0, g,f are non-decreasing on [a,b] q . Then 
Pf p - l {g(qx))f\g(qx))D q g(x) < D q f{g(x))<pf p - l {g(x))f'{g(x))D q g(x). (2.1) 
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In particular, for f(x) = x, 

pg p - l {qx)D q g{x) < D q g"{x))<pg"-\x)D q g{x) . (2.2) 

Proof. We have 

Pf p - 1 {g(qx))f'(g(qx)){g(x)-g(qx)) < p \f p - l {t)f\t)dt 

g(qx) 

<Pf p -' (g(x))f'{g(x)){g(x) - g(qx)) , 
that is 

P f P ~ l {g(qxj)f'{g(qx)){g(x) - g{qx)) < (f p (g (*)) - f P {g{qx))) 

<Pf P ~ X (g(x))f'{g(x)){g(x) - g(qx)) . 

The result follows by dividing by (1 - q)x. 

Theorem 2.2. Let f, g, f > 0, g, f are non-decreasing on [a, b] q , f(g(a)) = 0, 
and they satisfy 

(a - \)f a ~ 2 {g(qx))f'{g(qx))D q g(x) >/?(/?- 1) f p ~ l (g(x))(x - a/" 2 D q g(x) (2.3) 

for a>\ and f3>2. Then the following inequality it holds 

)f a {g(t))d q t>{)f{g(t))d q t) , xe[a,b] q - (2-4) 

Proof. Define 

F(x)=)f a {g(t))d q t-()f{g(t))d q t) , xB[a,b] q , 

and 

h(x)=)f{g(t))d q t. 

a 

By Lemma 2.1, 

D q F(x) = f a {g{x))-D q h p {x) 

>f a {g(x))-ph p - l (x)f{g(x)) 
= f{g(x))(f a - l {g(x))-/3h fi -\x)) 
:= f{g(x))G(x). 
Now, /' > implies that / is non-decreasing. Therefore, we have 

x 

h(x)< f{g(x)) \d q t = f(g(x))(x-a). 

a 

The above implies via Lemma 2.1, 

D q G(x)>(a-l)f a - 2 {g(qx))f'(g(qx))D q g(x)-/J(/J-l)h{ l - 2 (x)f{g(x))D q g(x) 
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>(a-\)f a - 2 {g{qx))f'{g(qx))D q g(x)-p{/3-\)f f, -\g(x))(x-aY- 2 D q g(x) 

>0. 
Therefore G(x) is non decreasing on [a,b] q . But G(a) = 0, then G(x) > 0, which 
implies D F(x)>0. Hence F(x) is non-decreasing on [a,b] q . As F(a) = 0, then 
F(x) > 0. The proof is complete. 



Theorem 2.3. Let f,g,f>0, g,f are non-decreasing on [aq l ,b] q , 
f(g(a)) = 0, and they satisfy 

(a-l)fy'- 2 {g(x))f'{g(x))D q g(x)<S(S-l) f 5 - l (g(q z x))(q 2 x-qa) s - 2 D q g(qx) 

(2.5) 

for y>\ and S>2. Then the following inequality is holds 

)f y {g{t))d q t< \)f{g{t))d q t\ , xe[a,b] q - (2-6) 



Proof. Define 








H(x)-- 


--)f r {g{t))d q t- 

a 


)f(g(t))d q t] , 


x <E[aq l ,b] 




qx 

Kqx)= \f{g{t))d q t. 

qa 




By Lemma 2.1, 









D q H(x) = r{g(x))-D q h s (x) 

<f 7 {g(x))-Sh s -\qx)f{g(x)) 
= f{g(x))(f r - 1 {g(x))-Sh s - l (qx)) 
:= f{g(x))K(x). 
Now, /' > implies that / is non-decreasing. Therefore, we have 

h(q 2 x) < f(g(q 2 x)) ^d q t = f(g{q 2 x)){q 2 x-qa). 

qa 

The above implies via Lemma 2.1, 
D q K(x)<(r-\)fy- 2 {g(x))f'{g(x))D q g(x)-S(S-l)h s - 2 (q 2 x)f(g(q 2 x))D q g(qx) 

<(a-l)r- 2 {g(x))f'(g(x))D q g(x)-S(S-l)f"- 1 (g(q 2 x))(q 2 x-aY- 2 D q g(qx) 
<0. 
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Therefore K(x) is non -increasing on [aq~\b] q . But K(a) = 0, then K(x) < 0, 
which implies D q H{x) < 0. Hence //(x) is non-increasing on [aq' 1 ,b] . As 
H(a) = 0, then H(x)<0. 

Theorem 2.4. Le? f,g>0, g is non-decreasing, and let a > 1 . If 

h b 

\f(t)d q t>\g(t)d q t, Vxe[a,b] q , (2-7) 

X X 

then the following inequalities hold 

b b b 

(a) \g a (x)d q x < \f{x)g a -\x)d q x < \f a (x)d q x (2.8) 

a a a 

b b 

(b) \f a (x)d q x> \f a -\x)g(x)d q x (2.9) 

a a 

Proof, (a). Since g is non-decreasing, then D g(x)>0 9 and we have 



\g a (x)d q x= \g{x)g a -\x)d q 



b fx 

= \g(x) JD q g a -\t)d q t+g a -\a) 



a \a 



d q x 



= \D q g-\t) \g(x)d q xd q t + g a ~\a) \g(x)d q x 

at a 

b b b 

< \D q g a - , (t)\f(x)d q xd q t+ g- 1 (a)\g(x)d q x 

at a 

< \f(x) )D q g"-\t)d q td q x+ g-\a)]f(x)d q x 

a a 

b fx > 

= {/(x) \D q g a -\x)d q x + g a - l {a)) 



d q x 



= \f(x)g a -\x)d q x. 



The right inequality follows from the AG inequality as follows, 



-r (x)+— g a (x) > f{x) g a -\x), 

a a 
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which implies via the left inequality 

b b b 

\f a (x)d q x > (I -a) \g a {x)d q x + a \f(x)g a -\x)d q x 

a a a 

h h 

>(i-a)\f(x)g a - i (x)d q x + a\f(x)g a - i (x)d q x 

a a 

b 

= \f(x)g a -\x)d q x. 



(b). As 



{f(x)-g(x))(r- l (x)-g a - l (x))>0, 



then, we have 

b b b b 

\f a (x)d q x+ \g a (x)d q x> \f a - i (x)g(x)d q x+ \f(x)g a - 1 (x)d q x 

a a a a 

b b 

>\f a - 1 (x)g(x)d q x + \g a (x)d q x, 

a a 

which implies (2.5). 

Remark. 2.5. It may be mentioned that inequality (2.5) follows if we are assuming 
that / is non-decreasing instead of g , as follows 

/. b 

\f a (x)d q x= \f(x)f a - 1 (x)d q x 

a a 

b (x \ 

= J/(x) \\D q f a -\t)d q t+f a -\a) 

= \DJ a -\t) )f{x)d q xd q t + f a ~\a) \f(x)d q x 

at a 

b b b 

> \D q f a ~\t) \g(x)d q xd q t + f a ~ l {a) \g(x)d q x 

at a 

b X b 

= \g(x) \D q f a -\t)d q td q x + f a -\d) \g(x)d q x 



dx 



a a 
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= \g(x) \jD q f a - l (x)d q x + f a - l (a)) 



d q x 



a \a 



= \g{x)f a -\x)d q x. 



Theorem 2.6. Let f,g>0, g is non-decreasing. If (2.7) is satisfied, then the 
following inequality it holds 



\r +p {x)d q x>\r{x)g fi {x)d q x, 



for all a,fi>0, a + jB>l. 
Proof. By the AG inequality, 



a 



-r +p (x) +-^- g a+ \x) > f a {x) g \x) . 

a + P a + j5 

q-integrating the above inequality with making use of (2.8) gives 



(2.10) 



\f a+p {x)dx> \\-^f a+fi (x) 



P g a+P {x) 



) 



d q x>\r{x) g fs {x)d q x. 



Theorem 2.7. Let f,g>0, g is non-decreasing. If 

b b 

\f'\x)d q x< jg~ l (x)d q x Vxe[a,b] 9 , 

x x 

then the following inequality holds 

\fP- a {x)d q x<\f fS {x)g- a (x)d q x, 

a a 

for all a, P, < a < j8. 
Proof. 

]g> 3 (x)d q x=\g-\x)g< 3+ \x)d q x 



(2.11) 



(2.12) 
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\g-\x)\\D q g^\t)d q t + g p+ \a) 



d q x 



= \D q g p+ \t) )g- l {x)d q xd q t + g^(a) \g-\x)d q x 

at a 

b b b 

> JD q g fS+1 (t)jf-\x)d q xd q t+ g p+i (a)\g(x)d q x 

at a 

b x b 

= \f-\x) \Dy + \t)d q td q x+ g p+ \a)\f{x)d q x 

a a 

= )f- 1 (x)()D q g^(x)d q x + g^(a)) 



d q x 



= \r l (x)g^(x)d q x. 



(2.13) 



By the AG inequality, 



rw^w^if'w-i/'w 



p 



i 
p 



or 



g'v) * Ar'w^'w+^r/^w. 



P + V J3 + 1 

Now, q-integrating the above inequality with making use of (2.13) gives 

)g p {x)d q x < JL- ]f-\ x)g P^ {x)dqX + -j— \f\x)d q x 

a i a i a 



P 



p- 



b , b 

-\g P (x)d q x + -—\f fi {x)d q x, 



which implies 

\g fi (x)d q x < )f fS (x)d q x. 

a a 

Again, by the AG inequality, 



(2.14) 
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f p (x)g-"(x) > -^—f p - a (x)--^g p - a (x) 
p-a p-a 



or 



f fi - a (x)<(l-a/j3)f /3 (x)g- a (x) + (a/j3)g /3 - a (x). 
q-integrating the above inequality with the use of (2.14) implies 

b b b 

\ f l3 - a {x)d q x<{\-alp) \ f\x)g- a (x)d q x+(a/j3) \ g p ~ a {x)d q x 

a a a 

b b 

<{\-alfi)\ f p {x)g- a (x)d q x + {alp) \ f p - a {x)d q x 

a a 

which implies (2.12) . 

Combining theorems (2.6) and (2.7), we obtain 

Theorem 2.8. Let f,g>0, g is non-decreasing. If (2 .7) and (2.11) are 
satisfied, then the following inequality is satisfied. 

)f p - a {x)d q x )f\x)g-°{x)d q x 

\ ±S ■ (2-15) 

\r p {x)d q x \f a {x)g\x)d q x 

a a 

Proof. Multiplying (2.10) and (2.12), we have 

\f a {x)g\x)d q x\f p - a {x)d q x<\r\x)d q x\fP{x)g a {x)d q x, 

a a a a 

and hence 

\fP~ a {x)d q x \f p {x)g- a {x)d q 



■ q x 



< -2- 



\f a+fl (x)d q x \f a (x)g p {x)d q ; 



Theorem 2.9. If p>\, - + 1 = 1 and if (2.7) is satisfied, then the following 
inequalities hold 
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\f a+fi (x)d q x<^j(f a (x)g fi (x) + f"(x)g a (x))d q x, 

a a 

h * b , b 

\f(x)g(x)d q x<-\ f p (x)d q x+-\ f(x)d x x, 



Pi 



\ 1/ Pf b 



jf(x)g(x)d q x < \ f p (x)d q x \ P(x)d q x 



Alq 



J \a 



fb 



\{f(x) + g(x)Y <2 \f p {x)d q x 



\a 



(2.16) 



(2.17) 



(2.18) 



(2.19) 



Proof. (2.16) follows from the inequality 

(r{x)-g a {x))(f' 3 {x)-g' 3 {x))>Q, 
and the rest follows from AG, Holder's and Minkowski's inequalities respectively. 
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An Extended Multiple Hardy-Hilbert's Integral Inequality 
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Abstract. New extended multiple Hardy-Hilbert's 
integral inequalities are presented. 



1 . Introduction 
If f,g>0 are such that 

CO 00 

0< \f 2 (x)dx<cc, 0< \g 2 (x)dx <oo , 



then the famous Hilbert's integral inequality is given by 

COCO/'/\/\ f 00 oo 

(1) [[ dxdy < n \f 2 {x)dx \g 2 {x)dx 

00 AT - r vo J 

where the constant factor n is the best possible (see [2]) . Inequality (1) has been 
generalized by Hardy-Riesz [1] as 
If p>l, -^ + 1 = 1, 

00 00 

0<^f p (x)dx<oo , 0<lg <1 (x)dx<oo, 
■/(-v)g(y) 



.1/2 



then 



(2 ) ff JWgW ^< : * \f p {x)dx\ \g"(x)dx 

oo a + 3 7 sm{7r/p){ J ) {i 

where the constant factor si ^ is the best possible. The inequality (2) is called 

Hardy-Hilbert's integral inequality, and is important in analysis and its applications 
(see [3]). 

Yang [4,5] has extended inequality (2) by proving the following 
If f ,g>0, p>l, — + - = 1, A>2- min{p, q) are such that 



< [x l - x f p (x)dx < oo, < ]x 1A g q (x)dx < oo 



then the extended Hardy-Hilbert's inequality is given by 
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(3) 



ii 







^^-dxdy<k x {p) 



( x+y y 



Alp 



\t X - X f P {t)dt\ \t X - X g«{t)dt 



Vo 



\i/« 



Vo 



and the constant k x (p) = B [ p+A 2 , — 2 J, where B denotes the Beta function, is the 

best possible. The aim of this paper is to give new kinds of Hardy-Hilbert's integral 
inequalities. 

We introduce the following symbols : 

K ={x = (x 1 ,...,x„):x l ,...,x n > 0} 

II II (a a\ lla r\ 

\\x\\ ={x\ +... + x") , a>0. 



2. Results 

We start with the following key Lemma 

Lemma 2.1. If c i ,p i ,q i >0, i-\,...,n, and *F(z) is a measurable, then 



(4) /= \...\xr x xr\.. x r^ 



f \ 



V c i J 



f \ 



Pl 



+ ...+ 



f v» 

x„ 



f _ > 



< 



„1\ „<ll „1n 

Lj L 2 ...C n 



r 



V c 2 7 



\ C n J 



Cwvi Cwv -j • • .C/.A- 



r 



v^iy 



r 



V^y 



/>„ 



. P\ Pl Pn 



PlPl-Pn 



r 



+ 



r \ 



\V2J 



+ ...+ 



f \\ 



\PnJJ 



X ¥(z)dz, 



where 



E = 



(x 1 ,x 2 ,...,x n ) . 



f \ 



f \ 



V c i J 



Pl 



+ ...+ 



f V" 
x. 



\ C 2 J 



\ C n J 



<h, x 1 ,...,x n >0 



r \ 



Proof. Let z 



\ c \ j 



+ 



r \ 



V C 2 J 



Pi 



+ ...+ 



r \ p n 

x. 



c 



, then, we have 



f V 1 



\ c \ J 



f V 2 



\ C 2 J 



f \ p "- 1 

X nA 

V c «-i J 



Pn 



dx„ 



Pn 



f \ 



f \ 



V c i J 



Pl 



V C 2 J 



\ C nA J 



. 1 



dz, 



■,%n h 



W J, 



/ = — friz) \x?- X J. 

Pn 



.?2-l 



e „-3 

n-2 
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z- -^ -...- 



rln-l- 1 



f \P1 

x, 



V c i J 



r \ p«- 

X n-\ 



^-1 
P„ 



v c »-i y 



LtJ\ n i • • *UJ\, o WiA i Ct^j 



Fn 



c »-3 



.«2-! 



{<:-= 



J*"" 



X, 



v c i; 



X n-2 



v c «-2 y 



P„ 



e„-2 



,?„-i-l 



v c «-i y 



X, 



V c i J 



Now, denoting the last integral by I { and let 



r \ p»-i 
x„ 



/ z- 



to obtain 



„?„-! 

/ _£»zL 



Pn-l 



v c «-i y 



^ \ 



f \P\ 

x, 



v c i y 



f \ p -- 2 

X n-2 



K'-n-lJ ) 



f \ Pn-2 

X n-2 



X, 



v c i y 



/ \P„-2 

n-2 



v c «-2 y 



Pn-l 1 *»=L_1 



v c «-2 y 



C*vV n _1 WiA „ n • • ■CtiA'i C*^, i 



]>- (l-y^dy. 



Therefore 



4n 



,9n„9n-\ 



C n" C n-l VPnJ 



gn-1 



— c 2 z- 



P»/V 



r 



jVu) R 1 J. 



.?2-! 



«-2 



— + ■ 



ln-l 



z- -^ -...- 



X 



« n -2 _1 

n-2 



f V 1 
X, 



v c i y 



X n-2 



' P n Pn-l 



v c «-2 y 



CtJ\ r ,_ r ) • • • tCtJv f LUx 1 W^, 



Proceeding in this manner, we have 

f \ f \ f 



I = 



r 1n r 1n-\ „«2 

L n L n-1 ■" t "2 



KPnJ 



<ln- 

Pn-lJ 



\F2. 



PnPn-l-P2 



Pn Pn-X P 



]nz) J- 



.?l-l 



/ 


x \ 


"'1 


z- 






V 


v c i y 


y 



g„ , ?2__ 
Pn P2 



dx, dz. 
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Let (x 1 /c 1 Y' - zt . Then 
i 

I 2 := J** 



f V 1 



<ln_ = 92__ 

Pn Pi 



V c i J 



,«, 4L+....+ *-! 1 ft_i 



dfc, = ^z p " /; ' 



9n ?1 



j> (!_,)*. P2 dt 



1L_^ ""* 5 «L } «-. + .„+ «L 



'2 7 



Pi P„ 



The result follows and the proof is complete. 
The following is the main result 

Theorem2.2. // P, > 1, XL 77 = L neZ + ,a>0, f. >0, X = 1 + 2^4, K >0, 
(n - A. )/? . < n + 1, then 



(5) J...} 

where 



/,(*i)--/,,(*J ix Jx < _J_fr K 

J) x w i=l 

n lla ' 



S M ^n \||"^1 "" ^ 



i/ft 



J II ' lla 



( ^' k ^ 1 /, P '(^)^ 



V«« 



A", 



an 



_ a T n {\la)T{n) 



i-i/ Pi 



^'"(fo-iifo+n + l). 



r(n/a) 
Provided the integrals on the RHS do exist. 

Proof. Define 

G i (t)=\e- ,hl f i (x i )dx i . 

Then, we have 

oo 

/:= \t xx G x (t)...G n (t)dt 



GO 

= \^ K' WL /l( X l) dX l - i e " hl AM^ dt 



R+ 



Rt 



= J...J £(*,) ...f n (x n ) dx { ...dx n ]t"- x e- t[hl+ --- +lx " l) dt 
K K ° 

Let nlbcj + ...+ |bcJ = v, gh 

Ml l|lo II "lla/ ' & 



nves 



/iOi)- ••/„(>„) 



J = [... f , /lW -J'^^ dx v ..dx n \v x - l e- v dv 

j J in II II II 1 « 

(6) =rwj...| /;, (Xl) - / f; ) ^ ..a- 

Nl A lla II " lla ' 

On the other hand 
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/ = jt A, G l (t)...t A "G n (t)dt 



< 



J' Pi 



^t A,p 'G(' l (t)dt 

o 



]t** p 'G?(t)dt 



\llPn 



Vo 



Up, 



Vo 



Now, 



\t**>G!"(t)dt = \t*"" jV WL f l (x i )dx i 



R7, 



dt 



au 

<JV^ \e~ thl f i p '{x i )dx i \e~ thl dx i 



v«„+ 



\pi-i 



v«; 



^ 



By making use of Lemma 2. 1 with h = oo , we have 
f -*lk-l r ^r"(l/a)f _ (H ^ ^~i , 

I r(n/a){ 



=a r 



' u e du = a t 



r(n/a){ 



!_„ _„r"(l/tf)T(n) 



r(n/a) 



Therefore 



lt*""GI"(t)dt£ 



a 



,_„ r"(l/a)r(rc) 
r(n/a) 



vft" 1 



J' 



&iPi-n(p,-\) 



J«" ,W -/,*(Jc,)«fc, 



\K 



dt 



a 



a 
v 



_„ r"(l/q)r(n) 
r(n/a) J 

r(n/«) 



>P(-1 



GO 

|/ j "(^)d^ l Je"' hlL ^" n), '' + "dr 



«,t 



>P(-i 



in 



An-X l )p l -n-\ j. pt 



f i p '(x i )dx t jt^- n)p,+n e- t dt 



(V) 



« ' / / x r((/l,. - n)p t + n + 1) I *. 



•^V,* (*,)*, 



which implies 

(8)y< 



n 



a 



_ n T n {\la)T{n) 
T{n I a) 



\ 1-1/ Pi 



r^^-nfe+n + l) 



i/p ; 



jwr k ^^(^)^ 



v«« 



Combining (6) and (8) , the result follows . This completes the proof. 



We need the following Lemma for the coming result 
Lemma 2.3. Let a i > 0, p i >\,i = \,...,n, andlet ^" — = 1, then 
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m af' 



1=1 (=1 p* 



Proof. We have to use mathematical induction. For m = 2, the inequality is well- 
known. Suppose it is true for m = n - 1 . That is 



„-l n-X a P, 



n-\ 



Yl a i - X - ^ - ' p r ° vided X * 7 p< = * 

n=l i=l P, i=l 

Now, as 

Z_ ii=i Pi L-ii=\ p, p„ Lui 

then we have 



-in-1 

-1~ 






rc 


r«-i > 




ri".- 


I~h 


«„* 


;=i 


V i=i > 





-i A 



11-1 si Pn 



«-i p„- 






< 



Pi, 



(P,-l)P, 



1=1 



J 
■ 

( —pA 

V v 

v 



i=i 



p„-i 



p»Pi 



p»-i 



+ — «-" 



y a i , a n _ y a < 
i=i p,- p„ i=i Pi 



Theorem2.4. // p. > 1, XLi = 1 ' n e Z + ' a > °' £- ' ^ = 1 + Eli4' 
(n - A, i )p i < n + 1, then 



/i(*i)--/„0O 



1 <^ 



i-i /^^-^^u ^i-^^w^E^ flM^ )ft ~7,*(*,)*,, 



A' A'"\ P^1 + ... + X 

n n n « Nl x liar 



n|L/ 



C ""rW§ C 'i + 



where 



C. 



Pi 



a 



r(n/a) 



p,-i 



rp. -n)p. +n + l), 



provided the integrals on the RHS do exist. 
Proof. By virtue of Lemma 2.3, 

oo 

/ = \t Xi G x (t)...t K G n (t)dt 



* » t liPi G p ' (t) »«Lt hPi G Pi (t) 
<jX dt =Y J ) dt, 

Oi = l P; i = 1 o Pi 

and the above, by (7), implies 
(10) J< 
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^-i 1 f !_„ r"(l/ a JT(n) I ' // \ \ fi, |,(„-;t )p -„-i 

2 — " w / I r ((4 - n )Pt + n + 1 ) J 1^ 111 /. ^ ) ^ 



,■=1 p 



i V 



T\nl a) 



The result follows by combining (6) and (10) 
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Abstract 

In this paper, we study the operator (@b + r ^ 4 ) which is iterated k— times and m is 
positive real number. At first we find the Green function of the operator (@b + f^) 
and after that we apply such a Green function to solve the solution of the equation 
{©b + m 4 ) K(x) = f(x) where f(x) is a generalized function and K(x) is an unknown 
function for x G M. n . 

Key Words: Bessel Helmoltz operator, Bessel Klien-Gordon operator, Tempered dis- 
tribution. 
AMS Subject Classification: 44A35, 46F10 

1 Introduction 

Consider the Ultra-hyperbolic operator iterated k— times is deined by 



, , d 2 d 2 d 2 d 2 d 2 d 2 . 






S.E. Trione [See 7] has shown that the generalized function -R^(x) is defined by (2.2) 
is the unique solution of the operator D fc , that is n k R^x) = 8(x) where x G M n , the 
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n— dimensional Euclidian space. Also M. Agirre Tellez [See 2, pp. 147-149] has proved 
that R 2k {x) exists only if n is an odd with p odd. 

We also know that the function R 2k {x) is defined by (2.4) is an elementary solution 
of the Laplace operator iterated k— times and is defined by 

/ d 2 d 2 d 2 \ k 

^ \ dx\ dx\ dx 2 n ) 

that is A k (-l) k R e 2k (x) = S(x) where x e R n . 

Next, Hiiseyin Yildirim, M.Zeki Sarikaya and Sermin Ozturk [see 8] first introduced 
the Bessel Diamond operator iterated A;— times, and is defined by 



P+Q 



2^ 



A- 



where B Xi = -^ + ^gf:, 2vj = Ion + l,«j > —\,Xi > 0. The operator () k B can be 
expressed by () k B = A B n B = D^A^, where 

A^lpx,] (1.4) 

and 

(v v+q 

i=i j=p+i 

And, Hiiseyin Yildirim, M.Zeki Sarikaya and Sermin Ozturk [see 7] has shown that 
the solution of the convolution form u(x) = (—l) k S2k{x)*R2k(x) is a unique elementary 
solution of the (} B operator that is 

<> B ((-l) k S 2k (x)*R 2 k(x))^S, 

where S2k(x) and R2k(x) are defined by (2.7) and (2.8) respectively with a = 7 = 2k. 
Furthermore, W.Satsanit [See 6] has first introduced the operator ©^ iterated k— 



d* = \J2B Xi -J2 B *i) ■ ( L5 ) 
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times and can be write 



®B 



p+q 



EM + £ 5 *- 



,i=l 



\j=p+l 



A s + n 



B "I" U B 



A| + nr A 



A B -n 



B - U B 



;i.6) 



where A# and □# are defined by (1.4) and (1.5) respectively with k = 2. 

The purpose of this work is to study the operator (® B + m 4 ) and the operator can 
be express in the form (@ B + m ) 

, /A 2 4- D 2 x k 



(A 



B 



m 



l ) + ^K + - 4 ))' 



Q(A B + m 2 ) 2 -m 2 (D B + A B ) + i(n B + m 2 ) 2 ') , (1. 



7) 



where U B -\-m is the Bessel Klein-Gordon operator and Ab+tti is the Bessel Helmoltz 
operator and are defined by 



n B + m 2 = Y^ 



P #2 P+t Q2 



1=1 



d 

dx? 



E 



<9xi 2 



m 



i=p+i J 



and 



d 2 



A B + m 2 = ^ — + 



«=i 



m 



:u 



;i.9) 



Firstly, we find the Green function of the operator (® B 4- m 4 ) from the equation 



4\ ^ 



(©B + m 4 ) G(x)=<5(x), 



(1.10) 



where G(x) is the Green function, S(x) is the Dirac-delta distribution, A; is a nonnegative 
integer. 

Finally, we apply such a Green function to find the solution of the equation 

(® B + m 4 ) k K(x) = f(x), 



n.ii^ 
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where f(x) is a generalized function and K(x) is an unknown function. 

Before finding the Green function of (1.10), the following definitions and concepts 
are needed. 

2 Preliminaries 

Definition 2.1 Let x = (x±,X2, ■■■,x n ) be a point of the n-dimensional Euclidean space 
W 1 . Denoted by 



2 I 2 I I 2 2 2 2 fey i *\ 

v — x 1 -\- x 2 -r ••• -r x p — x p+1 — x p+2 — ... — x p+q l^-J-J 

the nondegenerated quadratic form and p + q = n is the dimension of the space M. n . 

Let r + = {x G M n : Xi > and w > 0} is the interior of forward cone and r + 
denotes its closure. For any complex number a, define the function 



M - M 
2~ 



, for x G T + , 



i£(„) = <*»(«>' — ^ +' (22) 

0, for x ^ r + , 

where the constant K n (a) is given by the formula 

km vr^r(g±f^)r(^)r(o) 

*n(«) = r( 2 ifz£)r(£i a ) • (2-3) 

The function i?^(f) is called the Ultra- hyperbolic kernel of Marcel Riesz and was 
introduced by Y. Nozaki [see 3 ] . 

It is well known that R^{u) is an ordinary function if Re(a) > n and is a distribution 
of a if Re(a) < n. Let supp R% (v) denote the support of R^iu) an d suppose supp 
Ra( u ) C f + , that is supp R^iy) is compact. 

Definition 2.2 Let x = (x±,X2, ■■■, x n ) be a point of M. n and the function R e a {uS) denoted 
the elliptic kernel of Marcel Riesz and is defined by 

a — n 

K(") = ^— (2.4) 

H n (a) 

where 

u> = xj + x 2 2 + ... + x 2 n (2.5) 



334 



SATSANIT: ON GREEN FUNCTION OF THE OPERATOR... 



a is a complex parameter and n is the dimension of W l . 

Definition2.3 Let x = (xi,xz, . . . ,x n ), v = (z/i, z/ 2 , . . . , z/ n ) G R+. For any complex 
number a, we define the function S a (x) by 

S a (x) = [ ? )l ' (2.7) 



Definition 2.4 Let x = (xi, #2, . . . , #n), v — (vi, ^2, • • • , ^n) £ K+, and F = a^ + x\ + 

• • • + Xp — Xp +1 — Xp +2 — • • • — Xp + is the nondegenerated quadratic form. Denote the 
interior of the forward cone by F + = {x G M.+ : X\ > 0,x 2 > 0, . . . ,x n > 0, V > 0}. 
The function i? 7 (x) is defined by 

7 — n — 2\v\ 

*,(*> = V l=. (2.8) 



where 

_K" f'Y) = 

nyU r / 2+ 7 -p-2|^| \ p / p-2|i/|- 7 

and 7 is a complex number. 

Definition 2.5 Let x = (x±,X2, ■ ■ ■ ,x n ) G R+, For any complex number a, we define 
the function 

r«(x) = £ L^_k_ti (m 2 r( _ 1)f + ^ Q+2r(x)) (2 . 9) 

where 77 is a complex number and S' Q , + 2r(x) is defined in definition 2.3. 

Definition 2.6 Let x = (xi,X2, ■ ■ ■ ,x n ), For any complex number /3, we define the 
function 

w ^ x ) = E ^Fm MV(4 (2-io) 

where 77 is a complex number and Rp + 2 r {x) is defined in definition 2.4. 
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Lemma 2.1 Given the equation A B u(x) = 5(x) for x G R+ ; where A B is defined by 
(1.5). Then 

u(x) = (-l) k S 2k (x) 

where S 2k (x) is defined by (2.7), with a = 2k. 

We obtain (— l) k R% k (x) is an elementary solution of the operator A B .That is 

A k B (-l) k S 2k (x)=5(x) (2.11) 

Proof., [See 8, p.379]. D 

Lemma 2.2 Given the equation O b u(x) = 5(x) for x G R^ ; where B is defined by 
(1.5). Then 

u(x) = R 2 k{x) 

where R 2 k{x) is defined by (2.8), with 7 = 2k 

We obtain R 2k (x) is an elementary solution of the operator B .That is 

D k B R 2k (x) = 5(x) (2.12) 

Proof. [See 8, p.379]. □ 

Lemma 2.3 Let S a (x)and Rp{x) be the function defined by (2.1) and (2.2) respec- 
tively. Then 

S a (x) * Sp(x) = S a+/3 (x) 

and 

Rp{x) * R a (x) = R/3 +a (x) 

where a and /3 are a positive even number. 

Proof./ See 9], [See 1, pp. 171-190] . D 

Lemma 2.4 Given the equation 

(A B + m 2 ) k u(x) = 5(x), (2.13) 

for x G IRJ and (A B + m 2 ) is the Bessel Helmholtz operator iterated k— times defined 
by (1.9) then 

u(x) = T 2k (x) 

is an elementary solution or Green function of the Bessel Helmholtz operator where 
T 2k (x) is defined by (2.9) with a = 2k. 
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Proof. [See 3, pp. 10-19]. 

Lemma 2.5 Given the equation 

(n B + m 2 ) k u(x) = 5(x), (2.14) 

for x G M+ and (n B + m 2 ) is the Bessel Klein-Gordon operator iterated k— times 
defined by (1.8) then 

u(x) = W 2k (x) 

is an elementary solution or Green function of the Bessel Klein-Gordon operator where 
W 2k {x) is defined by (2.10) with (3 = 2k. 

Proof. [See 3, pp. 10-19]. 

Lemma 2.6 Let T 2 k(x) and W 2 k(x) be defined by (2.3) and (2.4) respectively, where 
a = (3 = Ik. Then the convolution T 2k {x) * W 2 k{x) exist and it is lie in S', where S' is 
a space of tempered distribution. 

Proof. From (2.3) and (2.4) with a = (3 = 2k , we have 

T 2k (x) * W 2k (x) = ( £ ( ~ 1) ^^ +r) (m 2 )''(-l) fc+ ^ 2fc+2r (x) 



,r=0 

oo , 



r\T(k) 
■l) r r(k + r) 



"T. ; , ' (-')'^(-) 



,r=0 

oo oo 



r\T(k) 



_ V V l~l) s r (k + 3 ) , (-l)T (k + r) 
-^ 8[r{k) ^) rlr{k) ^) 

(-l) k+r S 2k+2r (x) * R 2k+2r (x). 

Hiiseyin Yildirim, M. Zeki Sarikaya and Sermin Oztiirk [See 8, p. 380] has shown that 
S 2 k+2r(x) * R 2 k+ 2r (x) exists and is a tempered distribution. It follows that T 2 k(x) * 
W 2 k(x) exists and also is a tempered distribution. □ 

Lemma 2.7 Let T 4 (x) and W 4 (x) be defined by (2.9) and (2.10) respectively where 
a = f3 = 4. Then 

(D B + A B ) (T 4 (x) * W 4 (x)) = T 2 (x) * W 2 (x) * ((T 2 (x) + W 2 (x) - 2m 2 (T 2 (x) * W 2 {x))) 



337 



SATSANIT: ON GREEN FUNCTION OF THE OPERATOR... 



Proof. 

(D B + A fl ) (T 4 (x) * W 4 {x)) = a B (T 4 (x) * W 4 {x)) + A B (T 4 (x) * W 4 {x)) 

= (D B W 2 (x))*(T 4 (x)*W 2 (x)) + 

(A B T 2 (x)) * (T 2 (x) * W 4 {x)) . 

By Lemma 2.4 and Lemma 2.5, for k = 1 we have 

(A B + m 2 ) T 2 (x) = S(x) or A B T 2 (x) = S(x) - m 2 T 2 (x) (2.15) 

and 

(D B + m 2 ) W 2 (x) = S(x) or D B W 2 (x) = S(x) - m 2 W 2 (x). (2.16) 

By (2.15) and (2.16) , we obtain 

(D B + A B ) (T 4 (x) * W 4 (x)) = (6(x)-m 2 W 2 (x))*T 4 (x)*W 2 (x) 

+ (8(x) - m 2 T 2 {x)) * (T 2 (x) * W 4 {x)) 

= T 4 (x) * W 2 (x) - m 2 T 4 (x) * W 4 (x) 

+ T 2 (x) * W 4 (x) - m 2 T 4 (x) * W 4 (x) 

= T 2 (x) * W 2 (x) * (T 2 (x) + W 2 (x)) 

- 2m 2 T 2 {x) * W 2 {x) 

Thus 

(D B + A B ) (T 4 (x) * W 4 {x)) = T 2 (x) * W 2 (x)* 

(T 2 (x) + W 2 {x) - 2m 2 (T 2 (x) * W 2 {x))) . 

That complete this proof. D 

3 Main Results 

Theorem 3.1 Given the equation 

(@ B + m 4 ) k G(x) = 5(x), (3.1) 

where (@ B + m 4 ) is the operator iterated k— times defined by (1.7), 5(x) is the Dirac 
delta distribution, x = (xi,x 2 , . . . ,x n ) G M^ and k is a nonnegative integer. Then we 
obtain 

G(x) = (T 4k (x) * W 4k (x)) * (C^ix))*- 1 (3.2) 
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is a Green function for the operator (® B + m 4 ) iterated k— times where @b is defined 
by (1.6), m is a nonnegative real number and 

C(x) = ^T 4 (x)-m 2 (T 2 (x) * W 2 (x) * (T 2 (x) + W 2 (x)) - 2m 2 {T 2 (x) * W 2 (x))) + ^W 4 (x) 

(3.3) 
C* k (x) denotes the convolution ofC(x) itself k— times , (C* k (x)\ denotes the inverse 
of C* k (x) in the convolution algebra. Moreover Gix) is a tempered distribution. 

Proof. From (1.7) 

(@ B + m 4 ) = Q (n B + m 2 ) 2 - m 2 (D B + A B ) + \ (A B + m 2 ) 2 \ 
Taking account into (3.1) we obtain 

Q (D B + m 2 ) 2 - m 2 (n B + A B ) + \ (A B + m 2 ) 2 \ G{x) = S(x) 
or we can write 

Q (D B + m 2 ) 2 - m 2 (D B + A B ) + \ (A B + m 2 ) 2 \ . 

Q(n B + m 2 ) 2 -m 2 (D B + A B ) + ^(A B + m 2 ) 2 ') G(x) = S(x). (3.4) 

By Lemma 2.6 with k = 2, we have T 4 (x) *IV 4 (a;) exists and is a tempered distribution. 
Convolving both sides of the above equation by T 4 {x) * W 4 (x), we obtain 



Q (D B + m 2 ) 2 - m 2 (D B + A B ) + l - (A B + m 2 ) 2 \ (T 4 (x) * W 4 {x)) 
Q (D B + m 2 ) 2 - m 2 (D B + A B ) + i (A B + m 2 ) 2 ) G(. 



<5(x) * T 4 (x) * W 4 (:r) 



or 



(1 (D B + m 2 ) 2 (T 4 (x) * W 4 (a;)) - m 2 (D B + A B ) (T 4 (x) * W 4 (x)) 

1 (A B + m 2 ) 2 (T 4 (x) * W 4 {x))) * (^ (D B + m 2 ) 2 - m 2 (D B + A B ) 



1 

2 



+ \ (A B + m 2 ) 2 )*- 1 ^^) = T 4 (x) * W 4 (x). (3.5) 
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By Lemma 2.1 and Lemma 2.2, for k = 2 we have 

(n B + m 2 ) 2 W 4 (x) = 5(x) and (A B + m 2 ) 2 T 4 (x) = 5(x), 
and by Lemma 2.7 we have 

(□ B + A B ) (T 4 (x) * W 4 (x)) = T 2 (x) * W 2 (x) * (T 2 (x) + W 2 {x) - 2m 2 (T 2 (x) * W 2 {x))) 
Hence the equation (3.5) becomes 

^T 4 (x) - m 2 (T 2 (x) * W 2 (x) * (T 2 (x) + W 2 {x)) - 2m 2 (T 2 (x) * W 2 {x))) + ^W 4 (x) 
(i (n B + m 2 ) 2 - m 2 (D B + A B ) + l - (A B + m 2 ) 2 )*- 1 ^^) = T 4 (x) * W 4 (x) 
or 

C{x) * Q (D B + m 2 ) 2 - m 2 (D B + A B ) + i (A B + m 2 ) 2 \ G{x) = T 4 {x) * W 4 {x). 

Keeping on convolving both sides of the above equation by T 4 (x) * W 4 (x) up to k — 1 
times, we obtain 

C* k (x) * G{x) = (T 4 (x) * W 4 (x))* k . 

The symbol *k denotes the convolution of itself A;— times. By Lemma 2.3, we obtain 

(T 4 (x) * W 4 {x))* k = T 4k (x) * W 4k (x). 

Thus, 

C* k (x) * G(x) = T 4k (x) * W 4k (x). (3.6) 

Now, consider the function C* k (x), since S(x), T 4 (x), W 4 {x) and T 4 {x) * W 4 {x) are 
lies in S' where S' is a space of tempered distribution, then C(x) G S'. Moreover by 
Donoghue[See 6, p. 152] we obtain C* k (x) e S'. 

Since T 4k (x) * W 4k (x) G S', choose S' C D' R where D' R is the right-side distribution 
which is a subspace of D' of distribution. 

Thus T 4k (x) * W 4k (x) G D' Rl it follows that T 4k (x) * W 4k (x) is an element of convo- 
lution algebra, that is by method of Zemanian[See 10, pp. 150-151], we have (3.6) has 
a unique solution 

G(x) = T 4k (x) * W 4k (x) * (C^ix))*- 1 (3.7) 
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, where (C* k (x)) is an inverse of C* k (x) in the convolution algebra, G(x) is called 
the Green function of the operator (® B + m 4 ) . Since T^x) *Wik(x) and (C* h (x)) 
are lie in S', then by Donoghue[See 4, p. 152] again, we have T^{x) * W^x) and 
(C* k (x)) G S'. Hence G(x) is a tempered distribution. 



Theorem 3.2 ( An application of green function ) 
Given the equation 

{® B + m 4 ) k K(x) = f(x) (3.8) 

where f(x) is a generalized function, K(x) is an unknown function and x G R+. Then 

K(x) = G(x) * f(x) 

is a unique solution of the equation (3.8) where G(x) is a Green function for the 
operator (®b + rn 4 ) . 

Proof. By convolving both sides of (3.8) by G(x) where G(x) is a Green function for 
the operator (@ B + m 4 ) in theorem 3.1. we have 

G(x) * (© + m 4 ) fc K(x) = G(x) * f(x) 

(®b + m 4 ) h G{x) * K(x) = G(x) * f(x) 

5(x)*K(x) = G(x)*f(x). 

Thus, 

K(x) = G(x) * f\x). 

Sine G(x) is unique, by theorem 3.1. It follows that K(x) = G(x) * f(x) is unique. 
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Abstract. Unconditional atomic decompositions in Banach spaces have 
been defined and studied. It has been proved that a separable Banach 
space, with a subspace whose conjugate space is weakly complete and non- 
separable, has no unconditional atomic decomposition. Also, we proved 
that L [0, 1] has no unconditional atomic decomposition. Finally, two 
characterizations of unconditional atomic decompositions have been given. 



1. Introduction 

Duffin and Schaeffer [8] were first to introduce frames for the Hilbert spaces. 
Later, in 1986, Daubechies, Grossmann and Meyer [7] reintroduced frames and 
found a new application to wavelets and Gabor transforms. 

Some generalizations of frames for Hilbert spaces have been proposed and 
studied, namely frame of subspaces [2], pseudo frames [20], bounded quasi- 
projectors [13, 14], oblique frames [4, 10], ^-frames [22]. Frames for Banach 
spaces were studied in [17, 18] and their generalizations in [19]. 

Coifman and Weiss [6] introduced the notion of atomic decompositions 
for certain function spaces. Atomic decompositions have played an important 
role in wavelet theory and Gabor theory. Frazier and Jawerth [15] constructed 
wavelet atomic decompositions for Besov spaces and called them <fi transforms. 
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Feichtinger [11] constructed Gabor atomic decompositions for the modulation 
spaces which are Banach spaces similar in many respects to Besov spaces, 
defined by smoothness and decay condition. Atomic decompositions were 
further studied in [3, 5, 16]. 

In the present paper, we define unconditional atomic decompositions and 
proved that a separable Banach space, with a subspace whose conjugate 
space is weakly complete and non-separable, has no unconditional atomic 
decomposition. Also, it has been proved that a Banach space containing 
subspace with property (P) has no unconditional atomic decomposition and 
as a corollary it has been deduced that L-^O, 1] has no unconditional atomic 
decomposition. Further A-atomic decompositions have been defined and 
proved that they are same as unconditional atomic decompositions. Finally, 
a characterization of unconditional atomic decompositions has been given. 

2. Preliminaries 

Throughout the paper, E will denote an infinite dimensional Banach space 
over the scalar field K(R or C), E* and E** , respectively, the first and 
second conjugate spaces of E , Ed an associated Banach space of scalar- valued 
sequences, indexed by N, [f n ] the closed linear span of {f n } and [f n ] the closed 
linear span of {f n } in the a (E* , E) -topology. A sequence {f n } C E* is said 
to be complete if [/„] = E* and total if {x e E : f n (x) = 0,n € N} = {0}. A 

oo 

series ^ x% in a Banach space E is called a(E,E*) -unconditional Cauchy or 
i=i 

oo 

weakly unconditionally Cauchy, if ^ 1/(^)1 < oo, for all f £ E* . Also, a series 

i=l 

oo 

^ /i in a conjugate Banach space E* is called cr(E*, E) -unconditional Cauchy 

oo 

if Yl \fi( x )\ < oo, for all x G -E. A Banach space E is said to satisfy property 
i=i 
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(P) if there exists a subspace F of E* such that for each <j) £ E* there exists a 
sequence {/3 n } C F satisfying <f)(x) = lim (3 n (x),x £ E and lim ip(P n ) exists 

n-^oo n— »oo 

for each ip £ E** , is non-separable. 

Definition 2.1 ([12]). Let £ be a Banach space and let Ed be an associated 
Banach space of scalar- valued sequences, indexed by N. Let {x n } be a sequence 
in E and let {f n } be a sequence in E* . Then, the pair ({f n },{ x n}) is called 
an atomic decomposition for E with respect to Ed if 

(a) {/„(&)} £E d , x£E 

(b) there exist constants .A, i? with < A < B < oo such that 

A||x|| B < ||{/n(x)}lk < S||a:|b, x£E 

oo 

(c) X = Yl fn(x)x n , X £ E. 

n=l 

The positive constants A, B are called atomic bounds for the atomic 
decomposition ({/„}, {x n }) . 

The following results are referred in this paper and are listed in the form 
of lemmas 

Lemma 2.2 ([18]). If E is a Banach space and {f n } C E* is total over E , then 
E is linearly isometric to the associated Banach space Ed = {{f n (x)} : x £ E} , 
where the norm is given by ||{/rt(^)}||_E d = II^IIe; x £ E . 

Lemma 2.3. Let {g n } be a sequence in E* , D n = {L, 2, . . . , n} C N, n £ N and 
{a n } be a sequence of scalars such that ai = ±L,i £ D n ,n £ N. Let C > 
be a constant such that 



Yl a i9i 



oo 

< C, n £ N. Then JT gi is a(E*,E**) 

i=l 



unconditional Cauchy. 
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Proof. For any h € E** , define 

{sign Real h(gi), if Real h(gi) ^ 
1 , otherwise . 

Then a% = ±1, for all iGN. Therefore, by hypotheses, we have 



^ [Real h(gj)\ = Real hi ^^ cngA 

a n \ »c n / 



iSD„ v iGD 



< 



oo 



<ciiz.ii 



Thus ]P |Real /i(<?j)| < oo. Similarly, we have ^ (Imaginary h(gi)\ < oo. 
Therefore 

oo oo oo 

5^ \h(gi)\ < ^2 l Real M&)l + ^2 (Imaginary h(gi)\ < oo. 
i=i j=i i=i 

oo 

Hence ^ g% is cr(E*, E**) -unconditional Cauchy. □ 

i=i 

3. Main results 



Definition 3.1. Let E be a Banach space and let Ed be an associated Banach 
space of scalar- valued sequences, indexed by N. Let {x n } be a sequence 
in E and {f n } be a sequence in E* . Then, ({f n },{x n }) is said to be an 
unconditional atomic decomposition for E with respect to Ed if 

(1) {fa(n)( x )} £ Ed, x & E and a is any permutation of N 

(2) there exist constants A, B with < A < B < oo such that 

^4|MI_E < IK/o-fn^^OIII-Ed <-B|MI_E) x£E and a is any permutation of N 

oo 

(3) Y2 fi(x)xi converges unconditionally to x in E. 
i=i 

The positive constants ^4 , S are called atomic bounds for the unconditional 
atomic decomposition ({f n },{x n })- 

Regarding existence of unconditional atomic decompositions, we give the 
following examples 
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Example 3.2. Let E = c$, {e n } be the sequence of unit vectors in E and 
{fn} be the sequence of unit vectors in E* . 

(a) By Lemma 2.2, there exists an associated Banach space E^ = {{f n (x)} : x € E} 
with ||{/n(^)}||_B d = II^He) x £ E. Then, ({f n },{x n }) is an unconditional 
atomic decomposition for E with respect to E&. 

(b) Define {x n } C E and {g n } C E* by 

x n = {1,1,..., 1,0,0,...}, 

V v ' 

n-times 

<?n = {0,0,..., 1 , -1 ,0,...}, n€N. 

4- 4, 

nth position ( n +l)th position 

Then, ({g n },{%n}) is an atomic decomposition for E with respect to 
E d = {{9n{x)} :x£E}. Further 

m+p m+p i 

^2 9i{x)xi = ^2 9i{x) Y^j e i 

i=m i=m j=l 

(m+p \ / m 

i=m / \ j=l 

/ m+p \ 



+ ^ 9i(x) (e m+ i) + . . . + 5 m+p (x)e m+p . 



\i=m+l 



Therefore, we have 



m+p 

E 9i(x)xi 



sup 

m<k<m+p 



m+p 
i=k 



oo oo 

Thus, ^ gi{x)xi converges if and only if ]P <7i(aj) converges. Note that, for 

/ 1 1 1 \ oo 

x= 10, -, 0, -, 0, -,...] G-E 1 , ^ SiC^) is conditionally convergent. Hence 
V 2 3 4 / i=1 

oo 

^2 gi{x)xi is conditionally convergent. 



Also, we prove the following result concerning existence of unconditional 
atomic decompositions 
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Theorem 3.3. Let E be a separable Banach space containing a subspace F 
with F* weakly complete and non-separable. Then, E has no unconditional 
atomic decomposition. 

Proof. Assume that E has an unconditional atomic decomposition, ({/ n }, {x n }) 
({/«} C E*,{x n } C E) . Let <j) n = f n \F, n G N. Let </> G F* be any arbitrary 

oo 

functional and / G E* be an extension of (f) to E. Since ^2 fi{x)xi converges 
unconditionally to x, we have 

\f^f(xi)fi\(x) = f(x), feE*. 

oo 

Hence ^ f{xi)fi is o~(E*, E) -unconditional Cauchy. Define 
i=\ 

n 

Pn{x) = ^2 \f( x i)fi( x )\> x £ E and n G N. 
Then, {p n } is a sequence of continuous non-linear functionals on E. So, by 
Lemma 13, page 53 in [9], there exists a constant C > such that 

n 

^2\f(xi)fi(x)\ < C\\x\\, xeE and n G N. 

i=l 

This gives 

n n 

i=\ i=\ 

where {/3 n } is a sequence of scalars such that |/3 ra | < l,n G N. 

So for on = or 1, i = 1, 2, . . . , n, there exists a constant C > such that 



^2o>if(Xi)fi 



i=l 



< C, for all n G N . 



Let £j = ±1 , i = 1, 2, 3 . . . n. Then, for all n G N 



«=i 



Y^ £ if( X i)fi ^ ^ a if{ x i)fi + 5Z a ^( Xi ^' 



i=l 



i=l 



where a,- = 1 , a' = if e,- = 1 and a,- = , a' = 1 if e,- 



T. Therefore 



X] e ^( 5 



< 



^2tif(Xi)fi 



<C, Si = ±1, i = 1,2,.. . ,n, n G N. 



j=i 



i=l 
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oo 

Hence by Lemma 2.3, the series ^ f(xi)<j>i is a(F* , F**) -unconditional Cauchy. 

oo 

Since F* is weakly complete, ^ f(xi)<f)i is a(F* ,F**) -convergent to ip £ F* . 
Further 

oo oo 

Y^j f( X i)M x ) = J2 f( X i)M X ) = ^( X )' X ^ F • 
i=l i=l 



Thus < Yl fi x i)4>i ( is cr{F*,F**) -convergent to <ft. Since <p G F* is arbitrary, 
this proves that F* is separable, which is a contradiction. □ 

Next, we prove a result regarding the existence of an unconditional atomic 
decomposition in a separable Banach space containing a subspace having 
property (P). 

Theorem 3.4. A separable Banach space containing a subspace having property 
(P) has no unconditional atomic decomposition. 

Proof. Assume that E is a separable Banach space having an unconditional 
atomic decomposition ({f n },{x n }) ({fn} C E*,{x n } C E) . Let F be a 
subspace of E having property (P). For each n G N, define n = / n |.p 
and i? = [</>„] . Then, B is a separable subspace of F* . Let 0o G i 7 * be 
arbitrary and let /o G -E* be an extension of <fio to E. Since ({/«}, {^n}) 

oo 

is an unconditional atomic decomposition of E, ^ fo(%n)fn is c{E*,E)- 

n=l 

unconditionally convergent to /o- Define 

n 

l3n = Yfo{xi)4>u n£N. 

i=l 

Then, {(3 n } is a sequence in B such that for each y £ F , 

n 

lim p n (y) = lim Y]/o(zi)<My) = <fo(y). 

n— >oo n— »oo *— • 

i=l 
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oo 

Also, as in the proof of Theorem 3.3, the series ^ fo{xi)(j)i is a(F* ,F**)- 
unconditional Cauchy, i.e., lim <p{f3 n ) exists for each (f> £ F** . This is a 

n— >oo 

contradiction. □ 

Corollary 3.5. -L^O, 1] has no unconditional atomic decomposition. 

Proof. Since the Banach space L 1 [0, 1] has property (P) [1, 21], the result 
follows in view of Theorem 3.4. □ 

The following theorem gives a necessary condition for a weak Cauchy 
sequence in a Banach space having an unconditional atomic decomposition 

Theorem 3.6. Let E be a Banach space and ({/ n }, {x n }) ({/«} C E* , {x n } C 
E) be an unconditional atomic decomposition for E . Then, for every weak 

oo 

Cauchy sequence {z n } C E, there exists a sequence {y n } C E , such that Yl Hi 

i=i 
is weakly unconditionally Cauchy. 

Proof. Assume that ||x n || = 1, n £ N. Let {z n } be any weak Cauchy sequence 
in E and cti = lim fi(z n ), i = 1,2, ... . Define y n = a n x n , n £ N. Then, 

n^oo 

oo 

for every f £ E* , the series ^ f{xi)fi is a(E*,E) -unconditional convergent 

i=i 
to /. Therefore, as in the proof of Theorem 3.2, for every / £ E* there exists 



a constant C > such that 





n 
^£if(Xi)fi 

?:=i 


, since 


n 


n 

/(w)l = I 



< C, for all n £ N and leJ < 1 



G^'X?' 



1=1 



1=1 



lim VVsign f(xi)a>i]f(xi)fi(z k ) 



fc— >oo 



< 



^[sign f(xi)ai]f(xi)fi 



i=\ 



sup ||Z fe | 
Kfc<oo 



< C sup ||zfc|| < oo, f £ E* , n= 1,2,3, 

l<fc<oo 
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we conclude that 



]T|/(s/i)|<oo, f^E*. 



□ 



«=i 



Next, we obtain a characterization for unconditional atomic decompositions 
in terms of A-atomic decompositions which are defined as 

Definition 3.7. Let E be a Banach space and E^ be an associated Banach 
space of scalar- valued sequences, indexed by N and A = {{ii, 12, ... , i n } C N : 
n G N}. Let {x n } be a sequence in E and {f n } be a sequence in E* . Then, 
({/„}, {x n }) is said to be A-atomic decomposition of E with respect to E& if 

(1) {f n (x)}€E d , x€E 

(2) there exist constants A, B with < A < B < 00 such that 

A\\x\\ E < \\{fn(x)}\\ Ed < B\\x\\ E , xeE 

(3) lim E fi(x)xi = x, x G E. 

Theorem 3.8. Let E be a Banach space, {x n } C E and {f n } C -B* . Then, 
({f n }, { x n}) is an unconditional atomic decomposition for E with respect to 
some associated Banach space Ed if and only if ({/«}, {x n }) is A-atomic 
decomposition for E with respect to E^ . 

Proof. Let £q > be such that for every d G A, there exists d! G A with 



d! D d and 

positive integer no such that 



z - E /ifa)^ 



> £o- Since x = E/*( x ) x «5 there exists a 
i=i 

n 



z - E /i(^)^ 



i=l 



< — , for all n > hq. Let di 



{1, 2, . . . , no} and c^ G A with d\ D d\ be such that 



>e . 



x - E /i(a;)a:i 

Let 1^2 = {1, 2, 3, . . . ,maxi} and <i 2 £ A with c^ ^ ^2 be such that 



x - E /j(^)^ 



ied!, 



> £q- Continuing this way, we get ^3,^3,^4,^4... with 



d[ D di, i = 1,2, .. .. Define {cr n } C N, enumerating the elements of the sets 
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di, d' x \ d±, di \ d' ± , d' 2 \ di Then, for each n G N, we have 



J2 M x ) x i 

i&d' n \d„ 



> 



X-^2 fo( X ) X i 
i£d„ 



J2 h( X ) X i 



ied> 



> 



£o 



So, the series Yl f<r n (x)x (Tn is not convergent, which is a contradiction. The 

n=l 

converse part follows from the definition. □ 



Finally, we give the following characterization of unconditional atomic 
decompositions 



Theorem 3.9. Let E be a Banach space, {x n } C E and {/«} C E* . 
Then, ({/«}, {x n }) is an unconditional atomic decomposition for E with 
respect to some associated Banach space E^ if and only if for every x G E, 

oo 

S l/( x j)ll/*( a; )l converges uniformly with respect to f G E* , \\f\\ < 1. 
■i=\ 

Proof In view of Theorem 3.8, ({/«}, {x n }) is A-atomic decomposition for E 
with respect to E&. Let e > be given. Then, there exists a set d G A such 



that 



< - for all d' € A with d! D d. Put nn = maxi. For 
4 ied 



x - E fi(x)x 

i&d' 
n > no, m > 1 and f £ E* with ||/|| < 1, define 



di(f) = {ie{n + l,n + 2,...,n + m} : Real f(xi)fi(x) > 0} , 
<^2(/) = {* S {n + 1, n + 2, . . . , n + m} : Real f(xi)fi(x) < 0} 



Then, for every x G E, we have 

n+m, 2 

£ |Real f(xi)fi(x)\ = Y, E |Real /(x,)/,(x)| 

*=n+l j=liedj{f) 

2 



J2 Real/f ^ /,(x)x,] 
7=i \ed„m ' 



iG«*i(/) 

2 
j = l iGd,(/) 
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e 
< - . 



E fi(x)x, 



iSdUdj(f) 



+ 



X- ^2fi(x)Xi 

ied 



By similar arguments, we obtain 

n+m 



E (Imaginary f(xi)fi(x)\ < - . 

i=n+l 

Hence for every x G E , we have 

n+m 

E \f(xi)fi(x)\<e. 

i=n+l 

Conversely, let {/%} C K with |/3j| < 1, i = 1,2,..., n > 1, m > 1. Then, 
there exists / n , m £ i£* with ||/ nm || = 1 such that 



n+m , n+m \ 

E Pifi(x)Xi = f n ,ml E Pifi( x ) x i) 
i=n+l i=n+l 



n+m 

< E I^WI \fn,m{Xi)\ 
i=n+l 

< e, n > no and m = 1,2,3, ... . 

oo 

Therefore, for every {/%} C K with |/3j| < 1, i = 1,2,..., Yl Pifi( x ) x i 

oo 

converges. Hence for every J£j} C K with £3 = ±1 , i = 1, 2, 3, . . . , Yl £ ifi( x ) x i 
converges. Let 9 = {{in} C N : ii < ^2 < ^3 • • •} and let {ij} G 9, n > 1 and 
m > 1 . Then, 



n+m 

E fij(x)o-i, 

j=n+l 



^ /r+k r+k \ 

2 ( E £ ifi( x ) x i + E £ iM X ) X i ) 
\i=r i=r / 



2 

where r = z n+i , r + A; = i n+m , £j . = £ ' . — 1 for j = n + 1 . . . n + m and £j = 1 , 
£• = -1 for i G {r, ...,r + A;} \ {i n+ i, i„ +2 , • • • ,i n +m}- 
Thus 



n+m 



E 4( 



X IX?; 



j'=n+l 



< e, i n+ i > n , n G N. 



(3.1) 



Therefore, for every {i n } G 9, Yl fi{x)xi. converges in E. 



i=i 
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oo 

Assume on contrary that Yl fi( x ) x i does not converge unconditionally to 

i=i 

oo 

x. Then, there exits a permutation a of N for which Yl fui{x)x ai is not 

«=i 
convergent. So, there exist an eq > and a sequence {m n } £ 9 such that 

m n +l 



m n +l 

> £ , n = 1,2,3, ... . 



i=m n+ i 

Choose an infinite subsequence {m n } C {m n } such that 

min Oi > max <ji , j = 1, 2, 3, . . . 

m nj+1 +l<i<m nj+1+1 m nj +l<i<m n . +1 

and rearrange the integers o"j, m nj + 1 < i < m nj+1 , j = 1,2,3,... into 

oo 

an increasing sequence {ij} ■ Then, Y fi( x ) x i 1S n °t convergent, which 

3=1 

contradicts (3.1). 
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Complete convergences of rowwise />mixing sequences 

of random variables 1 

Guang-hui Cai 2 

(Department of Mathematics and Statistics, Zhejiang Gongshang University, Hangzhou 310018, P. R. China) 

Abstract In this paper, we study the complete convergences and strong law of large num- 
bers of rowwise p-mixing sequences of random variables. The results obtained not only 
generalize the results of Hu (1998, Statist. Probab. Lett. 38, 27 — 31) to p-mixing se- 
quence, but also improve them. 

Key words p- mixing, Strong law of large numbers, Complete convergences 
MSC 60F15 

1 Introduction 

Let nonempty sets S, T c Af, and define Fs = a(X k ,k € S), and the maximal cor- 
relation coefficient p n = sup corr(f, g) where the supremum is taken over all (S, T) with 
dist(S,T) > n and all / € L 2 {J : s), 9 G Li{Tt) and where dist(S,T) = mi xe s, y eT \x — y\. 
Definition 1.1. a sequence of random variables {X n ,n > 1} on a probability space 
{Q, F, P} is called p -mixing if there exists k € N, such that p(k) < 1. 

As for /5-mixing sequences of random variables, one can refer to Bryc and Smolen- 
ski(1993) found bounds for the moments of partial sums for a sequence of random variables 
satisfying 

lim p(n) < 1. 

n— »oo 

Peligrad (1996) for CLT, Peligrad (1998) for invariance principles, Peligrad and Gut (1999) 
for the Rosenthal type maximal inequality, Yang (1998) for the moment inequalities and 
strong law of large numbers, Utev and Peligrad (2003) for invariance principles of nonsta- 
tionary sequences. Gan (2004) for almost sure convergence. 

As for complete convergences, let {X, X n , n > 1} be a sequence of independent inden- 
tically distribution random variables (i.i.d) random variables and denote S n = J27=i ^i- 
The Hsu-Robbins-Erd6s law of large numbers (Hsu and Robbins, 1947; Erdos, 1949) states 



1 Research Supported by National Social Science Foundation of China(09BTJ003) 
2 Email address: cghzju@163.com 
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that 

oo 

Ve>0,^P(|S„| >en)<oo 

n=l 

is equivalent to EX = and EX 2 < oo. 

This is a foundamental theorm in probability theory and has been intensively investigated 

by many authors in the past decades. We can see in Petrov (1995), Chow (1997) and Stout 

(1974). There have been many extensions in various directions for Hsu-Robbins-Erdos law 

of large numbers. Two of them are Hu (1998) showed that. 

Theorem A Let {X,X ni ,i > 1} be an rowwise independent sequence. If {c n ,n > 1} be 

a positive numbers sequence such that J2^=i c « = °°- Suppose that Ve > and V<5 > 

such that 

VZn=lCnEtlP(\Xnk\>e)<<X>, 

(ii) there exists J > 2 such that £~ =1 c„(££=i E\X nk \ 2 I{\X nk \ < 5)) J < oo 

(iii) Et=i EX nk I(\X nk \ < 6) -> as n -> oo. 

Then 

V £ > 0, Y, c » P d Y. Xnk I > £ ) < °°- 

n=l k=l 

Theorem B Let {X,X n i,i > 1} be an rowwise independent sequence with EX n i = 
0,Vi > l,n > 1. And P(\X ni \ > x) < CP(\X\ > x),Vx > 0,i > l,n > 1. If {a nk ,k > 1} 
be a real numbers sequence, max|a„fc| = 0(n~ a ) for some a > 0, let {a nk ,k > 1} be a 

k 

Toeplitz sequence and .E|X| 1+ « < oo, < a < 1. Then J27=i a mX n i —> completely as 
n — ► oo. 

The main purpose of this paper is to study study the complete convergences and 
strong law of large numbers of rowwise p-mixing sequences of random variables. The re- 
sults obtained not only generalize the results of Hu (1998, Statist. Probab. Lett. 38, 
27 — 31, see Theorem A, Theorem B) to p- mixing sequence, but also improve them. 

2 The mian results 

Throughout this paper, C will represent a positive constant though its value may 
change from one appearance to the next, and a n = 0(b n ) will mean a n < Cb n . And 
a n *C b n will mean a n = 0(b n ). 

In order to prove our results, we need the following lemma. 
Lemma 1 (Utev and Peligrad, 2003) Let {Xi,i > 1} be a /5-mixing sequence of 
random variables, EXi = 0,E\Xi\ p < oo for some p > 2 and for every i > 1. Then there 
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exists C = C(p), such that 

k n n 

EmaxjJ2 X i\ P < C & E \ X i\ P + C£ EX ^ P/2 }- 

~ ~ i=l i=l i=l 

Theorem 1 Let {X,X n i,i > 1} be an rowwise /5-mixing sequence with EX„i = 0,Vi > 
l,n> 1. And P(\X ni \ > x) < CP(\X\ > x), Vx > 0,i > l,n > 1. If {a nk ,k> 1} be a real 
numbers sequence, max|a„fc| = 0(n~ a ) for some a > and P|X| 1+ « < oo, a > 1. Then 



Ve >0, VP( max | Va nj I Bi | > e) < oo. (1) 

n=l i=l 

Proof of Theorem 1 

Vi > 1, define X M = X ni I{\X ni \ < n"), S M = £(X% ] - EX™). By max|a„ fc | = 



m 
i=l 



0{n~ a ) for some a > 0. Ve > 0, Then 

j 

ix | 

L<7 



P( max \^a ni X ni \ > e) 

3 

<P(max |VX„i| > £ Cn a ) 

< P( max |X nj | > n a ) + P( max |5^ | > e(7n a - max | V EX™\). (2) 



«=1 

j 



1=1 



First we show that, when n — > oo, 



"m^l^fflWhO. (3) 



n 



«=i 



In fact, i) If a > 1, when n — > oo, then 



n-maxl^PA^I 

i=\ 



<n- a Y,E\X ni \I(\X ni \<n a ) 

i=l 

< n- a CnE\X\I(\X\ < n a ) 
= Cn 1 - a E\X\I(\X\ <n a ) 
-> 0. (4) 

ii) If a = 1, noting that EX ni = 0, Vi > 1, n > 1. When n — > oo, it follows that 



n -"max|J>x£>| 

i=l 
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<n- a Y,E\X ni \I(\X ni \>n a ) 

i=l 

< Cn- a nE\X\I(\X\ > n a ) 

< Cn 1 " a £;|X| 1 +i7(|X| > n a )(n a )-i 
= Cn- a E\X\ 1+ il(\X\ >n a ) 

-> 0. (5) 



From (4) and (5), which imply (3). 

From (2) and (3) it follows that for n large enough 



2 



P( max | J2a ni X ni \ > eCn a ) < £P(|X ni | > n a ) + P( max |S<J| > -CV*). (6) 

i=l j=l 

Hence we need only to prove that 



7=:££p(|X„ j |>n«)<oo; (7) 



77 =: £ P( max |S<J| > |Cn«) < oo. (8) 

n=l 

From the fact that P|X| 1+ « < oo, it follows easily that 

oo 

7 <Y,CnP{\X\>n a ) 

n=l 

<: E\X\ 1+ i < oo. (9) 

By Markov inequality and Lemma 1, it follows that 

oo 

77 <V n~ aq E max \S { J\ q 

n=l 

oo n n 

«E"" a9 iE^S ) i 9 + (E^S ) r) < ' /2 } 

=:77 1 +77 2 . (10) 

1) If a > 1, let q = 2. Then one can show that 

oo 

77i <C Y, n-"« +1 £;|X|«7(|X| < n a ) 

n=l 

oo n 

= Y n ~ aq+1 ^ E \ x \ 9I (k-K \X\i <k) 

n=l k=l 
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= H n- aq+1 E\X\ q I(k - 1< \X\i < k) 

k=l n=k 

OO DO 

< Y, Yl n ~ aq+lp ( k -K\X\i < k)k aq 

fc=l n=fc 

oo 

<^A; 2 P(fc-l< \X\± <k) 



k=l 

<E\X\i 

< E\X\ 1+ i < oo. (11) 

2) If a = 1, let q> 2. Then 

OO 

//! <C ^ n- aq+1 E\X\ q I(\X\ < n a ) 

n=l 

oo n 

= Y j n- aq+1 Y J E\X\ q I{k - 1< |X|- <fc) 

ji=1 fc=l 

oo oo 

= ^ ^ n- a « +1 B|A-|'/(fc - 1< |X|i < k) 

k=l n=k 

oo oo 

< ^ ^ n- ag+1 P(k - 1< \X\i < k)k aq 

k=l n=k 

oo 

<^fc 2 P(fc-l< |X|i <k) 

k=l 

<£E\X\i 

= E\X\ 1+ i <oo. (12) 

3) If a > 1, by g = 2. Then 

II 2 = Hi < oo. (13) 

4) If a = 1, by £|X| 1+ « < oo and q > 2. Then 

OO OO 

Ih « Yl n- aq (nE\X\ 2 )"/ 2 « J] n"«/ 2 < oo. (14) 

n=l n=l 

Putting (11), (12), (13) and (14) into (10) yields II < oo. Now we complete the prove of 
Theorem 1. 

Remark 1 Using Theorem 1, we can get Corollary 2 in Hu (1998). And Theorem 1 
doesnot need the condition of {a n k,k > 1} be a Toeplitz sequence. So Theorem 1 not 
only generalizes the results of Hu (1998, Statist. Probab. Lett. 38, 27 — 31) to p-mixing 
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sequence, but also improve them. 

Remark 2 Let a = 1, a n i = n a ,i > 1 in Theorem 1, then we can get Corollary 2.2 in 

Can (2004). 

Recall that {a„k,k > 1} be a Toeplitz sequence if lim,,-^ a n k = for each k and 
YJl=i \ a nk\ < C for each n. 

Theorem 2 Let {X, X ni ,i > 1} be an rowwise /5-mixing sequence with EX ni = 0,Vi > 
l,n> 1. And P(\X ni \ > x) < CP(\X\ > x), Vx > 0,i > l,n > 1. If {a nk ,k> 1} be a real 
numbers sequence, max|a„fc| = 0(n~ a ) for some a > 0, let {a n k,k > 1} be a Toeplitz 

k 

sequence and E|X| 1+ « < oo, < a < 1. Then 

oo j 

Ve > 0, V^ P( max | ^ a ni X ni \ > e) < oo. (15) 

n=l i=l 

Proof of Theorem 2 

Because {a n k : k > 1} be a Toeplitz sequence, then Y^=i \ a nk\ < C for each n. And by 
max|a n fc| = 0(n~ a ). Then for any q > 2, we have 

n n 

E i a »*i 9 = E Kfciw 1 « «- Q(9 - l) (i6) 

^=1 k=i 



:^=X ni I(\X ni \<n^ t(»>- w„ .y(«)_p„ .v(«h 
0(n" a ) for some a > 0. Ve > 0, Then 



Vi > 1, define X^ = X„ 4 I(|X„ 4 | < n a ), T^ = £ K^* -Ea ni X%>). By max \a nk \ 

i=i k 



3 

P( max iVonjInil > e) 

l<7<n ^-^ ' 



«=1 



< P( max \X nj \ > n a ) + P( max \T$\ > £ - max iV^I^I). (17) 

~~ l<j<n J l<j<n nj Kj<n H 



First we show that, when n — > oo, 

ix | 



max | ^Ea^X^ | -> 0. (18) 



= 1 

In fact, £I,,i = 0, Vi > 1, n > 1, and < a < 1, when n — > oo, then 

j 



maxlE^m^l 

i=l 

i 
= max \Y]Ea ni X ni I(\X ni \ > n a ) 

Kj<n *-^ 



i=l 
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<Y,\Ea ni X ni I(\X ni \>n a ) 



i=i 



<£.J2\a ni \E\X\I(\X\>n a ) 



i=l 



<Cn- l E\X\ 1+ ~I{\X\ >n a ) 

-> 0. (19) 



From (19), which imply (18). 

From (17) and (18) it follows that for n large enough 



3 



P{ max | J2a ni X ni \ > e) < ^P(|X nj | > n«) +P( max |T^| > -). (20) 

l<j<n *—^ *—^ l<j<n J Z 

i=l j=l 

Hence we need only to prove that 



/=:^^P(|I BJ |> n «)<»; (21) 



77=:£P(max|T 7 g ) |>-)<oc. (22) 

n=l 

From the fact that P|X| 1+ « < oo, it follows easily that 

oo 

I <Y,CnP(\X\>n a ) 

n=l 

<C E\X\ 1+ i < oo. (23) 

By Markov inequality and Lemma 1, it follows that 
77 «EPmaxJT( 



^(")|9 



n=l 

oo n n 

«^{^p|a„ J 4yr + (E^i a »^5 ) i 2 ) 9/2 } 

n=l j=l j=l 

=:77 1 +77 2 . (24) 



By < a < 1, let q > 1 + ^. Then one can show that 

oo n 

Hi =EEi a «ffl x S ) i 9 

n=l j=l 

oo 

<^Y, n ~ aiq ~ 1} E \ x \ qi (\ x \ < n ") 
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= Y^n- a ^- 1) Y,E\X\' 1 I(k-l< \X\i <k) 

n=l k=l 

oo oo 

= J2 Y, n-^-^ElX^Iik - 1< \X\ i < k) 

fc=l n=fc 

oo oo 

< Y, Z! n~ aiq ~ 1} P(k - 1< \X\i < k)k aq 

fc=l n=fc 

oo 

<^fc a+1 P(fc-l < \X\± < k) 
k=i 

<£E\X\ 1+ i <oo. (25) 



By < a < 1, let g > 2/a. Then 



77 2 = £(]TK| 2 i^| 2 )«/ 2 



<^n- a «/ 2 (£;|X| 2 )«/ 2 

n=l 

oo 

« ^ n_a9/2 < oo- (26) 

n=i 

Putting (25) and (26) into (24) yields II < oo. Now we complete the prove of Theorem 2. 

Theorem 3 Let {X,X n i,i > 1} be an rowwise /5-mixing sequence. If {c n ,n > 1} be a 

positive numbers sequence, Ve > and 36 > such that 

Er=lCnEfc=l^(l^l>t) <0 °' 
En=l C nY.tl E \ X nk\ 2 I(\X nk \<5) < OO 

and Et=i £|X„*|/(|X„*| < 5) -> as n -> oo. 
Then 

oo k n 

V£>0,53 C „P(|5]X„ fc |> £ )<oo. (27) 

n=l k=l 

Proof of Theorem 3 

Vi > 1, define X<?> = X ni I(\X ni \ < 6), S% = ± (^' - £^). 

By Et=i E|*„*|J(|*„*| < 5) -> as n -> oo. 

Then max | £J =1 *#l < max £J =1 |*n*|/(|*n*| < <*) -> as n -> oo. 

By Markov inequality and Lemma 1, then 



X>„P(|£x„ fc |> £ ) 

n=l fc=l 

CO j CO k„ j 



n=l k=l n=l k=l k=l 
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CO k n OO k n 

< E c - p C£ \ x **\ > £ ) + E c » p d E x ni\ > e/2) 

< E^E^i^i > £ /u + E^ E|Etl ^/ J 2 ( |^' "' )|2 

n=l fc=l n=l \ I ) 

OO kn OO k n 

<Y, c nJ2 P (\ X nk\>e/k n ) + (e/2)- 2 Y,c n J2E\X nk \ 2 I(\X nk \<S) 

n=l k=l n=l k=l 

< oo. (28) 

Now we complete the prove of Theorem 3. 

Remark 3 Theorem 3 generalizes Theorem in Hu (1998) to rowwise p-mixing sequence. 
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